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@ What is the Russellian theory of definite descriptions (RDD).

@ How RDD can be formalised — Kalish/Montague/Mar system
KMM.

© Sequent calculus equivalent to KMM.
@ Interpolation theorem for RDD.
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Russellian approach:
First presented in ‘On denoting’ (Mind 1905).

Formally developed in Principia Mathematica.

Definite descriptions represented by means of iota-operator (first
appeared in Peano):

1xp(x) — the (unique) object x being ¢

Y(1xp(x)) — The only x being ¢ is 1.

Andrzej Indrzejczak -
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DEFINITE DESCRIPTIONS

Russellian approach:

Troubles with definite descriptions treated as names (Russellian
puzzles):

@ the law of excluded middle;
@ contradictions and nonbeing;
@ intensional identity.

How to avoid problems?

Show that definite descriptions are not genuine names.

Andrzej Indrzejczak -
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Russellian approach:

Contextual Definitions in PM:

Pxp(x)) = y(Vx(p(x) < x = y) AY(y))
t =wxp(x) = Vx(p(x) < x =1t)

Ewxp(x) == JyVx(e(x) <> x=y)

Disadvantages:
@ complicated rules of translation;
@ scoping difficulties;
@ provability of troublesome theses;

@ rejection of intuitively valid formulae;

@ running into contradiction.

Andrzej Indrzejczak -
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Russellian approach — scoping difficulties:
How to read = BixKx —7

1. y(Vx(Kx <> x = y) A =By)

or

2. =3dy(Vx(Kx <> x = y) A\ By)

In PM special scope operators attached.

Andrzej Indrzejczak -
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Russellian approach — wanted and unwanted:

Russell’s schema implies:

L Jy(Vx(p(x) ¢ x = y) Ad(y)) = v(xe(x))
and

2. P(xp(x)) = Ay (Vx(o(x) < x = y) AY(y))
which implies:

P(xp(x)) = Ewxp(x)

On the other hand:

1xp(x) = wxp(x) does not hold for improper descriptions.

Andrzej Indrzejczak -
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Russellian approach — the risk of contradiction:
Y(xp(x)) = y(Vx(p(x) < x = y) A(y))
J

A(x(Bx A =Bx)) V =A(ix(Bx A =Bx)) =
Ay (Vx(Bx A =Bx <+ x = y) A (Ay V ~Ay))

leads to

Ba A —=Ba
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Russellian approach — the risk of contradiction:

also t = wxp(x) = Vx(p(x) <> x = t) leads to contradiction if
unrestricted reflexivity of identity and quantifier rules are allowed.

1. wx(Ax A =Ax) = ix(Ax A —AXx)

2. Vx(Ax A =Ax > x = wx(Ax A —Ax)) 1

3. A(ex(Ax A =Ax)) A 2A(x(Ax A =AX)) <> 1x(Ax A —Ax) =
1x(Ax A —Ax)) 2

4. A(ax(Ax A =Ax)) A 2A(x(Ax A —Ax)) 3, 1

Andrzej Indrzejczak -
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Russell revisited:

How to develop the Russellian approach in the way avoiding at
least some problems while treating DD as genuine terms?

Two solutions:

o Kalish, Montague and Mar [1980] (also Burge [1974],
Feferman [1995]) = Indrzejczak [RSL 2022]

@ use lambda-operator = [Indrzejczak 2020, Indrzejczak and
Zawidzki 2022, Indrzejczak and Kiirbis 2023]

Andrzej Indrzejczak -
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DEFINITE DESCRIPTIONS

O fixed evaluation (as false) of all elementary formulae with
nondenoting terms;

@ quantification rules of universal instantiation Ul and
existential generalization EG restricted to variables;

© identity with reflexivity restricted to variables;
@ taking object language counterpart of Russellian definition as
an axiom characterising descriptions (we will call it RA):
RA ¢[x/1yp] <> Ix(Vy(p > y = x) A1) with ¢ atomic.
Note that if equalities are treated as atomic then RA implies:
(DP-1) R"tj..tpFIxx =t1 A ... Adxx =t
(DP—2) t1 = b Fdxx = t1
moreover, due to (DP-1) RA is equivalent to:
LA Vy(y = wxe(x) < Vx(@(x) <> x = y)

Andrzej Indrzejczak -
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So what is the system we call KMM?
Natural Deduction system for pure FOL, with Ul and EG restricted
to variables, completed with the following rules:

ID) okb=b

(
(LL) t = b, p[x/t] - p[x/ o]

(DP-1) R'ti..th FIxx =t A... Adxx = t,
(

(
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Russell revisited - KMM:
So what is the system we call KMM?

Natural Deduction system for pure FOL, with Ul and EG restricted
to variables, completed with the following rules:

(ID) dEb=>b

(LL) t = b, p[x/t] - p[x/ o]

(DP-1) R'ti..th FIxx =t A... Adxx = t,

(DP—2) ti=tbhFE3dxx=1t

(RD) T Vx(x =wyp < Vy(p < y = x))

How to change it into well-behaved SC?

Andrzej Indrzejczak -
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DEFINITE DESCRIPTIONS

Why the point 2 is very important?:

The problem with (V¥ =) and (= 3) if we admit descriptions as
instantiated terms.

Example: From VxAx we can infer A(ux(3y(Bxy — —Cxy))).

In the framework of SC we have:

A(ux(Jy(Bxy — —Cxy))),I= A
VxAx,[= A

the subformula property lost.

Andrzej Indrzejczak -
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Sequents versus rules

Convenient technical device: RM-theorem — Indrzejczak [2013]

For any sequent ' = A with I = {¢1, ..., ok} and
A = {1,...;0n}, k >0,n> 0 there is 2k*+" — 1 equivalent rules
captured by the general schema:

My, = X1, 01, .., M=%, 0 Y1, Mita = Tita, ooy Y5, Migj = iy
F*", My, My Mg, o, Mgy = DICTIND T T Z,-HA*J'

where T=' =T — {¢1,...,0;} and A~ = A — {41, ..., ;} for
0<i<k, 0<j<n.

