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PSEUDO-BCI-LOGIC

Abstract

A non-commutative version of the BCI-logic, pseudo-BCl-logic, is introduced.
Although it is not algebraizable, it is extended to logic which is so. The main
result of the paper says that a pseudo-BCl-algebra is an algebraic counterpart of
this extended logic (Theorem 3.2).
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1. Introduction

The BCI-logic, mentioned by A. N. Prior in [11], is attributed to C. A.
Meredith and dated in 1956. Its significance is due to a certain correspon-
dence between combinators and implicational formulas (see [2] and [10]).
The BCl-logic is the propositional logic with the axioms:

(B) (= B) = ((B—=7) = (a—= 7)),

©) (= (B=7) = B—=(a=7),

I a—a
and the only inference rule:

(MP): 2028,

In 1966 K. Iséki introduced the concept of BCI-algebras as an algebraic
counterpart of the BCI-logic (see [5]). Unfortunately, BCI-algebras fails to
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be the models of the BCI-logic. W. J. Blok and D. Pigozzi proved that the
BCl-logic is not algebraizable (see Theorem 5.9 of [1]). A BClI-algebra is an
algebraic counterpart of the BCI-logic extended on one additional inference
rule (see [7]):

(Imp): =5

a—fB"

In this paper we present a non-commutative version of the BCl-logic,
pseudo-BCl-logic psBCZ. Although it is not algebraizable, we easily extend
it to logic psBCZ’ which is so. Moreover, we show that pseudo-BCI-algebras
are the models of logic psBCZ’, which is the main result of the paper. We
do this similarly as it is done in [8] for pseudo-BCK-logic. The reader
should also be familiar with [1].

2. Pseudo-BCI-algebras

A pseudo-BCl-algebra is a structure X = (X, <, —,~, 1), where < is a
binary relation on a set X, — and ~~ are binary operations on X and 1 is
an element of X such that for all z,y, z € X, we have

(al) z >y < (y = 2) » (z 2 2), 2~y < (y ~ 2) = (z ~ 2),
(a2) 2 < (z 2 y) wy.z < (z~y) =y,

(a3) z <=z,

(ad) if x <y and y < x, then x =y,

(ab) z<yiffz »y=1if x ~>y = 1.

It is obvious that any pseudo-BCl-algebra (X, <,—,~-,1) can be re-
garded as a universal algebra (X, —, ~», 1) of type (2,2,0). Note that every
pseudo-BCl-algebra satisfying x — y = x ~ y for all z,y € X is a BCI-
algebra. Notice also that every pseudo-BCI-algebra satisfying z < 1 for all
x € X is a pseudo-BCK-algebra.

Now we list some basic properties of pseudo-BCI-algebras from [3],
[6] and [9]. Let X be a pseudo-BCI-algebra. The following holds for all
x,y,z € X:
(b1) if 1 <z, then x =1,
(b2) fz<y,theny 2 z<zx—zand y~ 2z <x~ z,
(b3) if z <y and y < z, then < z,
(bd) 2= (y~2) =y~ (z— 2),
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( r<y—ziffy <z~ 2z

b6) z—=>y<(z—=xz)=>zZoy,z~~>y<(z~2x)(2~y),
(b7) fz<y,thenz 2z <z—-yand 2~z <z~ y,

( loz=1~zx=uz,

b10) z >y < (y = x) ~ 1,

)
)
)
)
M9) (z—=y)~y) wy=z=y(x~y =y ~y=2~y,
)
bll) z~y < (y~z) =1,
)
)
)

REMARK. If X = (X, <,—,~,1) is a pseudo-BCl-algebra, then, by (a3),
(ad), (b3) and (bl), (X, <) is a poset with 1 as a maximal element.

The class of pseudo-BCl-algebras forms a quasivariety:

LEMMA 2.1. An algebra X = (X, —,~, 1) of type (2,2,0) is a pseudo-BCI-
algebra if and only if it satisfies the following identities and quasi-identity:

(i) (=y) [y =2~ (@—=>2)]=1,

(i) (@ 9) = [y~ 2) = (2~ 2)] = 1,
(iii) 1 5z ==,
(iv) 1~z =u,

)

Mz—oy=1 & y—>ax=1 = z=y.

PROOF: Every pseudo-BCl-algebra obviously satisfies (i)—(v). Conversely,
assume that an algebra X satisfies (i)—(v). Puttingz =1, y=1and z =z
in (i) and (ii) and using (iii) and (iv), we have

1=01~1)=[1lwz)=1lwa))=z—x

and
1=1=>1~[1oz)~1—-2a))=x~ 2.

