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THE ANSWER TO DZIOBIAK’S QUESTION

The following question was posed by W. Dziobiak [2]:

Is every quasivariety with the relative congruence extension property
a variety?

The answer to the question is negative: the quasivariety of BCK-
algebras has the relative congruence extension property (a simple proof is
given below) and is not a variety (see [5]). Moreover the lattice of relative
congruences of any BC K-algebra is distributive (see [4]).

The notation and terminology are standard. For basic universal alge-
bra facts the reader is referred to [1] and for BC K-algebra background to
[3].

Let us start with necessary definitions.

Let @ denote a quasivariety and A € Q). We define the set of relative
congruences of A, CongA := {0 € ConA: A/O € Q}. We say that @ has
the relative congruence extension property if for any A, B € @ such that
A is subalgebra of B and any © € CongA there is ¥ € CongB such that
O =TnA%

Let in the sequel @ denotes the quasivariety of all BC' K-algebras.

Let A= (A, x*,0) be a BCK-algebra. A subset I of the set A is called
an ideal of A if

1. 0€1;

2. forany z,yc Aifr €l andyxz €I theny € [.

THEOREM 1. (Iseki, Tanaka [3]). If A = (A, x,0) is a BCK -algebra,
B C A then there is the smallest ideal I of A containing B (the ideal
generated by B) and

I'={a€A:3uenTpy,. b,eB(-..(axby)*...)xb, =0}
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COROLLARY. For any BCK -algebras A, B such that B is a subalgebra of
A and any ideal J of B there is an ideal I of A such that INB = J.

ProOF. Take I the ideal of A generated by J.
The following was shown by Yutani [6].

THEOREM 2. For any BCK-algebra A = (A,*,0) and © € ConA the
following conditions are equivalent:

(i) © € CongA

(ii) There is an ideal I of A such that for all a,b € A,a = b(0O) if
and only if axb,bxa € I.

Now it follows from Theorem 2 and Corollary

Fact. The quasivariety of all BCK -algebras has the relative congruence
extension property.
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