Andrzej Indrzejczak -
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@ the choice of principal formula;

@ the choice of side formulae.

Andrzej Indrzejczak -



SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

The basis for the rules:




SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

The basis for the rules:

1. The choice of principal formula:




SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

The basis for the rules:

1. The choice of principal formula:

(a) ¥(exep) or
(b) t = txp




SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

The basis for the rules:

1. The choice of principal formula:

(a) ¥(exep) or
(b) t = txp

(b) is better (no nested quantifiers in the definiens)




SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

The basis for the rules:

1. The choice of principal formula:

(a) ¥(exep) or
(b) t = txp

(b) is better (no nested quantifiers in the definiens)

2. The choice of side formulae:




SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

The basis for the rules:

1. The choice of principal formula:

(a) ¥(exep) or
(b) t = txp

(b) is better (no nested quantifiers in

2. The choice of side formulae:

t = wxp(x) < @[x/t] AVx(p(x) = x

the definiens)

:t)




SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

The basis for the rules:

1. The choice of principal formula:

(a) ¥(exep) or
(b) t = txp

(b) is better (no nested quantifiers in the definiens)

2. The choice of side formulae:
t = wxp(x) < @[x/t] AVx(p(x) = x = t)

or

t = wxp(x) < Vx(p(x) <> x = t)
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SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

Construction of rules for descriptions:

From:
t = wxp(x) < Vx(p(x) <> x = t)
we obtain two sequents:

t = wxp(x) = Vx(p(x) <> x = t)
Vx(p(x) <> x =t) = t = xp(x)

Each may be changed into introduction rule by RM theorem:

= A, Vx(p(x) <> x =1t)
= A, t =wxp(x)

and

Vx(p(x) <> x=1t), = A
t =wxp(x),l = A

Andrzej Indrzejczak -
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SEQUENT CALCULUS FOR DEFINITE DESCRIPTIONS

Rules for descriptions:

We continue with decomposition of side-formula obtaining:

p(a),l1=Dp,a=t a=tTr= N0y ¢(a)
= A, t =wxp(x)

where a is not in I'; A, ¢; and

M= Ae(a),a=t  p(a),a=tTr= A
t=wxp(x),l = A

Both rules satisfy subformula property and are reductive in the
process of cut elimination.

Andrzej Indrzejczak -
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PROBLEM WITH =

Clash of DD-rules and identity-rules:

Reductivity is lost if one premiss is obtained via rule for DD and
the second via rule for =. Schematically:

M =A .. Fk:>Ak |_|1:>21 I'I,,:>Z,,
= Ad=t d:t,I'I:>Z(Cut)
LN=AX

Andrzej Indrzejczak -
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Sequents versus rules

Rule-maker theorem — special case LL:

(2 =) olx/m],TI= A (32) = A, p[x/m1]
T =12, 9[x/71], [= A 1 =1, 1= A, p[x/7)]
Negri and von Plato 2001 Manzano 2005

Reeves 1987

:) =An=mn
olx/m],T= A, p[x/7]

(5-) = An=mn [N=X ¢x/n]
M MN= AY, ¢[x/m)

Indrzejczak 2019

= A,T1:T2 QO[X/TQ],”:>Z

(6 =) o/, T, 1= A, T Baaz and Leitsch 2011

(7 _) = A) @[X/Tll SO[X/T2]7 M=%
- 71:72,F,I'I:>A,Z

Nagashima 1966

(8 _) = A,T1:T2 MN= Z,(p[X/Tl] QO[X/TQ],/\:>@
= FMA= AL, 0

Indrzejczak 2018

Andrzej Indrzejczak )
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Structural rules:
(AX) o=

= A, =X
(Cut) = Fhizky

= A
W=) 275

o, = A
(=) TH="7

= A
=W) =3,0

= A, o,
(=€) T5AS

Andrzej Indrzejczak
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Logical rules:

= A p o, = A
=) JT=& =) 2 r =

0., T= A = Ap N=X,9
("=) TRy T=A =GN TFREET orv
(V=) & =A 9 N=% (=V) = A, 0%

eV, [ M= AL = A, VY

= A Y M=%

o, =AY
ST = ALY (=)

(==) = A, o=

= A0, ¢, M=% o= A0,y ¢P,N=% ¢
(=) = 5o T Ay 5F) S FRas oo

Andrzej Indrzejczak
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=) Sor=a =3) TS5 A 30




SEQUENT CALCULUS G

Quantifier rules:

elx/b], = A 1 = A, 0[x/4]
(V=) Vxp, = A Sal) = A, Vxp
1 plx/al,T= A M= A, p[x/b]
=) Sor=a =3) TS5 A 30

side conditions:

l.ais not in ', A and ¢ (b is arbitrary).
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identity, strictness and description rules:




SEQUENT CALCULUS GRDD1

identity, strictness and description rules:

x/b],F= A — b,
(=+) a:¢t£,c/p[l/afF:>A (=-) 25228 risriA

where ¢ is atomic




SEQUENT CALCULUS GRDD1

identity, strictness and description rules:

(=+) o[x/b],IT= A (=) b=bT= A
a a=b,p[x/al,T= A n = A
where ¢ is atomic

a=d,= A a=d, = A
5t) dhii=a ) d=h154

where ¢ is atomic but contains at least one occurrence of d and
i€{l,2}in (Str=); ais not in [, A, .
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SEQUENT CALCULUS GRDD1

identity, strictness and description rules:

(=+) o[x/b],IT= A (=) b=bT= A
a a=b,p[x/al,T= A n = A
where ¢ is atomic

a=d,= A a=d, = A
5t) dhii=a ) d=h154

where ¢ is atomic but contains at least one occurrence of d and
i€{l,2}in (Str=); ais not in [, A, .

