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INTERPOLATION THEOREM
FOR INTUITIONISTIC S4∗

Abstract

By using the Maehara method a proof that the intuitionistic analogue of the

Lewis modal system S4 has both Craig and the Lyndon interpolation property

is presented.

An intuitionistic version of the Lewis modal system S4 can be formu-
lated as an extension of the Heyting propositional calculus H by adding
the following axiom-schemata

T. 2A → A

4. 2A → 22A

K. 2(A → B) → (2A → 2B)

and the necessitation rule

A/2A

This system, denoted by HS4, was considered many times in the context
of the investigations of intuitionistic modal logics (see [2], [3], [4], [7] or
[8]). H. Ono (see [7]) has been formulated a corresponding cut-free sequent
calculus, say GHS4, for HS4 obtained as a modification of the sequent
calculus for S4 introduced by M. Ohnishi and K. Matsumoto (see [6]) by
adding the rules concerning the necessity operator to the propositional part
of Gentzen’s LJ :

∗The result contained in this paper was presented at the Fourth Conference of the
Yugoslav Seminar for Logic and Computer Science held in Dubrovnik, September 6-9,
1990. This work was supported in part by Fond za nauku Srbije.
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(2 `) Γ, A ` ∆
Γ,2A ` ∆

(` 2) Γ ` A
Γ ` 2A

where ∆ consists of the at most one formula in (2 `), and Γ is a sequence
of formulae of the form 2B in (` 2).

In this note, by using the Maehara method (see [9]) a proof of the
interpolation theorem for HS4 will be presented. More precisely, we shall
show that the system HS4 has both the Craig and the Lyndon interpolation
property.

In the usual way, by induction on the degree of modal formula A, we
define its positive A+ and negative A− parts:

(i) if A is a propositional letter, then A+ = {A} and A− = ∅;
(ii) if A is B ∧ C or B ∨ C, then A+ = {A} ∪ B+ ∪ C+ and A− =

B− ∪ C−;
(iii) if A is B → C, then A+ = {A} ∪B− ∪C+ and A− = B+ ∪C−;
(iv) if A is ¬B, then A+ = {A} ∪B− and A− = B+;
(v) if A is 2B, then A+ = {A} ∪B+ and A− = B−.
By atA we denote the set of all propositional letters occurring in A,

and atA+ =def atA ∩A+ and atA− =def atA ∩A−. These definitions can
be extended to the sequence of formulae in a natural way.

A logic L will be said to have the Lyndon interpolation property iff
from `L A → B it follows:

(1) `L ¬A
(2) `L B

or
(3) (atA+ ∩ atB+ 6= ∅ or atA− ∩ atB− 6= ∅) and there exists a

formula C such that `L A → C,`L C → B and (atC+ ⊆ atA+∩atB+ and
atC− ⊆ atA− ∩ atB−) (see [5]).

A logic L will be said to have the Craig interpolation property iff from
`L A → B it follows:

(1) `L ¬A
(2) `L B

or
(3) atA ∩ atB 6= ∅ and there exists a formula C such that `L A →

C,`L C → B and atC ⊆ atA ∩ atB (see [1]).
Obviously, if a logic L has the Lyndon interpolation property, then L

has the Craig interpolation property as well.



4 Branislav R. Boričić

As the immediate consequences of the lemma given below and the cut-
elimination theorem for GHS4 (see [7]), we have the following statements:

Theorem. The logic HS4 has the Lyndon interpolation property.

Theorem. The logic HS4 has the Craig interpolation property.

Lemma. If a sequent Γ ` ∆ is provable in GHS4 then, for each partition
(Γ1; Γ2) of the sequence Γ, one of the following two conditions is satisfied:

(i) sequent Γ1 ` or Γ2 ` ∆ is provable in GHS4;
(ii) atΓ+

1 ∩(atΓ−2 ∪at∆+) = X 6= ∅ or atΓ−1 ∩(atΓ+
2 ∪at∆−) = Y 6= ∅,

and there exists a formula C, such that the sequents Γ1 ` C and Γ2, C ` ∆
are provable in GHS4, atC+ ⊆ X and atC− ⊆ Y .

In the case (3) of the above definitions, the formula C is called an
interpolant (or the Lyndon and respectively Craig interpolant). Similarly,
in case (iii) of our lemma, the formula C is an interpolant of the sequent
Γ ` ∆. The Maehara method, used in the following proof, describes a
construction of the Lyndon interpolant.

Proof. This lemma is provable by induction on the length of a cut-free
proof for the sequent Γ ` ∆ in GHS4. Although the cases concerning the
propositional connectives are known, in order to justify the induction step
of the proof, the rules for introducing implication and necessity operator
will be discussed here.

Case (→`):

Γ ` A Π, B ` ∆
Γ, A → B,Π ` ∆

The possible partitions of the antecedent part of the lower sequent are
(Γ1,Π1; Γ2, A → B,Π2) and (Γ1, A → B,Π1; Γ2,Π2) where (Γ1; Γ2) and
(Π1; Π2) are partitions of Γ and Π, respectively. In case of the first parti-
tion, by the induction hypothesis, the following subcases are possible:

(I) Γ1 ` or Π1 ` is provable;
(II) both Γ2 ` A and Π2, B ` ∆ are provable, or
(III) there are the interpolants C and D of the corresponding se-

quents.

Then, in (I), by some applications of structural rules, we infere the
sequent Γ1,Π1 `; if (II), by (→`), we have Γ2, A → B,Π2 ` ∆, and, finally,
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if (III), we can see that the corresponding interpolant will be the formula
C ∧D. The second partition can be considered in the same way, with the
remark that in case we have interpolants C and D corresponding to the
upper sequents of the rule, the interpolant of the lower sequent will be the
formula C → D.

Case (`→):

Γ, A ` B
Γ ` A → B

We consider the partition (Γ1; Γ2) of the sequence Γ. By the induction
hypothesis we have provability of Γ1 ` or Γ2, A ` B (wherefrom we infere
Γ2 ` A → B), or the case with the interpolant: Γ1 ` C; Γ2, C, A ` B,
wherefrom we infere Γ2, C ` A → B and conclude that the same formula
C is an interpolant of the lower sequent.

Case (2 `): we consider the following two partitions: (Γ1;2A,Γ2),
and (Γ1,2A; Γ2). The subcases without the interpolant can be justified
easily. Otherwise, the interpolant is the same formula being, by the induc-
tion hypothesis, the interpolant of the upper sequent.

Case (` 2): there is just the (Γ1; Γ2)-partition, which will be trivial
in the subcases without the interpolant, but otherwise, if we have the in-
terpolant C of the upper sequent, by the induction hypothesis, then, from
Γ1 ` C and Γ2, C ` A, by the rules (2 `) and (` 2), we infere Γ1 ` 2C
and Γ2,2C ` 2A, and conclude that the formula 2C will be an interpolant
of the lower sequent. Q.E.D.

We emphasize there the interpolant constructed in the proof given
above retains the character of Lyndon’s interpolant.

Let us remark that the results presented in this paper can be extended
to the case of HS4 with quantifiers, by using the same method.
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