So, (a3) is satisfied. Now, putting z =1, y = z and z = y in (i) and (ii)
we get, by (iii) and (iv),

I=0=2)»[z—=y)~A=yl=c~ [z =y ~y

and
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l=(1wz)=[z~y = 1wyl=2—=[z~y) —yl

Hence, (a2) is also satisfied. Further, if z — y = 1, then, by (iv), z ~ y =
z -~ (1~y)=z~ [(xr = y)~ y] =1, and analogously, if x ~ y = 1,
then, by (ili), z >y =2 — (1 > y) =2 — [(x ~ y) = y] = 1. Thus,
xr—y=1iff x ~ y = 1. It is therefore easily seen that the relation < is
defined by

r<y iff r—y=1iff z~y=1

making the structure (X, <, —,~, 1) into a pseudo-BCl-algebra. O

REMARK. Since pseudo-BCl-algebras include BCI-algebras, which are not
closed under homomorphic images (see [12]), it follows that the quasivariety
of pseudo-BCl-algebras is not a variety.

3. Pseudo-BClI-logic

In this section we present pseudo-BCl-logic, a non-commutative version of
BClI-logic. Following Héjek’s definition of his basic logic (see [4]), definition
of pseudo-BCl-logic is as follows:

The formulas of pseudo-BClI-logic (psBCZ, for short) are built from
propositional variables and the primitive connectives — and ~-. The fol-
lowing formulas are the axioms of psBCZ (where «, [ and ~ are arbitrary
formulas):

(B1) (a—=p)

The inference rules are:
(MP): 2028

(Imp1): 222

a~~f3)

)

(Imp2): 2=

a—fp"

REMARK. Using advanced methods and techniques of [1] it can be proved
that the logic psBCZ is not algebraizable (particularly see Theorem 5.9

of [1]).



Pseudo-BCI-Logic 37

In order to be algebraizable, we have to extend pseudo-BCI-logic on
the inference rule:

(Imp): aa_’fgﬁ .

The extended logic, pseudo-BCI’-logic (psBCZ', for short) has the ax-
ioms: (B1), (B2), (C1), (C2) and (I), and the inference rules: (MP), (Imp1),
(Imp2) and (Imp).

Next theorem shows the algebraizability of the logic psBCZ’ (in the
sense of [1]).

THEOREM 3.1. The logic psBCT' is algebraizable with the set of equivalence
formulas A = {x — y,y — x} and defining equation x = z — x.

PRrROOF: Following the notation of [1], we write «/AS as an abbreviation
of {a = 3,8 — a} for any formulas «, 8. In order to show that psBCZ’
is algebraizable, by Theorem 4.7 of [1], we have to prove the following
properties, for all formulas «, 8,7, a1, 51 (for the convenience we write
instead of FPSBCI/):

(i) F ala,
(ii) aABF A,
(iii) aAB,BAY F aly
(iv) aAB,a1 AP F (= a1)A(B — B1), (@~ a1) A(B ~ B1),
(v) a4k aA(a = «).
(i): Tt is immediate consequence of (I).
(ii): It is trivial, because aAS = fAa.
(iii): By (B1), aABF (8 — ) ~ (o — 7). Hence, aAB, BAY F (o —
7). Now, replacing o and v we get aAS, BAy F (v — «). Thus (iii) holds.
(iv): From (B1) and (Imp2) it follows aAS F (@« = a1) = (8 = a1)
and aABF (8 = aq) = (e = aq). So,

alABF (= a1)A(B — ay). (1)

By (Impl), aAB F (a ~ B) and aAS + (8 ~ «). Hence, by (B2),
alABE (a~ar) = (B~ a1) and aABF (B~ a1) = (o ~ a1). Thus,

alABF (a~ a1) A ~ ay). (2)
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Further, by (B1), F (8 = a1) = ((aq — B1) ~ (8 = p1)) and F (B —
B1) = ((f1 = a1) ~ (B — a1)). Hence, by (Cl1), F (ay — B1) ~ ((8 —
041) — (ﬁ — ﬁl)) and (61 — 041) ~ ((ﬁ — 61) — (ﬁ — 041)). Thus,

OélA,Bl = (5 — Oél)A(B — ﬂ1) (3)

Similarly, by (B1) and (Imp1), - (8 ~ a1) ~ ((ag ~ B1) = (8 ~ (1)) and
F (B~ B1) ~ ((B1 ~ a1) = (B ~ a1)). Hence, by (C2), F (a1 ~ B1) —
(B~ a1) ~ (B~ B1)) and = (B1 ~ a1) = ((B ~ B1) ~ (B ~ a1)).
Thus, a1 ABy F (B~ ai) ~ (B~ B1) and ey APy F (B~ B1) ~ (B~ 1)
and so, by (Imp2), ey AL F (B8 ~ a1) = (B8 ~ 1) and ay APy F (8 ~
B1) = (8 ~ a1). Therefore,

a1 APy (B~ ar) A(B ~ Br). (4)
Finally, by (iii), (1) and (3), we obtain
alB, a1 ABLF (= a)A(B = B1)
and similarly, by (iii), (2) and (4) we get
alAB, o1 APy (o~ ar) A(B ~ Br)

which end the proof of (iv).