= A, p[x/bl,c~b c=b,p[x/b,l= A
c = wxp, = A

(:=)

cx~a,l= A p[x/a] ¢[x/a],T= A, c~a
= A, c~wxp

(=)

where ais not in [, A, p, c =~ ameans c =aor a=c.
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SEQUENT CALCULUS GRDD1

Problem — the cut elimination does not hold for GRDD1:




SEQUENT CALCULUS GRDD1

Problem — the cut elimination does not hold for GRDD1:

plx/al,T1 = Ar,a=c a=c,l= Ay, ¢[x/a] P[x/ixp], M =X
M= A, c=wxp c =wxp,P[x/c],M =X
Yx/c,T,N =A%

(=)

(Cut)
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SEQUENT CALCULUS GRDD1

Problem — the cut elimination does not hold for GRDD1:

(=) plx/a),T1 = A,a=c a=c, = A, p[x/a] P[x/ixp], M =X
(Cut) M= A, c=wxp c =wxp,P[x/c],M =X
Y[x/c],[, N = A X

(==) Ab = Ab b=a=b=a
(7 =) Ab,Ab —+b=a=b=a Ab = Ab

Ab,Vx(Ax - x=a)=b=a b=a,Aa= Ab AuxAx = AxAx
= (Cut) Aa,Vx(Ax = x = a) = a = 1xAx a = 1xAx, Aa = AixAx

Aa, Aa, Vx(Ax — x = a) = AwxAx
(€=)

Aa, Vx(Ax — x = a) = AwxAx
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SEQUENT CALCULUS GRDD1

Problems:

(LL) may be represented by other rules. One way out is to change
(= +) for:

(_) M= Al,go[x/tl] == AQ, t1 =t gO[X/tz], F3 = A3
a r=A
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SEQUENT CALCULUS GRDD1

Problems:
(LL) may be represented by other rules. One way out is to change
(= +) for:

(=) M = Ay, plx/t] 2= Ao, t1 =t plx/ta], T3 = Az
- r=A

Cut elimination holds but the subformula property fails for the
variant of GRDD1 with (=).
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Sequent Calculus GRDD?2

(R) b=bI=A py  b=bl=4 (1) _el/BLT=A
= A c=b,c=b,T= A c = b,o[x/c],T= A

= A, p[x/bl,cx= b c=b,p[x/b],l= A

(=) c X awxp, = A

(= 1) cxal= A p[x/al  o[x/a,T= A,cx~a
v = A, c~wxp

_ ay=di,a =dy,a1 =ax,[= A

==) d=dT=A

(o) A bi=d [oAb=d [=Ab=b
o = A,di=d»

=di,...,an=dnp[x1/a1...xp/an],[= A

St a1 1, » dn n, P[X1 )

(Str =) plxa/di...xn/dn],T= A

(o str) 2lbi=d . (S Abi=di = Agla/b . xn/bi]

= B, ¢l /di .. X/ ]

where: a, a1, a» are different eigenvariables; ¢ in (L) is a proper atomic formula; ¢ ~ t
in rules for + means that either c =t or t = ¢; ¢[x1/d1 ... xn/dn] in (Str =) and
(= Str) is a proper quasi-atomic formula with exactly n > 1 different definite

descriptions as arguments and @[x1/b1 ... xn/bn] is a proper-atomic formula
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Sequent Calculus GRDD?2
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Sequent Calculus GRDD?2

The influence of specific features of these rules on cut elimination:
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Sequent Calculus GRDD?2

The influence of specific features of these rules on cut elimination:

@ if o is a proper atomic formula, it can be active only in the antecedent, due to
(L);

if o is a proper g-atomic, it can be active on both sides but only via (Str =)
and (= Str);

if it is a d-identity, it can be active on both sides but only via (==) and (==);

if it is a mixed-identity, it can be active on both sides but only via (= ¢) and
(r=);

if it is an atomic identity, it can be active only in the antecedent, due to (E).

© 060 ©
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Sequent Calculus GRDD?2

The influence of specific features of these rules on cut elimination:

@ if o is a proper atomic formula, it can be active only in the antecedent, due to
(L);

@ if p is a proper g-atomic, it can be active on both sides but only via (Str =)
and (= Str);

© if it is a d-identity, it can be active on both sides but only via (==-) and (==);

@ if it is a mixed-identity, it can be active on both sides but only via (= 2) and
(x=);

@ if it is an atomic identity, it can be active only in the antecedent, due to (E).

If an atomic formula is a cut formula, then in cases 1 and 5, its occurrence in the left
premiss of cut is always parametric = height-reduction on the left premiss of cut is
always possible.

Andrzej Indrzejczak -



Sequent Calculus GRDD?2

The influence of specific features of these rules on cut elimination:

@ if o is a proper atomic formula, it can be active only in the antecedent, due to
(L);

@ if p is a proper g-atomic, it can be active on both sides but only via (Str =)
and (= Str);

© if it is a d-identity, it can be active on both sides but only via (==-) and (==);

@ if it is a mixed-identity, it can be active on both sides but only via (= 2) and
(r=);

@ if it is an atomic identity, it can be active only in the antecedent, due to (E).

If an atomic formula is a cut formula, then in cases 1 and 5, its occurrence in the left
premiss of cut is always parametric = height-reduction on the left premiss of cut is
always possible.

In cases 2—4, if in at least one premiss of cut it is also parametric, again
height-reduction is applicable. If in both premisses of cut, it is the principal formula
rank-reduction is applicable.
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Sequent Calculus GRDD?2

The specific features of this system:
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Sequent Calculus GRDD?2

The specific features of this system:
Q If ¢ T = A, then 4 '[a/b] = Ala/b], where k is the height
of a proof.
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Sequent Calculus GRDD?2

The specific features of this system:
Q If ¢ T = A, then 4 '[a/b] = Ala/b], where k is the height
of a proof.

