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Last October a new edition of the
Fitting-Mendelsohn book came out.

First-Order Modal Logic
Second Edition

Melvin Fitting and Richard Mendelsohn
Springer 2023
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I was asked to say something today about
the treatment of definite descriptions in this edition.

It is, in fact, completely different than it was
in the first edition.

Papers by both
Andrzej Indrzejczaj and Eugenio Orlandelli

were clearly an influence,
though our treatment is not exactly

the same as either of theirs.
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I will sketch the approach of our second edition.
First syntax details,

then semantics,
and finally tableau proof systems.

The book has soundness and completeness proofs,
but they are more than I can discuss today.

The tableau presentation will begin at the beginning,
and work its way to more complicated things.



Syntax
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<latexit sha1_base64="372NWmlhkuxA04L+gdQ6yNXncyg="></latexit>

Quantification adds 8, 9.

<latexit sha1_base64="3H94npJP24mptB5febUbiRVGvZ0="></latexit>

All this is straightforward and
I’ll skip the usual details.

<latexit sha1_base64="CNP0o2Cj2Zg2scFW0XjLeTYmnnU="></latexit>

The propositional basis is the usual.
Logical connectives: ^,_,¬,�,

Modal operators: ⇤,⌃.

<latexit sha1_base64="xpGGzB75H3qvCOThQ5gjOmMYwrM="></latexit>

Equality, =, plays its special role.
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<latexit sha1_base64="2NfKS04DT5GVi1MUdD2RwfMAZhM="></latexit>

We do have constant and function symbols.
But they will be non-rigid.

<latexit sha1_base64="xcd7SC6I2+to77sQcqWMBhn/OFM="></latexit>

This entails that, like quantifiers,
they have scopes.

<latexit sha1_base64="UzrgHucVwYyimITE3bjF1c1x9zI="></latexit>

Here is the syntactic machinery for this.
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<latexit sha1_base64="H5i/NngfpR01cGJXi05xSRwyvrE="></latexit>

Let � be a formula.



<latexit sha1_base64="6qoLlNPGvlBSysnEGR/bL9m0jU0="></latexit>

Let � be a formula.

1. h�x.�i is a predicate abstract; the free variable occurrences of h�x.�i are
those of � except for occurrences of x.

8



<latexit sha1_base64="e3nvGVbGQLrszz5tsnf11Qwmm/Q="></latexit>

Let � be a formula.

1. h�x.�i is a predicate abstract; the free variable occurrences of h�x.�i are
those of � except for occurrences of x.

2. A constant symbol c is an intensional term. If f is an n-ary function symbol
and x1, . . . , xn are variables, f(x1, . . . , xn) is an intensional term.

9



<latexit sha1_base64="ZzL+wzzFT830YDZE/ggnf0vFiTI="></latexit>

Let � be a formula.

1. h�x.�i is a predicate abstract; the free variable occurrences of h�x.�i are
those of � except for occurrences of x.

2. A constant symbol c is an intensional term. If f is an n-ary function symbol
and x1, . . . , xn are variables, f(x1, . . . , xn) is an intensional term.

3. If t is an intensional term, then h�x.�i(t) is a formula; the free variable oc-
currences of this formula are those of the predicate abstract h�x.�i, together
with all variable occurrences in t.

10
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<latexit sha1_base64="jrUjCcf6cMbmaoMZ9D91nufKIGY="></latexit>

For example, we do not syntactically allow ⌃P (f(c)).

<latexit sha1_base64="GzPT75ptcvz+lA7BT/ht4suXjwY="></latexit>

A proper version of it using predicate abstraction could
be any of the following.

h�x.h�y.⌃P (y)i(f(x))i(c)
h�x.⌃h�y.P (y)i(f(x))i(c)
⌃h�x.h�y.P (y)i(f(x))i(c)

<latexit sha1_base64="CHZ+f0398H+eyH1FROMixmnjjvw="></latexit>

All behave di↵erently semantically.
As you will see.
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<latexit sha1_base64="ijd3HBmCjaTp3kunwnYAx26e1RY="></latexit>

We may also have definite descriptions.
For this we add the following syntax.

<latexit sha1_base64="B9wqksVOaxlWVX3W99yIYn2icYI="></latexit>

4. If  is a formula and y is a variable, ◆y. is an intensional term,
called a definite description. Its free variable occurrences are

those of  except for occurrences of y.

<latexit sha1_base64="nCWYsKwRavctZ3XGh4N/SrJoso4="></latexit>

That’s it for syntax.



Semantics
(constant domain)
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The Fitting/Mendelsohn book discusses
both constant and varying domain

semantics and tableau systems.

I’ll only discuss a constant domain version today.
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There are two reasons for this.

The first is the matter of time.
Varying domains are more complicated,

and constant domains are illustrative enough.

But second, constant domains can be enhanced
with an existence predicate

and so can simulate varying domains quite well.



15

<latexit sha1_base64="/URW1BDtWUZaQVgHRPQTb4Lupd8="></latexit>

hG,R,D, Ii

possible
worlds

accessibility
relation

domain
(a non-empty set)

interpretation
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<latexit sha1_base64="/URW1BDtWUZaQVgHRPQTb4Lupd8="></latexit>

hG,R,D, Ii

frame

skeleton
model
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<latexit sha1_base64="/URW1BDtWUZaQVgHRPQTb4Lupd8="></latexit>

hG,R,D, Ii

No special conditions
for now.

The logic K.

Non-empty set. More to be said.
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<latexit sha1_base64="J9L0KJ8FZqsN3r5NE1K0/lolfg8="></latexit>

I assigns to each n-place relation symbol R
and to each possible world � 2 G,

some n-place relation on D.
<latexit sha1_base64="8XbNm9a/Wc6zFbcDbkWdhxeZ/ss="></latexit>

I assigns to each intensional constant symbol c,
and to some members � 2 G,
a member of the domain of F .

If I(c,�) is defined, we say that c designates at �.
<latexit sha1_base64="kuLMGjxY7Pfm2rCnimKqOex4QZU="></latexit>

I assigns to each n-ary function symbol f ,
and to some � 2 G,

an n-ary partial function on the domain of the frame.
If I(f,�) is defined, we say that f designates at �.

If f designates at � and hd1, . . . , dni is in the domain of I(f,�),
we say f is specified on hd1, . . . , dni at �.
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<latexit sha1_base64="ax8GkNUQDkPfWt3ZOvXiH0yEyXc="></latexit>

Note:
we will always assume the equality symbol ‘=’

is interpreted by the equality relation
on D.
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Next, a definition of truth in a model.

Note: the model conditions can be modified a lot.

Domains can be varying, monotonic, anti-monotonic.

Constant and function symbols can be required to be total, instead of partial.

All combinations of these have corresponding tableau systems.

We’ll only discuss the one version here.
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<latexit sha1_base64="vBv+IIzPn7US5K9FYaWfs329Ims="></latexit>

M = hG,R,D, Ii is a constant domain first-order modal model.

<latexit sha1_base64="E+79z4Kutsg2WPsy20++qXov+Gw="></latexit>

A valuation in M is a mapping v from free variables to D.

<latexit sha1_base64="S5IDqG9v5b8h7DOX9Hjw3B9R2yk="></latexit>

Valuations v and w are x-variants if they agree
on all variables except possibly x.