(v): To prove (v) we must verify:

(a) ata— (a— a),

(b) aF (a = a) — «a,

(c) a—=(a—=a),(a—=a)—=ala

(a): We have it by (I) and (Imp).

(b): By (i) and (Impl), - (o = @) ~ (o — «), so by (C2), F a —
((¢ = @) ~ a). Hence, a b (o« = a) ~ «a and, by (Imp2), at (@ = o) —
a. Thus (b) holds.

(c): By (i) and (Impl) we have - ((a = @) = a) ~ ((a = a) = «),
which implies, by (C2), F (&« — a) = ((@ = «) — a) ~ a. Since, by
(i), F a = «, it follows, by (MP), F ((« = ) = «) ~» « and, by (Imp2),
F ((a¢ = @) = @) = «a. Thus, (c) also holds.

Therefore, the logic psBCZ’ is algebraizable. O

The equivalent quasivariety semantics (see [1]) for the logic psBCZ' is a
quasivariety Z of algebras (X, —, ~) of type (2,2) satisfying certain iden-
tities and quasi-identities, which are derived from the axioms and inference
rules of psBCZ' using A = {x — y,y = x} and x = x — z, such that
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(i) for every set of formulas ¥ and every formula «,
El_psgcz/a iff {B:B%BﬁEE} |:Ia:a%a,
(ii) for every formulas «, f3,
a=pfepr{a=>f=(a=p) = (a=>p),f2a=@—>a) =
(8= a)}.

Notice that =7z @ = = (&« = ) = (a = B) iff Fpsper @ — 5, and
similarly, =7 f = a = (8 = o) = (8 — «) iff Fpsperr f — a. Thus,

':I a = ﬂ iff (l_psBCI’ o — [3 and '_psBCI’ ﬁ — a) iff FpsBCI/ OzAﬂ

Next theorem is the main result of the paper and it says that the class
of pseudo-BCl-algebras forms an algebraic semantics for the logic psBCZ’.

THEOREM 3.2. The quasivariety of pseudo-BCI-algebras is definitionally
equivalent to the equivalent quasivariety semantics for the logic psBCT'.

PRrOOF: First, note that by (I) and (Imp) we have F (o — a) — (8 — )
and F (8 = B) = (o = «). Thus, F (o = @)A(B8 — B8). Analogously,
using additionally (Impl), we obtain that F (¢ — @)A(a ~ «) and +
(a ~ a)A(B ~ B). Hence, the equivalent algebraic semantics Z satisfies
the identities * — = =y — y = y ~» y. Thus, every algebra (X, —,~)
in Z possesses a constant 1 such that 1 =+ — x =z ~ z for all x € X.
Let Z* be the class consisting of algebras (X, —,~»,1) such that (X, —,~)
belongs to Z. Using Theorem 2.17 of [1], we get that the quasivariety Z*
is axiomatized as follows:

(1) =)= (5= 2) = (= 2) =1,
(2) (= g) = (g 2) > (= 2)) = 1,
(3) (3= (y = 2) = (g~ (5= 2) = 1,
(4) (g~ (2 2) > (@ (y=2) = 1,
(5) x >z =1,

6) 2=1 & z2—>y=1 = y=1,
(Mz—oy=1 = z~y=1,
B)z~y=1 = z—oy=1,
9)z=1& y=1 = z—oy=1,
(10) 2 —=y=1 & y—z=1 = xz=y.

It is obvious that every pseudo-BCl-algebra satisfies (1)—(10). Hence,
the quasivariety of pseudo-BCl-algebras is included in Z*.
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Conversely, let (X,—,~+,1) be an algebra belonging to Z*. From
Lemma 2.1 it suffices to show the following equations

l—-z=xz and 1~z =uz.
From (3), (4) and (10) we get the following identity
= (y~z)=y~ (z— 2).

Hence, by (5) and (7), 1 = (1 =2 2) ~2)=(1 = 2) ~ (1 > z) =1
and 1 ~ ((1 ~ z) - z) = (1 ~ z) = (1 ~» z) = 1. Thus, by (6)
and (7), (1 - z) ~ o« = 1 and (1 ~ 2) — x = 1, and so, by (8),
(1 >2) »>x=1and (1 ~ z) - z = 1. On the other hand, by (5), (7)
and 8),z > (1 —z)=z~1—-2)=1—=(z~2z)=1—1=1and
z—=(l~z)=1~ (r—2)=1~1=1. Thus, by (10), 1 - 2 =z and
1~x=ux
Therefore, Z* is precisely the quasivariety of all pseudo-BClI-algebras.
O

4. Conclusion

The pseudo-BCl-logic is a non-commutative version of the BCI-logic — it
has two different implications — and ~». In order to be algebraizable we
have to extend it on one inference rule (Imp). This leads us to formulate
and prove the main result of the paper that pseudo-BCl-algebras are an
algebraic counterpart of this extended logic (Theorem 3.2). We think this
logic is so close to original one that it is worth studying its algebraic models
— pseudo-BCl-algebras.
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