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LOGICS OF RELATIONAL SYSTEMS

This is an abstract of paper which will be published in Studia Logica.

1. In this paper we consider pure first-order predicate logics (with-
out function letters and individual constants). The symbols x1, x2, . . . are
individual variables. The symbols P k

n (k, n = 1, 2, . . .) are n-ary predi-
cate letters. By an atomic formula we mean any formula of the form
P k

n (xi1 , . . . , xin). The set of all atomic formulas is denoted by At. The set S
of all formulas is the smallest set satisfying the conditions: P k

n (xi1 , . . . , xin
)

∈ S, if α, β ∈ S then α → β,¬α,
∧

xk
α ∈ S.

Let E be the class of functions of substitution for atomic formulae (for
details see [1], Def. 1.2, p. 216). Any function e ∈ E can be extended to
an endomorphism he : S → S.

The set of all theorems of the classical first-order predicate calculus
will be denoted by L2. Note that if α ∈ L2 then he(α) ∈ L2, for every
e ∈ E .

2. Let M be a non-empty set, R1, . . . , Rn ki-place relations over M ;
f1, . . . , fs functions respectively ti-argument on M , where ti ≥ 0. Then
the sequence <M, R1, . . . , Rn, f1, . . . , fk > is called a relational system and
denoted by M. A relational system M is finite if M is a finite set. The
class of all finite relational systems will be denoted by Fin.

Let M be a relational system. Then by JM we denote the first-order
predicate language associated with M. The set of all formulae of the
language JM is denoted by FM.

E(M) is the set of all formulae of the language JM which are true in
M.

Let Φ,Ψ ∈ FM. Φ and Ψ are similar, in symbols Φ ≈ Ψ, if one of
them can be obtained by changing some bound variables in the second one
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(for details see [1]). By [...]n we mean the operation which increases the
indices of bound variables:

[
∧
xk

Φ]n =
∧

xk+n+s

Φ(xk/xk+n+s)]ns

where s is the greatest index among the indices of all individual variables
occurring in Φ, (for the remaining logical constants and for the atomic
formulae of JM this operation is invariant). Φ(xk/xn) is the correct result
of substituting xn for any free occurrence of xk in Φ, (cf. [1]).

For every relational system M we define the set VM of functions as
follows:

v ∈ VM ⇔ a. v : At → FM
b. V f(v(α)) = V f(α)
c. v(α(xk/xn)) ≈ [v(α)]n(xk/xn),

for any α ∈ At ⊆ S and for every k, n ∈ N . The symbol V f(Φ) denotes
the set of all free variables occurring in Φ. Every function v ∈ VM can be
extended to a homomorphism hv : S → FM.

A formula α ∈ S is said to be a predicate tautology of a relational
system M if for every v ∈ VM : hv(α) ∈ E(M). The set of all predicate
tautologies of a relational system M will be denoted by L(M) and called
the predicate logic of the relational system M.

Corollary 1. For every relational system M:
(i) L2 ⊆ L(M),
(ii) α, α → β ∈ L(M) ⇒ β ∈ L(M),
(iii) α ∈ L(M) ⇒

∧
xk

α ∈ L(M),
(iv) α ∈ L(M) ⇒ ∀e∈E he(α) ∈ L(M).

Corollary 2. For every α ∈ S:

α ∈ L2 ⇔ ∀M α ∈ L(M).

Let x1, x2, . . . , xn 6∈ V ar(α), where V ar(α) is the set of all individual
variables occurring in α. We define now the operation Kn : S → S as
follows:

(a) Kn(α) = α, for α ∈ At
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(b) Kn(¬α) = ¬Kn(α)
(c) Kn(α → β) = Kn(α) → Kn(β)
(d) Kn(

∧
xl

α) = Kn(α(x1)) ∧Kn(α(x2)) ∧ . . . ∧Kn(α(xn)),

where α(xi) = α(xl/xi) and β ∧ γ = ¬(β → ¬γ).

Theorem 1. For every closed formula α ∈ S:

α ∈ L2 ⇒ ∀n Kn(α) ∈ L2.

Theorem 2. For every closed formula α ∈ S:

α ∈ Lfin ⇔ ∀n Kn(α) ∈ Lfin,

where Lfin =
⋂
{L(M) : M∈ Fin}.
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