<latexit sha1_base64="Lc1tWhlwbkSZRV3ve+qitNDWUfo="></latexit>

Let M = hG,R,D, Ii be a constant domain model,
� 2 G, and v a valuation in M:

<latexit sha1_base64="Wy9DjekIXvsMFIn8CHlti2Eh2oY="></latexit>

M,� �v � symbolizes that
formula � is true at world �

using valuation v.
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<latexit sha1_base64="tJ3iGEzO4F6LQEUI8pJ2wzk1w3c="></latexit>

1. If R is an n-place relation symbol, M,� �v R(x1, . . . , xn) provided
hv(x1), . . . , v(xn)i 2 I(R,�).

2. M,� �v ¬�() M,� 6�v �.

3. M,� �v (� ^ ) () M,� �v � and M,� �v  .

4. M,� �v (� _ ) () M,� �v � or M,� �v  .

5. M,� �v (� �  ) () M,� 6�v � or M,� �v  .

6. M,� �v ⇤�() for every � 2 G, if �R� then M,� �v �.

7. M,� �v ⌃�() for some � 2 G, �R� and M,� �v �.

8. M,� �v (8x)�() for every x-variant w of v in M, M,� �w �.

9. M,� �v (9x)�() for some x-variant w of v in M, M,� �w �.
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This is all as usual.

Next we come to the predicate abstract machinery.
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<latexit sha1_base64="f6GD/RTWjqf2BJXHEuGVaReCHqc="></latexit>

10. For an intensional constant symbol c, if c designates at � in G then

M,� �v h�x.�i(c) () M,� �w �

where w is the x-variant of v such that w(x) = I(c,�), and otherwise,

M,� 6�v h�x.�i(c).



<latexit sha1_base64="fJtI3SK+RtmTW8DiRa9qyhCePSE="></latexit>

10. For an intensional constant symbol c, if c designates at � in G then

M,� �v h�x.�i(c) () M,� �w �

where w is the x-variant of v such that w(x) = I(c,�), and otherwise,

M,� 6�v h�x.�i(c).

11. For an intensional n-place function symbol f , if f designates at � 2 G and f
is specified on hv(x1), . . . , v(xn)i at � then

M,� �v h�y.�i(f(x1, . . . , xn)) () M,� �w �

where w is the y-variant of v such that w(y) = I(f,�)(v(x1), . . . , v(xn)),
and otherwise

M,� 6�v h�y.�i(f(x1, . . . , xn)).

25
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<latexit sha1_base64="xdbaktp16gzfXC5w50GmQqh8eRk="></latexit>

Here’s an example.
<latexit sha1_base64="RSn9+FAe7FnlCI0DG2EHkyk9c/o="></latexit>

�
<latexit sha1_base64="6AYEbmO85p37uoog+Mh8aS97DjQ="></latexit>

�

<latexit sha1_base64="CJrf0nJtfrTz5G10+iz8ws4IW2w="></latexit>

f is doubling at � and is successor at �.

<latexit sha1_base64="s97Qyaq0NSv17QOD0n36W7+qLqQ="></latexit>

E is the evens at both worlds.

<latexit sha1_base64="akpfPsbVGIEuMoKc3fCxxVCJL14="></latexit>

Model domain is {0, 1, 2, 3, . . .}

<latexit sha1_base64="8T437D9SmKU4TtoJDDbJOiwvBS8="></latexit>

P is empty at � and is the primes at �.

<latexit sha1_base64="ObqNrGGUwbqhONCUTDEzNkRq3uY="></latexit>

g is undefined at �.

<latexit sha1_base64="J0Q/+m1Zq0sD1q9IeHhDx4hu6R4="></latexit>

I(c,�) = 3.

<latexit sha1_base64="5Dc0mqqTPpce9EXM4rk4ltoxoHA="></latexit>

I(g,�)(n) = n+ 1 if n 6= 3, undefined at 3.

<latexit sha1_base64="WebKeZS6pC5IKg9HFSMqvbYqVqs="></latexit>

I(c,�) undefined.
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<latexit sha1_base64="RSn9+FAe7FnlCI0DG2EHkyk9c/o="></latexit>

�
<latexit sha1_base64="6AYEbmO85p37uoog+Mh8aS97DjQ="></latexit>

�

<latexit sha1_base64="CJrf0nJtfrTz5G10+iz8ws4IW2w="></latexit>

f is doubling at � and is successor at �.

<latexit sha1_base64="s97Qyaq0NSv17QOD0n36W7+qLqQ=">AAACUnicbVLLahsxFJXd5tFpkjrtshtRp5BFMDMmTdxdoJR2U0ihTgIeYzSaO7awHoN0J+kwzCf1a5JNIP2LrrqqPDFpkvaA4Oice3Wlg5JcCodheN1qP3m6srq2/ix4vrG59aKz/fLEmcJyGHIjjT1LmAMpNAxRoISz3AJTiYTTZP5h4Z+eg3XC6G9Y5jBWbKpFJjhDL006n2KE7+iyKogTmApdcdAItg52Pu5Q4SjOgMI5aEcZ0sTgjF4YK1PXC2LQ6V11P el0w17YgP5LoiXpkiWOJ51fcWp4ofwBXDLnRlGY47hiFgWXUAdx4SBnfM6mMPJUMwVuXDUPrulbr6Q0M9YvjbRR73dUTDlXqsRXKoYz99hbiP/zRgVmg3EldF4gaH47KCskRUMX6dFUWOAoS08Yt8LflfIZs4z7FB5OUaUDLPI9VSqTMtls6sDHFP1N5/1g/+CwIWHYH0R3MZ30e9G7Xvi13z36sgxsnbwmb8guicghOSKfyTEZEk5+kEtyQ362rlq/2/6X3Ja2W8ueV+QB2ht/AFkctTU=</latexit>

E is the evens at both worlds.

<latexit sha1_base64="akpfPsbVGIEuMoKc3fCxxVCJL14=">AAACVnicbVBda9RAFJ2N1tb4FfXRl8Gt4ENYkrUf61vBF0EKFdy2sFmWyeRmO3Q+wsxNMYT8KH9N65v+B5/F2XSpVr0wcOace+6dOXklhcMk+ToI7tzduLe5dT988PDR4yfR02fHztSWw5QbaexpzhxIoWGKAiWcVhaYyiWc5OfvVvrJBVgnjP6ETQVzxZZalIIz9NQi+pAhfEZXtmGWw1LoloNGsF14aAqQtDCKCU2Fo9tZm8RpPI7fxJksDLqs2w4z0MWNo 1tEw2SU9EX/BekaDMm6jhbRj6wwvFZ+AJfMuVmaVDhvmUXBJXRhVjuoGD9nS5h5qJkCN2/7T3f0lWcKWhrrj0bas386Wqaca1TuOxXDM/e3tiL/p81qLCfzVuiqRtD8elFZS4qGrhKkhbDAUTYeMG6FfyvlZ8wy7lO4vUU1DrCuYtUoUzDZX7rQx5T+TuftZGdvvwdJMp6kNzEdj0fp7ij5OB4eHK4D2yIvyEvymqRknxyQ9+SITAknX8gl+Ua+D64GP4ONYPO6NRisPc/JrQqiX46Ethw=</latexit>

Model domain is {0, 1, 2, 3, . . .}

<latexit sha1_base64="8T437D9SmKU4TtoJDDbJOiwvBS8="></latexit>

P is empty at � and is the primes at �.

<latexit sha1_base64="ObqNrGGUwbqhONCUTDEzNkRq3uY=">AAACT3icbVBda9RAFJ2sX238WvXRl8FdwQdZkqXa9a2goC+FCm5b2CzLzeRmO3RmEmZuxBDyh/pr6mP9HYJv4mwaqlUvDJw559x7Z05aKukoii6CwY2bt27f2doO7967/+Dh8NHjQ1dUVuBcFKqwxyk4VNLgnCQpPC4tgk4VHqWnbzf60We0ThbmE9UlLjWsjcylAPLUavguIfxCLm/CJMW1NI1AQ2jbcLwec+l4ZTLM/eyMA/Fx8h60hvEkTNBkV9Z2NRxFk 6gr/i+IezBifR2sht+TrBCV9gOEAucWcVTSsgFLUihsw6RyWII4hTUuPDSg0S2b7rctf+6ZjOeF9ccQ79g/OxrQztU69U4NdOL+1jbk/7RFRfls2UhTVoRGXC7KK8Wp4JvoeCYtClK1ByCs9G/l4gQsCJ/C9S26dkhV+VLXushAdZc29DHFv9N5M9t5vduBKJrO4quYDqeT+NUk+jgd7e33gW2xp+wZe8Fitsv22Ad2wOZMsDN2zi7Yt+Br8CP4Oeitg6AHT9i1Gmz/AitJtIc=</latexit>

g is undefined at �.

