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A METHOD OF AXIOMATIZATION OF LUKASIEWICZ
LOGICS

This is an abstract of the lecture presented at Seminar of the Section
of Logic, Polish Academy of Sciences, April 1974. The full text will appear
in Studia Logica.

By the language of Lukasiewicz logics we understand the algebra of
formulas L = (L, —,~). The p-valued Lukasiwicz matrix (A4, {1}), p =
2,3,..., N, (cf. [1]), will be denoted here by M ,. L, = R(M,) is the set
of tautologies of M, and is called the y-valued Lukasiewicz system.

All the unexplained notation in this text will come from Wojcicki’s
paper [4]. Let us define two versions of Rp-valued Lukasiewicz consequence:

(A) Cx,(X) is the least set of formulas including X ULy, and closed under
modus ponens.

(B) a € G (X) iff for every h: L —hem Ay, we have ha = 1 whenever
h(X) € {1}.

The following theorem is due to Wdjcicki (cf. [4]):
THEOREM 1. For every finite X C L, Oy (X) = Cy,(X).

Every system L, p = 2,3,...,Ng is finitely axiomatizable with modus
ponens as the only primitive rule of inference. This result is due to Linden-
baum for the finite case and to Wajsberg for R, (see the theorems quoted
in [1]; cf. also [3]). The schemes of axioms for Ly, are the following:

Al. a—= (8= )

A2, (a=B) = ((B—=7) = (a—=1))
A3. (a—=pB)—=8)—=((8—a) —a)
A4, (~a—-~B) = (B— )
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It is the purpose of this paper to give an outline of a new short proof of
axiomatizability of L,, for every n € w, making use of the above Wdjcicki’s
theorem and the McNaughton’s criterion for My~ (cf. [2]).

The variable ¢ is supposed to run over all substitutions in L : Sb(X)
denotes the set of all substitutions of all formulas in X C L; V(X) is the
set of all propositional variables occurring in the formulas of X. Finally
we put

Sba(B) = {efle : V(L) = V(a)}.

By virtue of McNaughton’s criterion, for every n > 2 there is a formula
am(p) such that for every z € Ay,

(*) oan(z) =1iff z € A,.

It is not hard to establish the following lemmas:

LEMMA 1. For every n > 2, C (Sb(ay,)) = L.

LEMMA 2. Foreveryn > 2, 8 € L, B € C§ (Sb(an)) iff B € CF, (Sbs(an))-
Since Sbg(a) is a finite set for every «, 5 € L, we obtain

THEOREM 2. For every n > 2, Cy,(Sb(ay)) = Ly,.

PROOF:
pek, iff BeCy (Sb(an)) (by Lemma 1)
iff BeCg, (Sbs(an)) (by Lemma 2)
ifft B € Cy,(Sbs(an)) (by Theorem 1).

COROLLARY. If « satisfies (x) then « may be added to A1 — A4 as the
only special aziom scheme for L.

ExaMPLES. Each one of the following formulas is the only “special” axiom
scheme for the suitable system L,,, if added to A1 — A4:

Ly: pVp,~(p& ~p),((~p—p) —p&((p—~p) =~Dp).

L3: pvV~pV((pV~p) = @& ~p),(~p—=p&p—~p)V
~ ((~p—=p)&(p =~ p)).

Lyt pVepV((p =~ (~vp—=p)&(~p = (~p—p)V
(~p =~ —=~p)&p— (p >~Dp)))-

Ls: pv~pV((pV~p) =& ~p)V((~vp—= (~p—=(~p—p))&
(po~(~p=(~p—=p))Vlp— (= (p—o~p))&
~(p—=~p—®—=~p)))-
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