Q If=T = A, then F T = A is cut-free provable.
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Sequent Calculus GRDD?2

The specific features of this system:
Q If ¢ T = A, then 4 '[a/b] = Ala/b], where k is the height
of a proof.

Q If=T = A, then F T = A is cut-free provable.

©Q If =T = A has a cut-free proof, then it is constructed from
subformulae of formulae occcurring in ', A.
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Sequent Calculus GRDD?2

The specific features of this system:
Q If ¢ T = A, then 4 '[a/b] = Ala/b], where k is the height
of a proof.

Q If=T = A, then F T = A is cut-free provable.

©Q If =T = A has a cut-free proof, then it is constructed from
subformulae of formulae occcurring in ', A.

Q If T = A has a cut-free proof, then the only terms occuring
in it are those already occuring in ', A and eigenvariables.

v
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Interpolation Theorem

Craig and Maehara:
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Interpolation Theorem

Craig and Maehara:

logic L satisfies the Craig interpolation property if, for all formulae
@ and 1, if =@ — 1), then there is an interpolant x such that

E ¢ — X, E x = % and x only contains non-logical symbols
common to both ¢ and . Moreover, if ¢ and ¥ have no
non-logical symbols in common, then either = is valid or ¥ is
valid.
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Interpolation Theorem

Craig and Maehara:

logic L satisfies the Craig interpolation property if, for all formulae
@ and 1, if =@ — 1), then there is an interpolant x such that

E ¢ — X, E x = % and x only contains non-logical symbols
common to both ¢ and . Moreover, if ¢ and ¥ have no
non-logical symbols in common, then either = is valid or ¥ is
valid.

Maehara's generalized interpolation theorem claims:
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Interpolation Theorem

Craig and Maehara:

logic L satisfies the Craig interpolation property if, for all formulae
@ and 1, if =@ — 1), then there is an interpolant x such that

E ¢ — X, E x = % and x only contains non-logical symbols
common to both ¢ and . Moreover, if ¢ and ¥ have no
non-logical symbols in common, then either = is valid or ¥ is
valid.

Maehara's generalized interpolation theorem claims:
If =T = A, then for any partition ((I'1, A1), (2, A2)) we can find
, such that:

0 = r1 = A]_,QD
Q P, r2 = A2
Q L(p) C LM UA)NLT2UAL)
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Interpolation Theorem

Craig and Maehara:

logic L satisfies the Craig interpolation property if, for all formulae
@ and 1, if =@ — 1), then there is an interpolant x such that

E ¢ — X, E x = % and x only contains non-logical symbols
common to both ¢ and . Moreover, if ¢ and ¥ have no
non-logical symbols in common, then either = is valid or ¥ is
valid.

Maehara's generalized interpolation theorem claims:
If =T = A, then for any partition ((I'1, A1), (2, A2)) we can find
, such that:

0 = r1 = A]_,QD
Q P, r2 = A2
Q L(p) C LM UA)NLT2UAL)

Maehara's theorem implies Craig's theorem.
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Interpolation Theorem

Interpolation for GRDD2
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Interpolation Theorem

Interpolation for GRDD2

PROOF: By induction on the height of a proof of [ = A in
cut-free GRDD2.
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Interpolation Theorem

Interpolation for GRDD2

PROOF: By induction on the height of a proof of [ = A in
cut-free GRDD2.

The basis (case k = 0) and inductive cases for connectives and
quantifiers as in classical FOL.
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Interpolation Theorem

Interpolation for GRDD2; the case of (R):
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Interpolation Theorem

Interpolation for GRDD2; the case of (R):

For arbitrary partition of the conclusion into (', A1) and (I2, Az) by the IH we
have:

ng:b,rléAl,(,D
Ql—go,l'2:>A2
e L((p) - L({b: b}u r1|JA1)ﬂ L(r2|_|A2)
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Interpolation Theorem

Interpolation for GRDD2; the case of (R):

For arbitrary partition of the conclusion into (', A1) and (I2, Az) by the IH we
have:

ng:b,rléAl,(,D
Ql—go,l'2:>A2
e L((p) - L({b: b}u r1|JA1)ﬂ L(r2|_|A2)

If b is not present in ¢, then ¢ satisfies also conditions for being an interpolant
of the conclusion; provability and language conditions are trivially satisfied.
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Interpolation Theorem

Interpolation for GRDD2; the case of (R):

For arbitrary partition of the conclusion into (', A1) and (I2, Az) by the IH we
have:

ng:b,rléAl,(,D
Ql—go,l'2:>A2
e L((p) - L({b: b}u r1|JA1)ﬂ L(r2|_|A2)

If b is not present in ¢, then ¢ satisfies also conditions for being an interpolant
of the conclusion; provability and language conditions are trivially satisfied.
Otherwise we must consider if b € L(I'; LI A1) or not.
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Interpolation Theorem

Interpolation for GRDD2; the case of (R):

For arbitrary partition of the conclusion into (', A1) and (I2, Az) by the IH we
have:

g Fb:b,r1:>A1,(,D

e = ©o, I'2 = AQ

(3] L((p) - L({b = b} LU Al) n L(F2 ] AQ)
If b is not present in ¢, then ¢ satisfies also conditions for being an interpolant
of the conclusion; provability and language conditions are trivially satisfied.

Otherwise we must consider if b € L(I'; LI A1) or not.
In the first case ¢ is intact.
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Interpolation Theorem

Interpolation for GRDD2; the case of (R):

For arbitrary partition of the conclusion into (', A1) and (I2, Az) by the IH we
have:

ng:b,rléAl,(,D
Ql—go,l'2:>A2
e L((p) - L({b: b}u r1|JA1)ﬂ L(r2|_|A2)

If b is not present in ¢, then ¢ satisfies also conditions for being an interpolant
of the conclusion; provability and language conditions are trivially satisfied.
Otherwise we must consider if b € L(I'; LI A1) or not.