<latexit sha1_base64="J0Q/+m1Zq0sD1q9IeHhDx4hu6R4="></latexit>

I(c,�) = 3.

<latexit sha1_base64="5Dc0mqqTPpce9EXM4rk4ltoxoHA="></latexit>

I(g,�)(n) = n+ 1 if n 6= 3, undefined at 3.

<latexit sha1_base64="WebKeZS6pC5IKg9HFSMqvbYqVqs=">AAACVHicbVBNSxxBEO0dNZpJomtyzKVxDRiQZWZJdHMTzEEPAQNZFXaWpaenZm3sj6G7RhyG+U3+GgO5JH/CYw7pHRcTkxQ0vH6vql73SwspHEbRt06wtLzyZHXtafjs+Yv1je7my1NnSsthxI009jxlDqTQMEKBEs4LC0ylEs7Sy8O5fnYF1gmjv2BVwESxmRa54Aw9Ne0eJwjX6PI6TFKYCV1z0Ai2CbeTw+Mdvpt8BInsLU1Uaq5rWuoMcm+VNdv9MAGdP fQ3024v6kdt0X9BvAA9sqiTafcuyQwvlV/AJXNuHEcFTmpmUXAJTZiUDgrGL9kMxh5qpsBN6vbLDX3jmYzmxvqjkbbsnxM1U85VKvWdiuGF+1ubk//TxiXmw0ktdFEiaH5vlJeSoqHz/GgmLHCUlQeMW+HfSvkFs4z7FB67qMoBlsWuqpTJmGwvTehjin+n82H4bm+/BVE0GMYPMZ0O+vH7fvR50Dv4tAhsjbwmW2SHxGSfHJAjckJGhJMbcku+kx+dr52fwVKwct8adBYzr8ijCtZ/AfCutfM=</latexit>

I(c,�) undefined.

<latexit sha1_base64="49Fy9WDNCpTL2/jKNQg9D3p2Y/w="></latexit>

M,� �v h�x.h�y.⌃P (y)i(f(x))i(c)
()M,� �w h�y.⌃P (y)i(f(x))

where w is like v except that

w(x) = I(c,�) = 3

()M,� �u ⌃P (y)

where u is like w except that

u(y) = I(f,�)(w(x))
= 2w(x) = 6

()M,� �u P (y)

and this is false because u(y) = 6 and 6 62 I(P,�).
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<latexit sha1_base64="RSn9+FAe7FnlCI0DG2EHkyk9c/o="></latexit>

�
<latexit sha1_base64="6AYEbmO85p37uoog+Mh8aS97DjQ="></latexit>

�

<latexit sha1_base64="CJrf0nJtfrTz5G10+iz8ws4IW2w="></latexit>

f is doubling at � and is successor at �.

<latexit sha1_base64="s97Qyaq0NSv17QOD0n36W7+qLqQ=">AAACUnicbVLLahsxFJXd5tFpkjrtshtRp5BFMDMmTdxdoJR2U0ihTgIeYzSaO7awHoN0J+kwzCf1a5JNIP2LrrqqPDFpkvaA4Oice3Wlg5JcCodheN1qP3m6srq2/ix4vrG59aKz/fLEmcJyGHIjjT1LmAMpNAxRoISz3AJTiYTTZP5h4Z+eg3XC6G9Y5jBWbKpFJjhDL006n2KE7+iyKogTmApdcdAItg52Pu5Q4SjOgMI5aEcZ0sTgjF4YK1PXC2LQ6V11P el0w17YgP5LoiXpkiWOJ51fcWp4ofwBXDLnRlGY47hiFgWXUAdx4SBnfM6mMPJUMwVuXDUPrulbr6Q0M9YvjbRR73dUTDlXqsRXKoYz99hbiP/zRgVmg3EldF4gaH47KCskRUMX6dFUWOAoS08Yt8LflfIZs4z7FB5OUaUDLPI9VSqTMtls6sDHFP1N5/1g/+CwIWHYH0R3MZ30e9G7Xvi13z36sgxsnbwmb8guicghOSKfyTEZEk5+kEtyQ362rlq/2/6X3Ja2W8ueV+QB2ht/AFkctTU=</latexit>

E is the evens at both worlds.

<latexit sha1_base64="akpfPsbVGIEuMoKc3fCxxVCJL14=">AAACVnicbVBda9RAFJ2N1tb4FfXRl8Gt4ENYkrUf61vBF0EKFdy2sFmWyeRmO3Q+wsxNMYT8KH9N65v+B5/F2XSpVr0wcOace+6dOXklhcMk+ToI7tzduLe5dT988PDR4yfR02fHztSWw5QbaexpzhxIoWGKAiWcVhaYyiWc5OfvVvrJBVgnjP6ETQVzxZZalIIz9NQi+pAhfEZXtmGWw1LoloNGsF14aAqQtDCKCU2Fo9tZm8RpPI7fxJksDLqs2w4z0MWNo 1tEw2SU9EX/BekaDMm6jhbRj6wwvFZ+AJfMuVmaVDhvmUXBJXRhVjuoGD9nS5h5qJkCN2/7T3f0lWcKWhrrj0bas386Wqaca1TuOxXDM/e3tiL/p81qLCfzVuiqRtD8elFZS4qGrhKkhbDAUTYeMG6FfyvlZ8wy7lO4vUU1DrCuYtUoUzDZX7rQx5T+TuftZGdvvwdJMp6kNzEdj0fp7ij5OB4eHK4D2yIvyEvymqRknxyQ9+SITAknX8gl+Ua+D64GP4ONYPO6NRisPc/JrQqiX46Ethw=</latexit>

Model domain is {0, 1, 2, 3, . . .}

<latexit sha1_base64="8T437D9SmKU4TtoJDDbJOiwvBS8="></latexit>

P is empty at � and is the primes at �.

<latexit sha1_base64="ObqNrGGUwbqhONCUTDEzNkRq3uY=">AAACT3icbVBda9RAFJ2sX238WvXRl8FdwQdZkqXa9a2goC+FCm5b2CzLzeRmO3RmEmZuxBDyh/pr6mP9HYJv4mwaqlUvDJw559x7Z05aKukoii6CwY2bt27f2doO7967/+Dh8NHjQ1dUVuBcFKqwxyk4VNLgnCQpPC4tgk4VHqWnbzf60We0ThbmE9UlLjWsjcylAPLUavguIfxCLm/CJMW1NI1AQ2jbcLwec+l4ZTLM/eyMA/Fx8h60hvEkTNBkV9Z2NRxFk 6gr/i+IezBifR2sht+TrBCV9gOEAucWcVTSsgFLUihsw6RyWII4hTUuPDSg0S2b7rctf+6ZjOeF9ccQ79g/OxrQztU69U4NdOL+1jbk/7RFRfls2UhTVoRGXC7KK8Wp4JvoeCYtClK1ByCs9G/l4gQsCJ/C9S26dkhV+VLXushAdZc29DHFv9N5M9t5vduBKJrO4quYDqeT+NUk+jgd7e33gW2xp+wZe8Fitsv22Ad2wOZMsDN2zi7Yt+Br8CP4Oeitg6AHT9i1Gmz/AitJtIc=</latexit>

g is undefined at �.

<latexit sha1_base64="J0Q/+m1Zq0sD1q9IeHhDx4hu6R4="></latexit>

I(c,�) = 3.

<latexit sha1_base64="5Dc0mqqTPpce9EXM4rk4ltoxoHA="></latexit>

I(g,�)(n) = n+ 1 if n 6= 3, undefined at 3.

<latexit sha1_base64="WebKeZS6pC5IKg9HFSMqvbYqVqs=">AAACVHicbVBNSxxBEO0dNZpJomtyzKVxDRiQZWZJdHMTzEEPAQNZFXaWpaenZm3sj6G7RhyG+U3+GgO5JH/CYw7pHRcTkxQ0vH6vql73SwspHEbRt06wtLzyZHXtafjs+Yv1je7my1NnSsthxI009jxlDqTQMEKBEs4LC0ylEs7Sy8O5fnYF1gmjv2BVwESxmRa54Aw9Ne0eJwjX6PI6TFKYCV1z0Ai2CbeTw+Mdvpt8BInsLU1Uaq5rWuoMcm+VNdv9MAGdP fQ3024v6kdt0X9BvAA9sqiTafcuyQwvlV/AJXNuHEcFTmpmUXAJTZiUDgrGL9kMxh5qpsBN6vbLDX3jmYzmxvqjkbbsnxM1U85VKvWdiuGF+1ubk//TxiXmw0ktdFEiaH5vlJeSoqHz/GgmLHCUlQeMW+HfSvkFs4z7FB67qMoBlsWuqpTJmGwvTehjin+n82H4bm+/BVE0GMYPMZ0O+vH7fvR50Dv4tAhsjbwmW2SHxGSfHJAjckJGhJMbcku+kx+dr52fwVKwct8adBYzr8ijCtZ/AfCutfM=</latexit>

I(c,�) undefined.

<latexit sha1_base64="49Fy9WDNCpTL2/jKNQg9D3p2Y/w="></latexit>

M,� �v h�x.h�y.⌃P (y)i(f(x))i(c)
()M,� �w h�y.⌃P (y)i(f(x))

where w is like v except that

w(x) = I(c,�) = 3

()M,� �u ⌃P (y)

where u is like w except that

u(y) = I(f,�)(w(x))
= 2w(x) = 6

()M,� �u P (y)

and this is false because u(y) = 6 and 6 62 I(P,�).
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<latexit sha1_base64="RSn9+FAe7FnlCI0DG2EHkyk9c/o="></latexit>

�
<latexit sha1_base64="6AYEbmO85p37uoog+Mh8aS97DjQ="></latexit>

�

<latexit sha1_base64="CJrf0nJtfrTz5G10+iz8ws4IW2w="></latexit>

f is doubling at � and is successor at �.

<latexit sha1_base64="s97Qyaq0NSv17QOD0n36W7+qLqQ=">AAACUnicbVLLahsxFJXd5tFpkjrtshtRp5BFMDMmTdxdoJR2U0ihTgIeYzSaO7awHoN0J+kwzCf1a5JNIP2LrrqqPDFpkvaA4Oice3Wlg5JcCodheN1qP3m6srq2/ix4vrG59aKz/fLEmcJyGHIjjT1LmAMpNAxRoISz3AJTiYTTZP5h4Z+eg3XC6G9Y5jBWbKpFJjhDL006n2KE7+iyKogTmApdcdAItg52Pu5Q4SjOgMI5aEcZ0sTgjF4YK1PXC2LQ6V11P el0w17YgP5LoiXpkiWOJ51fcWp4ofwBXDLnRlGY47hiFgWXUAdx4SBnfM6mMPJUMwVuXDUPrulbr6Q0M9YvjbRR73dUTDlXqsRXKoYz99hbiP/zRgVmg3EldF4gaH47KCskRUMX6dFUWOAoS08Yt8LflfIZs4z7FB5OUaUDLPI9VSqTMtls6sDHFP1N5/1g/+CwIWHYH0R3MZ30e9G7Xvi13z36sgxsnbwmb8guicghOSKfyTEZEk5+kEtyQ362rlq/2/6X3Ja2W8ueV+QB2ht/AFkctTU=</latexit>

E is the evens at both worlds.

<latexit sha1_base64="akpfPsbVGIEuMoKc3fCxxVCJL14=">AAACVnicbVBda9RAFJ2N1tb4FfXRl8Gt4ENYkrUf61vBF0EKFdy2sFmWyeRmO3Q+wsxNMYT8KH9N65v+B5/F2XSpVr0wcOace+6dOXklhcMk+ToI7tzduLe5dT988PDR4yfR02fHztSWw5QbaexpzhxIoWGKAiWcVhaYyiWc5OfvVvrJBVgnjP6ETQVzxZZalIIz9NQi+pAhfEZXtmGWw1LoloNGsF14aAqQtDCKCU2Fo9tZm8RpPI7fxJksDLqs2w4z0MWNo 1tEw2SU9EX/BekaDMm6jhbRj6wwvFZ+AJfMuVmaVDhvmUXBJXRhVjuoGD9nS5h5qJkCN2/7T3f0lWcKWhrrj0bas386Wqaca1TuOxXDM/e3tiL/p81qLCfzVuiqRtD8elFZS4qGrhKkhbDAUTYeMG6FfyvlZ8wy7lO4vUU1DrCuYtUoUzDZX7rQx5T+TuftZGdvvwdJMp6kNzEdj0fp7ij5OB4eHK4D2yIvyEvymqRknxyQ9+SITAknX8gl+Ua+D64GP4ONYPO6NRisPc/JrQqiX46Ethw=</latexit>

Model domain is {0, 1, 2, 3, . . .}

<latexit sha1_base64="8T437D9SmKU4TtoJDDbJOiwvBS8="></latexit>

P is empty at � and is the primes at �.

<latexit sha1_base64="ObqNrGGUwbqhONCUTDEzNkRq3uY=">AAACT3icbVBda9RAFJ2sX238WvXRl8FdwQdZkqXa9a2goC+FCm5b2CzLzeRmO3RmEmZuxBDyh/pr6mP9HYJv4mwaqlUvDJw559x7Z05aKukoii6CwY2bt27f2doO7967/+Dh8NHjQ1dUVuBcFKqwxyk4VNLgnCQpPC4tgk4VHqWnbzf60We0ThbmE9UlLjWsjcylAPLUavguIfxCLm/CJMW1NI1AQ2jbcLwec+l4ZTLM/eyMA/Fx8h60hvEkTNBkV9Z2NRxFk 6gr/i+IezBifR2sht+TrBCV9gOEAucWcVTSsgFLUihsw6RyWII4hTUuPDSg0S2b7rctf+6ZjOeF9ccQ79g/OxrQztU69U4NdOL+1jbk/7RFRfls2UhTVoRGXC7KK8Wp4JvoeCYtClK1ByCs9G/l4gQsCJ/C9S26dkhV+VLXushAdZc29DHFv9N5M9t5vduBKJrO4quYDqeT+NUk+jgd7e33gW2xp+wZe8Fitsv22Ad2wOZMsDN2zi7Yt+Br8CP4Oeitg6AHT9i1Gmz/AitJtIc=</latexit>

g is undefined at �.

<latexit sha1_base64="J0Q/+m1Zq0sD1q9IeHhDx4hu6R4="></latexit>

I(c,�) = 3.

<latexit sha1_base64="5Dc0mqqTPpce9EXM4rk4ltoxoHA="></latexit>

I(g,�)(n) = n+ 1 if n 6= 3, undefined at 3.