In the first case ¢ is intact.

In the second it has the form Vx¢[b/x] which guarantees the satisfaction of the
language condition. Provability conditions are satisfied by applications of

(= V) to 1 = A, (correct since b is only in ) and (V =) to ¢, > = Ao.
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Interpolation Theorem

Interpolation for GRDD2; the case of (R):
For arbitrary partition of the conclusion into (', A1) and (I2, Az) by the IH we
have:

g =[5 = b,|—1:>A1,(,D

e = ©o, I'2 = AQ

e L((p) - L({b = b} uru Al) N L(F2 LI AQ)
If b is not present in ¢, then ¢ satisfies also conditions for being an interpolant
of the conclusion; provability and language conditions are trivially satisfied.
Otherwise we must consider if b € L(I'; LI A1) or not.
In the first case ¢ is intact.
In the second it has the form Vx¢[b/x] which guarantees the satisfaction of the

language condition. Provability conditions are satisfied by applications of
(= V) to 1 = A, (correct since b is only in ) and (V =) to ¢, > = Ao.

We could equally well consider an arbitrary partition of the premiss with b = b
belonging to (2, Az) and an interpolant ¢ with the same result, i.e. the
interpolant for the conclusion being either ¢ or Ixp[b/x] (if b is in ¢ but not
in [, As).
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Interpolation Theorem

Interpolation for GRDD2; the case of (==-) and (Str =):
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Interpolation Theorem

Interpolation for GRDD2; the case of (==-) and (Str =):

In the case of (==>) and (Str =) the situation is even simpler. For
any partition of the conclusion, an interpolant ¢ is inherited from
the respective partition of the premiss. It means that if the
principal formula belongs to the left (right) division, then we take
the same partition of I'; A with all side formulae belonging to the
left (right) division. Note that in this case ay, ..., a, are
eigenvariables so it is not possible that any of them belongs to ¢
and we do not need any quantification on ¢ to satisfy the language
condition.
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Interpolation Theorem

Interpolation for GRDD?2, the case of (= 1)
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Interpolation Theorem

Interpolation for GRDD?2, the case of (= 1)

In the case of (= 1), for arbitrary partition, ¢ & ux¢p is either in the
left or in the right division.
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Interpolation Theorem

Interpolation for GRDD?2, the case of (= 1)

In the case of (= 1), for arbitrary partition, ¢ & ux¢p is either in the
left or in the right division. In the first case, by the IH we have:

Q@ Fcmal= A, px/a], Y1

Q Fy1, = A

Q L(Y1) CL{c=a,p[x/al}uTiUA)NL(MUAY)
Q Foplx/al,T1= A1, c~ a9

Q F Y, = As

Q L(y2) CL{c~a,p[x/al}uTiUA)NL(MT L A))

with 11,1, being interpolants of these partitions of the premisses.
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Interpolation Theorem

Interpolation for GRDD2, the case of (= 1)
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Interpolation Theorem

Interpolation for GRDD2, the case of (= 1)

We obtain the interpolant 3 V 12 of the conclusion in the left
division since it holds by 1, 4 and 2, 5:

Cza7r1:>A1790[X/a]7wl ()O[X/a]ar1:>A17C%37w2
r1 = A17 c~ ZXQ071/}17¢2
M = A1, c=axp, 1 Vb

(=)

(=V)

Y1, M= An Yo, To = Ao
Y1 Vo, Ta= Ao

(V=)
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Interpolation Theorem

Interpolation for GRDD2, the case of (= 1)

We obtain the interpolant 3 V 12 of the conclusion in the left
division since it holds by 1, 4 and 2, 5:

C%37r1=>A1780[X/3]7¢1 ()O[X/a]ar1:>A17C%a7w2
r1 = A17 c~ ZXQ071/}17¢2
M = A1, c=axp, 1 Vb

(=)

(=V)

Y1, M= An Yo, To = Ao

V=) Y1 Vo, Ta= Ao

The language condition
L(wl V ’(/JQ) - L({C ~ zx<p[x/a]} uryu Al) N L(r2 L Ag) is
satisfied by 3, 4 and the fact that a is an eigenvariable.
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Interpolation Theorem

Interpolation for GRDD2, the case of (= 2)
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Interpolation Theorem

Interpolation for GRDD2, the case of (= 2)

Let ¢ = 1x be in the right division of arbitrary partition, then by
the IH we have:

QFli =AY

Q Fy1,c~a, = Az, p[x/a]

Q L(y1) C LM U A1) NL{cr~a plx/a]} Ul UA,)
Q Fl1= Ag,4n

Q F o, 0[x/a],T2 = Az, c~ a

Q L(y2) C L(MiUA)NL({cm a ¢[x/a]t UT2UA)
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Interpolation Theorem

Interpolation for GRDD2, the case of (= 2)

Let ¢ = 1x be in the right division of arbitrary partition, then by
the IH we have:

QFli =AY

Q Fy1,c~a, = Az, p[x/a]

Q L(y1) C LM U A1) NL{cr~a plx/a]} Ul UA,)
Q Fl1= Ag,4n

Q F o, 0[x/a],T2 = Az, c~ a

Q L(y2) C L(MiUA)NL({cm a ¢[x/a]t UT2UA)

and the interpolant for the conclusion is 1 A 1> by symmetric
argument.
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Interpolation Theorem

Interpolation for GRDD2, the case of (z =)
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Interpolation Theorem

Interpolation for GRDD2, the case of (z =)

The situation with computing an interpolant for (z =) is similar,
i.e. with interpolants being basically either 11 V ¥ or ¥1 A 1o, but
with an important proviso. Since b is an arbitrary parameter it is
possible, in case of the left division of the principal formula, that b
is in 11 V 42 but not in [';, A1. Then the interpolant for the
conclusion must be Vx(11 V 12)[b/x]. Similarly, in case of the
right division, if b occurs in ¥; A %5 but not in 5, Ay, then it has
the form 3x (11 A ¢2)[b/x]. All other details of the reasoning
remain the same.