<latexit sha1_base64="WebKeZS6pC5IKg9HFSMqvbYqVqs=">AAACVHicbVBNSxxBEO0dNZpJomtyzKVxDRiQZWZJdHMTzEEPAQNZFXaWpaenZm3sj6G7RhyG+U3+GgO5JH/CYw7pHRcTkxQ0vH6vql73SwspHEbRt06wtLzyZHXtafjs+Yv1je7my1NnSsthxI009jxlDqTQMEKBEs4LC0ylEs7Sy8O5fnYF1gmjv2BVwESxmRa54Aw9Ne0eJwjX6PI6TFKYCV1z0Ai2CbeTw+Mdvpt8BInsLU1Uaq5rWuoMcm+VNdv9MAGdP fQ3024v6kdt0X9BvAA9sqiTafcuyQwvlV/AJXNuHEcFTmpmUXAJTZiUDgrGL9kMxh5qpsBN6vbLDX3jmYzmxvqjkbbsnxM1U85VKvWdiuGF+1ubk//TxiXmw0ktdFEiaH5vlJeSoqHz/GgmLHCUlQeMW+HfSvkFs4z7FB67qMoBlsWuqpTJmGwvTehjin+n82H4bm+/BVE0GMYPMZ0O+vH7fvR50Dv4tAhsjbwmW2SHxGSfHJAjckJGhJMbcku+kx+dr52fwVKwct8adBYzr8ijCtZ/AfCutfM=</latexit>

I(c,�) undefined.

<latexit sha1_base64="BrYva4G8jv7oWfb0BRxC9mB6lDc="></latexit>

M,� �v h�x.⌃h�y.P (y)i(g(x))i(c)
()M,� �w ⌃h�y.P (y)i(g(x))

where w is like v except that

w(x) = I(c,�) = 3

()M,� �w h�y.P (y)i(g(x))

but g is not specified on w(x) = 3, so this is false.
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<latexit sha1_base64="RSn9+FAe7FnlCI0DG2EHkyk9c/o="></latexit>

�
<latexit sha1_base64="6AYEbmO85p37uoog+Mh8aS97DjQ="></latexit>

�

<latexit sha1_base64="CJrf0nJtfrTz5G10+iz8ws4IW2w="></latexit>

f is doubling at � and is successor at �.

<latexit sha1_base64="s97Qyaq0NSv17QOD0n36W7+qLqQ=">AAACUnicbVLLahsxFJXd5tFpkjrtshtRp5BFMDMmTdxdoJR2U0ihTgIeYzSaO7awHoN0J+kwzCf1a5JNIP2LrrqqPDFpkvaA4Oice3Wlg5JcCodheN1qP3m6srq2/ix4vrG59aKz/fLEmcJyGHIjjT1LmAMpNAxRoISz3AJTiYTTZP5h4Z+eg3XC6G9Y5jBWbKpFJjhDL006n2KE7+iyKogTmApdcdAItg52Pu5Q4SjOgMI5aEcZ0sTgjF4YK1PXC2LQ6V11P el0w17YgP5LoiXpkiWOJ51fcWp4ofwBXDLnRlGY47hiFgWXUAdx4SBnfM6mMPJUMwVuXDUPrulbr6Q0M9YvjbRR73dUTDlXqsRXKoYz99hbiP/zRgVmg3EldF4gaH47KCskRUMX6dFUWOAoS08Yt8LflfIZs4z7FB5OUaUDLPI9VSqTMtls6sDHFP1N5/1g/+CwIWHYH0R3MZ30e9G7Xvi13z36sgxsnbwmb8guicghOSKfyTEZEk5+kEtyQ362rlq/2/6X3Ja2W8ueV+QB2ht/AFkctTU=</latexit>

E is the evens at both worlds.

<latexit sha1_base64="akpfPsbVGIEuMoKc3fCxxVCJL14=">AAACVnicbVBda9RAFJ2N1tb4FfXRl8Gt4ENYkrUf61vBF0EKFdy2sFmWyeRmO3Q+wsxNMYT8KH9N65v+B5/F2XSpVr0wcOace+6dOXklhcMk+ToI7tzduLe5dT988PDR4yfR02fHztSWw5QbaexpzhxIoWGKAiWcVhaYyiWc5OfvVvrJBVgnjP6ETQVzxZZalIIz9NQi+pAhfEZXtmGWw1LoloNGsF14aAqQtDCKCU2Fo9tZm8RpPI7fxJksDLqs2w4z0MWNo 1tEw2SU9EX/BekaDMm6jhbRj6wwvFZ+AJfMuVmaVDhvmUXBJXRhVjuoGD9nS5h5qJkCN2/7T3f0lWcKWhrrj0bas386Wqaca1TuOxXDM/e3tiL/p81qLCfzVuiqRtD8elFZS4qGrhKkhbDAUTYeMG6FfyvlZ8wy7lO4vUU1DrCuYtUoUzDZX7rQx5T+TuftZGdvvwdJMp6kNzEdj0fp7ij5OB4eHK4D2yIvyEvymqRknxyQ9+SITAknX8gl+Ua+D64GP4ONYPO6NRisPc/JrQqiX46Ethw=</latexit>

Model domain is {0, 1, 2, 3, . . .}

<latexit sha1_base64="8T437D9SmKU4TtoJDDbJOiwvBS8="></latexit>

P is empty at � and is the primes at �.

<latexit sha1_base64="ObqNrGGUwbqhONCUTDEzNkRq3uY=">AAACT3icbVBda9RAFJ2sX238WvXRl8FdwQdZkqXa9a2goC+FCm5b2CzLzeRmO3RmEmZuxBDyh/pr6mP9HYJv4mwaqlUvDJw559x7Z05aKukoii6CwY2bt27f2doO7967/+Dh8NHjQ1dUVuBcFKqwxyk4VNLgnCQpPC4tgk4VHqWnbzf60We0ThbmE9UlLjWsjcylAPLUavguIfxCLm/CJMW1NI1AQ2jbcLwec+l4ZTLM/eyMA/Fx8h60hvEkTNBkV9Z2NRxFk 6gr/i+IezBifR2sht+TrBCV9gOEAucWcVTSsgFLUihsw6RyWII4hTUuPDSg0S2b7rctf+6ZjOeF9ccQ79g/OxrQztU69U4NdOL+1jbk/7RFRfls2UhTVoRGXC7KK8Wp4JvoeCYtClK1ByCs9G/l4gQsCJ/C9S26dkhV+VLXushAdZc29DHFv9N5M9t5vduBKJrO4quYDqeT+NUk+jgd7e33gW2xp+wZe8Fitsv22Ad2wOZMsDN2zi7Yt+Br8CP4Oeitg6AHT9i1Gmz/AitJtIc=</latexit>

g is undefined at �.

<latexit sha1_base64="J0Q/+m1Zq0sD1q9IeHhDx4hu6R4="></latexit>

I(c,�) = 3.

<latexit sha1_base64="5Dc0mqqTPpce9EXM4rk4ltoxoHA="></latexit>

I(g,�)(n) = n+ 1 if n 6= 3, undefined at 3.

<latexit sha1_base64="WebKeZS6pC5IKg9HFSMqvbYqVqs=">AAACVHicbVBNSxxBEO0dNZpJomtyzKVxDRiQZWZJdHMTzEEPAQNZFXaWpaenZm3sj6G7RhyG+U3+GgO5JH/CYw7pHRcTkxQ0vH6vql73SwspHEbRt06wtLzyZHXtafjs+Yv1je7my1NnSsthxI009jxlDqTQMEKBEs4LC0ylEs7Sy8O5fnYF1gmjv2BVwESxmRa54Aw9Ne0eJwjX6PI6TFKYCV1z0Ai2CbeTw+Mdvpt8BInsLU1Uaq5rWuoMcm+VNdv9MAGdP fQ3024v6kdt0X9BvAA9sqiTafcuyQwvlV/AJXNuHEcFTmpmUXAJTZiUDgrGL9kMxh5qpsBN6vbLDX3jmYzmxvqjkbbsnxM1U85VKvWdiuGF+1ubk//TxiXmw0ktdFEiaH5vlJeSoqHz/GgmLHCUlQeMW+HfSvkFs4z7FB67qMoBlsWuqpTJmGwvTehjin+n82H4bm+/BVE0GMYPMZ0O+vH7fvR50Dv4tAhsjbwmW2SHxGSfHJAjckJGhJMbcku+kx+dr52fwVKwct8adBYzr8ijCtZ/AfCutfM=</latexit>

I(c,�) undefined.

<latexit sha1_base64="IbxxH+LgruugEfdbBmJRggql5mo="></latexit>

M,� �v h�x.h�y.h�z.⌃P (z)i(f(y))i(g(x))i(c)
()M,� �w h�y.h�z.⌃P (z)i(f(y))i(g(x))

where w is like v except that

w(x) = I(c,�) = 3

but g does not designate at �, so this is false.
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We use prefixed tableaus.
These can handle the ‘standard’ modal logics,

K, T, S4, S5, etc.

They cannot handle things like S4.3.

Other proof systems would do, and may be more general.
I’m kind of partial to hybrid logic,

but I’ll skip all that here.
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<latexit sha1_base64="VfQysjZgWj/BUr05hxnwaaGapwM="></latexit>

A prefix is a finite sequence of positive integers. A prefixed formula is an
expression of the form �X, where � is a prefix and X is a formula.

<latexit sha1_base64="TiUM/bu0PyqbUGy460aKf0gSz+g="></latexit>

Informally a prefix � names a possible world in some modal model,
and �X tells us that X is true at the world that � names.

<latexit sha1_base64="FKcILzbc3rhnvkMSr4I2FT7ompw="></latexit>

A prefix �.n should name a world
that is accessible from the one that � names.

<latexit sha1_base64="xcBaFTTTbFh4tOOTXfogpcmU/JI="></latexit>

Other conditions on prefixes depend on which modal logic

we are considering,

but this is enough to get started.

It gives us K.
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Tableaus are refutation systems.

A proof amounts to showing that assuming a 
formula could be false somewhere leads to a 

contradiction.

Here this is, more formally.

The tableau idea.
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<latexit sha1_base64="RqFNy6bX45BUmhN36MAi5CxtZls="></latexit>

A tableau for X starts with 1¬X.

<latexit sha1_base64="mbfXy+31x3s6aaHFan7sQQss89s="></latexit>

It grows, as a tree, using branch extension rules,
given shortly.

<latexit sha1_base64="61ymjXaRO9Qnm3Pk+EfE1mlRXIQ="></latexit>

A branch is closed if it contains both
�A and � ¬A,

<latexit sha1_base64="RNSBNXv2mR6huyRKxwMDLTCS5Zw="></latexit>

A tableau is closed if all branches are.

<latexit sha1_base64="0jyqfBrgvWdl+Rgm4bwjsSDitKU="></latexit>

A proof of X is a closed tableau starting with 1¬X.
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<latexit sha1_base64="YN8O/w8/JuSr7/qPI8W2IqvSVA4="></latexit>

Conjunctive Rules: �X ^ Y
�X
� Y

� ¬(X _ Y )
� ¬X
� ¬Y

� ¬(X � Y )
�X
� ¬Y

Disjunctive Rules: �X _ Y
�X � Y

� ¬(X ^ Y )
� ¬X � ¬Y

�X � Y
� ¬X � Y

Negation Rule: � ¬¬X
�X

Propositional Rules
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Quantifier Rules

<latexit sha1_base64="3nHcwV7iD+tUT+xKmpV+wG+18Dk="></latexit>

Universal Rules Where p is any parameter whatsoever.

� (8x)�(x)
��(p)

� ¬(9x)�(x)
� ¬�(p)

Existential Rules Where p is a parameter that is new to the tableau branch.

� (9x)�(x)
��(p)

� ¬(8x)�(x)
� ¬�(p)

<latexit sha1_base64="Ta1Zym9/yFcwtqhnbCJodZ0x59Q="></latexit>

(We use a new and distinct set for these.)

<latexit sha1_base64="44+zG0TjmCSHCyB4vSdD6XngLbg="></latexit>

A parameter is a free variable that is never bound.
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Equality Rules

<latexit sha1_base64="dsBJoOnt5Id0SXbsI+az9VPSdsU="></latexit>

Reflexivity Rule For a parameter p and a prefix � already on the branch:

� (p = p)

<latexit sha1_base64="6PBJXZcYIOq0glDsswrxg2rx4kA="></latexit>

Atomic Substitutivity Rule For an atomic formula �(x):

� (p = q)
⌧ �(p)
⌧ �(q)

Here �(q) is �(p) with some p occurrences replaced with q.

<latexit sha1_base64="CKk6pva7m7M1ylbIrqPIaFCzXI8="></latexit>

Note: “Atomic” can be dropped.

Note: valuations of
variables is rigid.
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Modal Rules (for K)

<latexit sha1_base64="o5xFS+XUIyoxZKTQvffVcUxypHI="></latexit>

Prefixed Possibility Rules If the prefix �.n is new to the branch,

� ⌃X
�.nX

� ¬⇤X
�.n¬X

<latexit sha1_base64="MTKFs2MxyX7aeRCVCtKs4v+YIlY="></latexit>

Prefixed Necessity Rules If the prefix �.n is not new to the branch,

�⇤X
�.nX

� ¬⌃X
�.n¬X
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Constant and Function Symbols

<latexit sha1_base64="IHJ053HsmIyjeS38BHxJ/MGSfhg="></latexit>

Think of c� as a stand-in for what c designates at �.
<latexit sha1_base64="qsW6JS5WnAylc9APyyQ88pnAYQ8="></latexit>

Similarly for function symbols.

<latexit sha1_base64="pxhaedigNFEV5ut4UwNfgjUG/dk="></latexit>

Our formal language was enlarged for tableaus. Parameters were added.

Think of these as stand-ins for members of a model domain.

<latexit sha1_base64="CEA1227J99IQVc1ukvfllLyieRQ="></latexit>

Now, one more enlargement. If c is a constant symbol,
and � is a prefix, then tableaus may also contain c�.
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Object Terms

<latexit sha1_base64="ohCh6odD+SRA78Ba2qb3wnjqz0Q="></latexit>

Variables (including parameters) are object terms.

If c is a constant symbol, c� is an object term.

If f is an n-place function symbol and t1, . . . , tn are object terms,
then f�(t1, . . . , tn) is an object term.

An object term is pseudo-closed if it contains no free variables
other than parameters.
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Equality Rules Again

<latexit sha1_base64="h+pLMgk53GBbqkQKg3SMEnm7Yyk="></latexit>

Our earlier substitutivity rule for equality needs extension.

<latexit sha1_base64="zKAvFDDYadPCS+vbx9XZ1YLFMK0="></latexit>

Atomic Substitutivity Rule For an atomic formula �(x):

� (p = q)
⌧ �(p)
⌧ �(q)

Where p and q are any pseudo-closed object terms.
<latexit sha1_base64="VtdfmIGYPqgxfmxjH9VbFA/38/0="></latexit>

The Reflexivity Rule stays the same.

Only for parameters.
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Existence Abstract

<latexit sha1_base64="a9liJIPFJ6wg+XAFl0xz4ZL6DFA="></latexit>

It, perhaps, looks useless here.
In constant domains, loosely, everything exists everywhere.

<latexit sha1_base64="jZZ2DzAnmkp6do6C1a07mBgsI3U="></latexit>

This serves to simplify the rule statements.

<latexit sha1_base64="4uMxbb0pMX8zFljb3NAN6VsujK8="></latexit>

But it allows us to equate object terms with parameters.

<latexit sha1_base64="Ii6y2qgQKNTg6YI1zxiEoz+3e1M="></latexit>

By E we mean the predicate abstract h�x.(9y)(y = x)i.
Then for an object term t, E(t) is h�x.(9y)(y = x)i(t).
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Generation on a Branch

<latexit sha1_base64="SLG/3lWb4zJQq7RNXGh4P9gQY7g="></latexit>

For a non-rigid constant symbol c we say:

1. c� is positively generated on a tableau branch if the branch
contains � h�x.�(x)i(c) for some �(x);

2. c� is negatively generated on a tableau branch if the branch
contains � ¬h�x.�(x)i(c) for some �(x).