Andrzej Indrzejczak -



Interpolation Theorem

Interpolation for GRDD2, the case of (==):
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

In case of the left division, by the IH we have:

QO FlM=A1,bi=di,¢

Q Fyi,la=As

Q L(p1) CLU{bi=di}UT1UA)NL(TUA))
QFli=A1,b=d

QO Fyola= A

Q L(p) CLH{b=da}UT1UA)NL(M2 U A)
Q FT1= Ay, by = by, 3

QO Fps3,la=An

Q L(p3) CL{b=b} Ul UA)NL(TaLA))
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

v
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

Either by, by € L(T'1 U Aq) or not.

v
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

Either by, by € L(T'1 U Aq) or not.
Assume the former, then the interpolant is ¢1 V 2 V 3. The following proofs justify
provability conditions on the basis of 1, 4, 7, and 2, 5, 8:

M= A1,b=d,p1 M= A1,b=dy, 2 M= A1,b1=by, 3 (==)
I = Aj,d1 = da, 01,92, 3 (= V)
= A1,di =do,01V2Vep3
o= A o= A
(v =) =22 — izAz : M= A
v =) w1V 2, 2 3,2 2

w1V Vs, M= A

L(p1 Vo V3) C L({di =do} U UA) N L(T2 L Ap) follows from 3, 6, 9.

v

Andrzej Indrzejczak -




Interpolation Theorem

Interpolation for GRDD2, the case of (==):

Either by, by € L(T'1 U Aq) or not.
Assume the former, then the interpolant is ¢1 V 2 V 3. The following proofs justify
provability conditions on the basis of 1, 4, 7, and 2, 5, 8:

I = A1,by =di, 01 = A1,b = do, 2 M = A1,b1 = b, 3
M = A1,di = do, 01,02,
1 1,d1 = b, 91,02, 3 (= V)
= A1,d1 =d2, 01V 2V p3

(==)

p1,M2 = Az p2,M2 = Ao
w1V, = Ay @3, = Ay
w1V Vs, M= A

(V=)

(v=)

L(p1 Vo V3) C L({di =do} U UA) N L(T2 L Ap) follows from 3, 6, 9.

In case some of by, by (or both) are not present in 1, A1 but occur in interpolants of
premisses, an additional quantification is required. Accordingly interpolants for the
conclusion should have the form: Vx(p1 V 2 V 3)[x/bi] or Vx(p1 V @2 V @3)[x/b2]
or Vxy(p1 V w2 V @3)[x/b1, y/bo].

v
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

By the symmetric argument in the case of the right division,
interpolants computed on the basis of three interpolants of the
premisses have one of the following forms:
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

By the symmetric argument in the case of the right division,
interpolants computed on the basis of three interpolants of the
premisses have one of the following forms:

w1 A2 N\ p3
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

By the symmetric argument in the case of the right division,
interpolants computed on the basis of three interpolants of the
premisses have one of the following forms:

w1\ 2 N\ p3 or

Ix(p1 A 2 A p3)[x/ b
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Interpolation Theorem

Interpolation for GRDD2, the case of (==):

By the symmetric argument in the case of the right division,
interpolants computed on the basis of three interpolants of the
premisses have one of the following forms:

w1\ 2 N\ p3 or

Ix(p1 A 2 A p3)[x/b1] or

Ix(p1 A w2 A p3)[x/ bo]

Andrzej Indrzejczak -



Interpolation Theorem

Interpolation for GRDD2, the case of (==):

By the symmetric argument in the case of the right division,
interpolants computed on the basis of three interpolants of the
premisses have one of the following forms:

w1\ 2 N\ p3 or

Ix(p1 A 2 A p3)[x/b1] or

Ax(1 A w2 A p3)[x/ba] or

Ixy (1 A g2 A @3)[x/ by, y/bo].
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Interpolation Theorem

Interpolation for GRDD?2, the case of (= Str):
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Interpolation Theorem

Interpolation for GRDD?2, the case of (= Str):

There is nothing essentially new in the procedure of computing
interpolants for the conclusion of (= Str). For n different
descriptions in the principal formula we have, by the IH, n+1
interpolants for arbitrary partitions of the premisses. Therefore, in
case of the left division our interpolant obtains one of the form
(A PR S -Xn+1(¢)1\/- .- 7/)n+1)[b1/X17 o009 bn+1/Xﬂ+1]
depending on the occurrences of b; in ['1, A; and interpolants.
Dually, in case of the right division, suitable interpolants are
conjunctions of %1, ...,%n11, possibly existentially quantified.

Andrzej Indrzejczak -



Interpolation Theorem

Interpolation for GRDD2, the case of (E) and (L):
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Interpolation Theorem

Interpolation for GRDD?2, the case of (E) and (L):

In both rules there are two principal formulae, thus there are four possible classes of
partitions of the conclusion.
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Interpolation Theorem

Interpolation for GRDD?2, the case of (E) and (L):
In both rules there are two principal formulae, thus there are four possible classes of
partitions of the conclusion. For (E) they are:
(a) (C = bl, c = bz, Fl, Al), (rg, A2)
(b) (T1,A1),(c = b1, c=by,I2,Az)
(c) (e¢=b1,T1,A1),(c= b2, T2, Az)
(d) (C = by, r17A1)7 (C = by, rg,AQ).
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Interpolation Theorem