<latexit sha1_base64="O+YvJungx1hbP4sWBu2bnaPNvTs="></latexit>

For an n-place function symbol f we say:

1. f�(t1, . . . , tn) is positively generated on a tableau branch
if the branch contains � h�x.�(x)i(f(t1, . . . , tn));

2. f�(t1, . . . , tn) is negatively generated on a tableau branch
if the branch contains � ¬h�x.�(x)i(f(t1, . . . , tn)).

44

Generation on a Branch
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Predicate Abstraction Rules

<latexit sha1_base64="ZllII3oMV7LU0OK7BV1cL/skHs4="></latexit>

For a constant symbol c.

� h�x.�(x)i(c)
��(c�)

� ¬h�x.�(x)i(c)
� ¬�(c�)

provided c� is positively
generated on the tableau branch



<latexit sha1_base64="h9ogfDc3pmGRFR1x/jjyj1BI14E="></latexit>

For an n place f , and pseudo-closed object terms t1, . . . , tn.

� h�x.�(x)i(f(t1, . . . , tn))
��(f�(t1, . . . , tn))

� ¬h�x.�(x)i(f(t1, . . . , tn))
� ¬�(f�(t1, . . . , tn))

provided f�(t1, . . . , tn) is positively
generated on the tableau branch
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Predicate Abstraction Rules
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Existence Rules

<latexit sha1_base64="/p06OlMZgRsA8wFuQe49IMuZzE4="></latexit>

And finally, Existence Rules For any constant symbol c, n-place function symbol
f , and pseudo-closed object terms t1, . . . , tn:

� h�x.�(x)i(c)
�E(c)

� h�x.�(x)i(f(t1, . . . , tn))
�E(f(t1, . . . , tn))
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We don’t have definite descriptions yet.
But we do have non-rigid terms that might not designate.

And we have predicate abstraction.
This is enough to represent most of Russell’s examples.
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There are two aspects to Russell’s treatment.
1. Determining what is being designated, if anything is.
2. Determining how this behaves in a context.

Understanding the behavior in a context
is really an issue of scope distinctions.

What we have so far is quite enough for this.

Here are a few formal examples.
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<latexit sha1_base64="TUTpScnhy9EAUnIqd0/hnCGfHx8="></latexit>

¬h�x.P (x)i(c) � h�x.¬P (x)i(c) is not valid.
<latexit sha1_base64="PsrGxY+ElXz4QC+AFG5pZZ29gXQ="></latexit>

Consider a model with a possible world at which c does not designate.
<latexit sha1_base64="a8UYOpuadj1ejRfpuvpIRd7CjBY="></latexit>

h�x.¬P (x)i(c) � ¬h�x.P (x)i(c) is valid.
<latexit sha1_base64="tR/c8p+CLiFq+3x11qqjaDH2cQM="></latexit>

1¬[h�x.¬P (x)i(c) � ¬h�x.P (x)i(c)] 1.
1 h�x.¬P (x)i(c) 2.
1¬¬h�x.P (x)i(c) 3.
1 h�x.P (x)i(c) 4.
1¬P (c1) 5.
1 P (c1) 6.
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<latexit sha1_base64="vTm147Fc7o2IPrJnjwO51jt41Z8="></latexit>⌃h�x.P (x)i(c) � h�x.⌃P (x)i(c) is not valid.

<latexit sha1_base64="RSn9+FAe7FnlCI0DG2EHkyk9c/o="></latexit>

�
<latexit sha1_base64="6AYEbmO85p37uoog+Mh8aS97DjQ="></latexit>

�
<latexit sha1_base64="1tcFPUEavqkofiG4kskIWqkSQnQ="></latexit>

c does not designate at �
<latexit sha1_base64="BO2WV1CghQaYmElXu+bLkMB1M+M="></latexit>

c does designate at �
and it designates

which is something for which P
is true at �.
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<latexit sha1_base64="a1E4kgifTWuwfgdI/ecliEDxNkc="></latexit>

Exercise.

<latexit sha1_base64="iFdjOpX/1Y0H8mBkhz2HVyh6TME="></latexit>

h�x.⌃P (x)i(c) � ⌃h�x.P (x)i(c) is also not valid.
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More Complicated Example

<latexit sha1_base64="Qd/M25h5LXTT0cHmJ6m7S36YiSs="></latexit>

Using the rules we’ve given so far,
here is a tableau proof

of the following.

<latexit sha1_base64="7gYexvdFwesaIDCKZG548J2tg1c="></latexit>⌃h�x.P (x)i(c) � (9x)⌃P (x)
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<latexit sha1_base64="+D5Fqbvg/svzlLUMJZQJMMNqSvQ="></latexit>

1 ¬ [⌃h�x.P (x)i(c) � (9x)⌃P (x)] 1.
1 ⌃h�x.P (x)i(c) 2.
1 ¬(9x)⌃P (x) 3.
1.1 h�x.P (x)i(c) 4.
1.1 P (c1.1) 5.
1.1 E(c) 6.
1.1 h�x.(9y)(y = x)i(c) 7.
1.1 (9y)(y = c1.1) 8.
1.1 p = c1.1 9.
1 ¬⌃P (p) 10.
1.1¬P (p) 11.
1.1 P (p) 12.
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<latexit sha1_base64="HrIn1oNOzG7WYVXQvyUfFraLNy0="></latexit>

We extend the definition of the
interpretation function I to definite descriptions.

<latexit sha1_base64="mHDXW6wudaAUXMLhhBsd9MRsXzI="></latexit>

We say I( ◆x.�,�) is defined in model M under valuation v
if there is exactly one x-variant w of v

such that M,� �w �.
<latexit sha1_base64="sDEL1zg93enIrbvB5s/ZLyT48CI="></latexit>

If this is the case then ◆x.� designates at � under v,
and I( ◆x.�,�) = w(x).
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<latexit sha1_base64="4Sx6/oy4b3M9v+QK1xOfZ9wSf58="></latexit>

For a definite description ◆x.�:

1. If ◆x.� designates at � in G under valuation v then

M,� �v h�y. i( ◆x.�) () M,� �w  

where w is the y-variant of v such that w(y) = I( ◆x.�,�).

2. If ◆x.� fails to designate at � under v then M,� 6�v h�y.�i( ◆x.�).
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<latexit sha1_base64="7z4Fw/RdvHJgh/NPvXoeEZFyJks="></latexit>

This is a semantic counterpart of Russell’s famous definition.

<latexit sha1_base64="BPGiaYcpSlizne04nBBzNkUdLnE="></latexit>

It applies using varying domain semantics too.

<latexit sha1_base64="Va+O92iMi58ITgXJZVvua/zf19Q="></latexit>

But it is in the constant domain (possibilist) setting
that, we feel, it behaves most naturally.
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<latexit sha1_base64="PI7vy4tGuyALISaKPJ4zRmV79qE="></latexit>

Here is an essentially modal example.

<latexit sha1_base64="iYnqGWeYIO0wb2qZN86Jfmz+q3I="></latexit>

Let D be the predicate abstract h�x.x = xi.
<latexit sha1_base64="LhqceUYcgdYB0PRKeJmp4sifaZM="></latexit>

Then D(t) is true at
exactly those worlds where t designates.

<latexit sha1_base64="x0DgpqP7R/2MPeF8ErOlvHfzMiU="></latexit>

The example is the validity of:
D( ◆x.⌃P (x)) � ⌃D( ◆x.P (x)).

<latexit sha1_base64="hru88najrmJZxqn+YLbYqA516bg="></latexit>

Informally, if the possible P designates,
then it is possible that the P designates.
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<latexit sha1_base64="x0DgpqP7R/2MPeF8ErOlvHfzMiU="></latexit>

The example is the validity of:
D( ◆x.⌃P (x)) � ⌃D( ◆x.P (x)).

<latexit sha1_base64="1vs/YbB7ybwYzyCKDlbHSRgxL44="></latexit>

And here is an informally presented
argument for its validity.

<latexit sha1_base64="ZngHb4j2lOX5n/6oI9gFdeMwYpI="></latexit>

Suppose D( ◆x.⌃P (x)) is true at world �.
<latexit sha1_base64="UpLPQ1CIW2TtXtFcy89+uOe/w+o="></latexit>

Then ◆x.⌃P (x) designates at �.
<latexit sha1_base64="itHSRvUqKbN/8EXfPFbD7NQCzNE="></latexit>

There is exactly one a such that ⌃P (a) is true at �.
<latexit sha1_base64="MKNGCtfxvnyOz0CZo0W61mStyj0="></latexit>

At some accessible �, P (a) is true.
<latexit sha1_base64="fKSJk0B3iPH2BEHUmiV2w4TIdDk="></latexit>

If P (b) were true at � for some b 6= a,
then ⌃P (b) would be true at �.

<latexit sha1_base64="CsR6WQW1NZgVYeknvFOri6ut7Tw="></latexit>

But no.
<latexit sha1_base64="vIWUBhidEkHRFeloSIJpnurRot4="></latexit>

So there is exactly one a with P (a) true at �.
<latexit sha1_base64="isiijboWFzFIC9XXowOhK0G3cWU="></latexit>

So ◆x.P (x) designates at world �.
<latexit sha1_base64="65bnbCbFHKBMR4Vh3okXDBAg7K0="></latexit>

D( ◆x.P (x)) is true at �.
<latexit sha1_base64="pilW5rvPqnfSDcowWTkptm6UqXs="></latexit>⌃D( ◆x.P (x)) is true at �.
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<latexit sha1_base64="pjauXT5OLqF3Y/W8teC01PYOO6M="></latexit>

If ◆x.� is a definite description and � is a prefix,
then [ ◆x.�]� is an object term.

As with other object terms, it is pseudo-closed if
it contains no free variables other than parameters.

<latexit sha1_base64="PmV5lugNMvrJA4WABnkw7kdLOeM="></latexit>

The first thing is to extend earlier rules
to allow definite descriptions.

<latexit sha1_base64="TAMDmProOIfPdMmOHxTre5uotFA="></latexit>

Our earlier equality rules now apply to

definite descriptions too.
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<latexit sha1_base64="m60fmdenIPtZHsQp0ZO4413fLJw="></latexit>

Positive generation is likewise extended.
[ ◆x. ]� is positively generated on a tableau branch

if the branch contains � h�x.�(x)i( ◆x. ) for some �(x);

<latexit sha1_base64="a7DVQvXxjqbdpXpAgT0wSW+2UE8="></latexit>

Our earlier predicate abstraction and equality rules

are likewise extended.
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<latexit sha1_base64="XVqJiQCVrcLgqVN9vxnNQrIOFwY="></latexit>

� h�x.�(x)i( ◆y. (y))
��([ ◆y. (y)]�)

<latexit sha1_base64="2q7p8pv4X1Bonw3OVHBEGsdjEbc="></latexit>

� ¬h�x.�(x)i( ◆y. (y))
� ¬�([ ◆y. (y)]�)

provided [ ◆y. (y)]� is positively
generated on the tableau branch

<latexit sha1_base64="7a2dr6fspZhgRDbcB/dhyw45odM="></latexit>

� h�x.�(x)i( ◆y. (y))
�E( ◆y. (y)
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<latexit sha1_base64="vRG6/jCANoIwspgyEZ0vowV+/fE="></latexit>

� h�x.�(x)i(c)
� p = c�

� h�x.�(x)i(f(t1, . . . , tn))
� p = f�(t1, . . . , tn)

� h�x.�(x)i( ◆y. (y))
� p = [ ◆y. (y)]�

This gives us the following derived rules.

<latexit sha1_base64="l4PqPjwtvN2h5qaKXy4L1VUbTkQ="></latexit>

Where parameter p is new to the branch.
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All this is straightforward.
Now, here are the rules that

really say we are discussing definite descriptions.

<latexit sha1_base64="3zB+Z/7akGyLTJyTPLfLVW1zrUg="></latexit>

� h�x.�(x)i( ◆y. (y))
� ([ ◆y. (y)]�)

First the positive rules.

<latexit sha1_base64="3HCyNfdl6nMQd0Wfus4+aHIQNfw="></latexit>

What is designated by the  must satisfy  .
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First the positive rules.

<latexit sha1_base64="xQ1ej+klfdbPLGwHgkKJcxaGO1k="></latexit>

� h�x.�(x)i( ◆y. (y))
� ¬ (p) | � h�x.x = pi( ◆y. (y))

for any parameter p

<latexit sha1_base64="sNQByLmGslJskx4bRBlZMe6O48k="></latexit>

If the  designates then
for any parameter p

either p doesn’t satisfy  , or
it does and so must be the  .
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Next the Negative Rule.

<latexit sha1_base64="WEzmWKbGHG7tTwY08R7kYUiam5Y="></latexit>

� ¬h�x.�(x)i( ◆y. (y))
� ¬ (p) � (q) � h�x.x = pi( ◆y. (y))

� ¬(p = q)

For any parameter p, and new parameter q.
<latexit sha1_base64="WdOfuVuRst360yU/veq0lGh9jhE="></latexit>

Given the rule premise either:
<latexit sha1_base64="PWzknWZa12ElvXVjFv9obLs6g7M="></latexit>

Given the rule premise either:
p doesn’t make  true,

<latexit sha1_base64="5nNxxMuYYS/twcVERPJUKt0FtsQ="></latexit>

Given the rule premise either:
p doesn’t make  true,

or it does but so does some other q,

<latexit sha1_base64="JkWO4oz44oeNw6weJ0YgNwW5Nwc="></latexit>

Given the rule premise either:
p doesn’t make  true,

or it does but so does some other q,
or p is the only thing making  true

<latexit sha1_base64="7CJBoeoNvWqCkaEl3Fz92jveX40="></latexit>

Given the rule premise either:
p doesn’t make  true,

or it does but so does some other q,
or p is the only thing making  true
and so p is what ◆y. designates.
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A Tableau Example

<latexit sha1_base64="RngG6I/bf7wDoRK9S4wuuF2ueU8="></latexit>

(8z)h�x.x = zi( ◆x.x = z)

<latexit sha1_base64="iJ8VX2IzTNeib1qLG0qxOV0zQB0="></latexit>

In words: for each z, the z has the property of being z.



75

All branches are closed.
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<latexit sha1_base64="xyc+F+BOORcbPPMuwT/O/FRxcn0="></latexit>

[E( ◆x.T (x)) ^ (8x)⌃¬T (x)] � h�x.⌃¬h�y.x = yi( ◆z.T (z))i( ◆z.T (z))

<latexit sha1_base64="Z/+NRl4E25Tm85a0i1pdw1X9YAw="></latexit>

You might try proving the following.

<latexit sha1_base64="+QiFgX8+5f4R7PaafThkXe/XQDA="></latexit>

It asserts,
under reasonable conditions,

that someday the tallest person in the world
might not be the tallest person in the world.

<latexit sha1_base64="opCUO6cFaig3A4Jtoh6kUTFyZFc="></latexit>

If you have trouble, a proof is given as
an example in our book.
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<latexit sha1_base64="F/VXfc0tD8Xhl73WJUQaF67kx7I="></latexit>

Or, as an easier problem,

give a tableau proof of

D( ◆x.⌃P (x)) � ⌃D( ◆x.P (x)).

<latexit sha1_base64="u1k+oFA94EolIe2Ue4uyxr8Wnw4="></latexit>

We saw this earlier, semantically.
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Notes to me:
our book gives four versions for each modal logic treated;

what are they;
I only discussed one;

Why this one?



Thank You
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