Interpolation for GRDD?2, the case of (E) and (L):
In both rules there are two principal formulae, thus there are four possible classes of
partitions of the conclusion. For (E) they are:
(a) (C=b1,C=b2,r1,A1),(r2,A2)
(b) (M1,A1),(c = b1,c= by, 2, Az)
(C) (C:bl,rl,Al),(C:bz,rz,Az)
(d) (C:bg,rl,Al),(C:bl,rg,Ag).
In case of the premiss there are only two possible cases, so by the IH we have:
1.1. |—b1:b2,r1:>A17lp
1.2. + @, M= A
13. L(p) CL{b = b} Ul UA)NL(T2 L A?)
and
21. T = Al, [%2]
2.2, '—go,b].:bz,rz:}Az
23. L) CLMiUAL)NL{bL=b2} LT LAR)
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Interpolation Theorem

Interpolation for GRDD?2, the case of (E) and (L):
In both rules there are two principal formulae, thus there are four possible classes of
partitions of the conclusion. For (E) they are:
(a) (C=b1,C=b2,r1,A1),(r2,A2)
(b) (M1,A1),(c = b1,c= by, 2, Az)
(C) (C:bl,rl,Al),(C:bz,rz,Az)
(d) (C:bg,rl,Al),(C:bl,rg,Ag).
In case of the premiss there are only two possible cases, so by the IH we have:
1.1. |—b1:b2,r1:>A17lp
1.2. + @, M= A
13. L(p) CL{b = b} Ul UA)NL(T2 L A?)
and
21. T = Al, [%2]
2.2, '—go,b].:bz,rz:}Az
23. L) CLMiUAL)NL{bL=b2} LT LAR)

For the case (a) from 1.1 we derive - ¢ = by, c = bp, 1 = A1, ¢ by (E), and 1.3.
obviously implies L(¢) C L({c = b1,c = by} L1 LUA;) N L(T2 U Ay), hence ¢

satisfies the conditions for being an interpolant and we are dene.
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Interpolation Theorem

Interpolation for GRDD2, the case of (E)
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Interpolation Theorem

Interpolation for GRDD2, the case of (E)

By symmetric argument but on the basis of 2.1., 2.2. and 2.3. we prove that in the
case (b) the interpolant is also inherited from the respective partition of the premiss.
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Interpolation Theorem

Interpolation for GRDD2, the case of (E)

By symmetric argument but on the basis of 2.1., 2.2. and 2.3. we prove that in the

case (b) the interpolant is also inherited from the respective partition of the premiss.
Consider the case (c). By the IH, 1.1, 1.2, 1.3 hold and either by € L(I'; LU A7) or

not.

Andrzej Indrzejczak -



Interpolation Theorem

Interpolation for GRDD2, the case of (E)

By symmetric argument but on the basis of 2.1., 2.2. and 2.3. we prove that in the
case (b) the interpolant is also inherited from the respective partition of the premiss.
Consider the case (c). By the IH, 1.1, 1.2, 1.3 hold and either by € L(I'; LU A7) or
not. Assume the former, then the interpolant is ¢ = b, — ¢ and the provability
conditions are satisfied by the following arguments on the basis of 1.1. and 1.2.:

by = by, 1 = Ay,

- — (E)
c=by,c=b, 1 = Ay,
(=—)
C:bl,r;[:}Al,C:bg—)sD
c=by, M= NAr,c=bh e, M2 = As

—=>
( ) c=by = p,c=by, 2 = Ay

Note that L(c = by — @) C L({c=bi1} UT1 UA;) N L({c= b} LT U A)) follows
by 1.3. and the fact that c is in both parts and b, as well by the assumption.
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Interpolation Theorem

Interpolation for GRDD2, the case of (E)

By symmetric argument but on the basis of 2.1., 2.2. and 2.3. we prove that in the
case (b) the interpolant is also inherited from the respective partition of the premiss.
Consider the case (c). By the IH, 1.1, 1.2, 1.3 hold and either by € L(I'; LU A7) or
not. Assume the former, then the interpolant is ¢ = b, — ¢ and the provability
conditions are satisfied by the following arguments on the basis of 1.1. and 1.2.:

by = by, 1 = Ay,

- — (E)
c=by,c=b, 1 = Ay,
(=—)
C:bl,r;[:}Al,C:bg—)sD
c=by, M= NAr,c=bh e, M2 = As

—=>
( ) c=by = p,c=by, 2 = Ay

Note that L(c = by — @) C L({c=bi1} UT1 UA;) N L({c= b} LT U A)) follows
by 1.3. and the fact that c is in both parts and b, as well by the assumption.

Let by ¢ L(I1 U A;). If by is not in ¢ keep the interpolant intact, but if by occurs in
®, it has the form Vx(c = x — ¢[b2/x]). Provability conditions are satisfied by the

application of (= V) to the interpolant in the first proof figure (correct since by occurs

only in the interpolant by assumption) and by (V =) in the second.
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Interpolation Theorem

Interpolation for GRDD2, the case of (E)
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Interpolation Theorem

Interpolation for GRDD2, the case of (E)

Now consider the fourth case, i.e. (d). By the IH, 2.1, 2.2., 2.3. hold and again,
either by € L(I'2 LI Ay) or not.
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Interpolation Theorem

Interpolation for GRDD2, the case of (E)

Now consider the fourth case, i.e. (d). By the IH, 2.1, 2.2., 2.3. hold and again,
either by € L(I'2 LI Ap) or not. In the first case the interpolant is ¢ A ¢ = by and in
the second Ix(p[b2/x] A ¢ = x) (provided that b is also in ¢). The respective proof
figures are the following;:

M= A1 c=by, 1= A1,c=b (= A)
C:b27r1:>A1,gD/\C:b2 ( EI)
c = by, T1 = A1, Ix(p[b2/x] A c = x)

©, b1 = by, T2 = Ay
p,c=by,c= by, = A;
ANc=by,c=b1, = A
3 =) % by 1,12 2
Ix(p[ba/x] A c=x),c = b1, = A

(E)

(A=)

with the last applications of rules for 3 not required if b, € L(I'2 L As) or does not
occur in .

Andrzej Indrzejczak -



Interpolation Theorem

Interpolation for GRDD2, the case of (E)

Now consider the fourth case, i.e. (d). By the IH, 2.1, 2.2., 2.3. hold and again,
either by € L(I'2 LI Ap) or not. In the first case the interpolant is ¢ A ¢ = by and in
the second Ix(p[b2/x] A ¢ = x) (provided that b is also in ¢). The respective proof
figures are the following;:

= Ap c=by, 1= A1,c= b
c=by,l1 = A1, pNc=by
c=by,I1 = A1, 3Ix(p[b2/x] A ¢ = x)

(="

(=3)

©, b1 = by, T2 = Ay
@,C=b1,C=b2,r2:>A2
@eANc=by,c=b1, 2= A
Ix(p[ba/x] A c=x),c = b1, = A

(E)
(A=)

3F=)

with the last applications of rules for 3 not required if b, € L(I'2 L As) or does not
occur in .

In the latter case, i.e. if by ¢ L(I'2 LU Ap) but by occurs in ¢, the quantification of by

is necessary to satisfy the language condition.

Andrzej Indrzejczak -




Interpolation Theorem

Interpolation for GRDD2, the case of (L)

o
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Interpolation Theorem

Interpolation for GRDD2, the case of (L)

In the case of (L) the situation is similar but simpler. Again there are four
possible classes of partitions of the conclusion:

(@) (c=b,¢[x/c],T1, A1), (M2, A2)
(b) (M1, A1), (c = b,p[x/c],T2, A2)
(c) (c=b,T1, A1), (lx/c],T2,A2)
(d) (e[x/c],T1,A1),(c = b, T2, Ar).
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Interpolation Theorem

Interpolation for GRDD2, the case of (L)

In the case of (L) the situation is similar but simpler. Again there are four
possible classes of partitions of the conclusion:

(@) (c=b,¢[x/c],T1, A1), (M2, A2)

(b) (M1, A1), (c = b,p[x/c],T2, A2)

(c) (c=b,T1, A1), (lx/c],T2,A2)

(d) (lx/c],T1, A1), (c = b, T2, Ay).

and by the IH we have:

1.1. Fp[x/b],T1 = A1,

12. F,Ta = Ay

1.3. L(®) C L({elx/b]} LT LUAL)NL(T2 U A2)
and

21. F Ty = Ao

2.2. Eap,p[x/b],T2 = A

23, L() C LM U A1) N L({e[x/b]} LU T2 LU Ap)
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Interpolation Theorem

Interpolation for GRDD2, the case of (L)

Constructive Proof of the Craig Interpolation Theorem -
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Interpolation Theorem

Interpolation for GRDD2, the case of (L)

The cases (a) and (b) allow us to inherit the interpolant ¢ from
the premiss.

Constructive Proof of the Craig Interpolation Theorem -
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Interpolation Theorem

Interpolation for GRDD2, the case of (L)

The cases (a) and (b) allow us to inherit the interpolant ¢ from
the premiss. Cases (c) and (d) require similar proofs like for (E).

Constructive Proof of the Craig Interpolation Theorem -
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Interpolation Theorem

Interpolation for GRDD?2, the case of (L)

The cases (a) and (b) allow us to inherit the interpolant ¢ from
the premiss. Cases (c) and (d) require similar proofs like for (E).
In the first case the interpolant is ¢ A ¢[x/c| obtained from 2.1.,
2.2. in the following way:

|_1:>A1,1/J C:b,r1:>A1,C:b

c=bTi=>ALohc=b &0

( ) 10790[)(/[3]7 r2 = A2
(/\ :>) 1/J,C:b,(p[X/C],r2:>A2
YAc= baQD[X/C]ar2 A

Constructive Proof of the Craig Interpolation Theorem -

Andrzej Indrzejczak -



Interpolation Theorem

Interpolation for GRDD?2, the case of (L)

The cases (a) and (b) allow us to inherit the interpolant ¢ from
the premiss. Cases (c) and (d) require similar proofs like for (E).
In the first case the interpolant is ¢ A ¢[x/c| obtained from 2.1.,
2.2. in the following way:

|_1:>A1,1/J C:b,r1:>A1,C:b

c=bTi=>ALohc=b &0

( ) 10790[)(/[3]7 r2 = A2
(/\ :>) 1/J,C:b,(p[X/C],r2:>A2
YAc= baQD[X/C]ar2 A

In the case (d) we obtain ¢ = b — 1) as an interpolant on the basis
of 1.1., 1.2.

Constructive Proof of the Craig Interpolation Theorem -

Andrzej Indrzejczak -



Interpolation Theorem

Interpolation for GRDD?2, the case of (L)

The cases (a) and (b) allow us to inherit the interpolant ¢ from
the premiss. Cases (c) and (d) require similar proofs like for (E).
In the first case the interpolant is ¢ A ¢[x/c| obtained from 2.1.,
2.2. in the following way:

|_1:>A1,1/} C:b,r1:>A1,C:b
c=b1=A1, v ANc=0>b

(=A)

( ) ¢7¢[X/b]vr2:>A2
(/\ :>) 1/),CZb,(,0[X/C],F2:>A2
YAc= ba(P[X/C]ar2 A

In the case (d) we obtain ¢ = b — 1) as an interpolant on the basis
of 1.1., 1.2. In both cases the language condition is satisfied
without further inference steps. O

Ce m 1

Andrzej Indrzejczak -




Funded by the European Union (ERC, ExtenDD, project number:
101054714). Views and opinions expressed are however those of
the author(s) only and do not necessarily reflect those of the
European Union or the European Research Council. Neither the
European Union nor the granting authority can be held responsible
for them.

Andrzej Indrzejczak



