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CONGRUENCES AND IDEALS IN A DISTRIBUTIVE
LATTICE WITH RESPECT TO A DERIVATION

Abstract

Two types of congruences are introduced in a distributive lattice, one in terms of
ideals generated by derivations and the other in terms of images of derivations.
An equivalent condition is derived for the corresponding quotient algebra to be-
come a Boolean algebra. An equivalent condition is obtained for the existence of
a derivation.
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Introduction

In the past several years, there has been an ongoing interest in deriva-
tions of rings [3, 7] as well as derivations of lattices [4, 9]. Given a lattice
(L,V,A), we call derivation of L any self-mapping d : L — L satisfying
the following properties for all z,y € L:

dlxny) = d@) Ny = xzAd(y)
dzVy) = d(z)Vvd(y)

However, it can be formally stated for every algebraic structure endowed
with two binary operations. In [8], these ideas have been introduced and
main properties of derivations in lattices are established by G. Szasz. On
the other hand, the study of congruence relations on lattices had became
a special interest to many authors. In the paper [5], G. Gratzer and
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E.T. Schmidt also studied an inter-relation between ideals and congruence
relations in a lattice.

In this paper, two types of congruences, are introduced in a distributive
lattice, both are defined in terms of derivations. The main aim of this paper
is to obtain a necessary and sufficient condition for the quotient algebra
L/0 (where 6 is one of the congruences) to become a Boolean algebra. If
L/0 is a Boolean algebra, then it is proved that 6 is the largest congru-
ence having a congruence class. Another congruence relation is introduced
on a distributive lattice in terms of the images of derivations. Some useful
properties of these congruence relations are then studied. For any ideal I, a
necessary and sufficient condition is derived for the existence of a derivation
d such that d(L) = I.

1. Preliminaries

In this section, we recall certain definitions and important results mostly
from [1], [2], [4], [8]and [9], those will be required in the text of the paper.

DEFINITION 1.1. [1] An algebra (L, A, V) of type (2,2) is called a lattice if
for all x,y, z € L, it satisfies the following properties

(1) zAhz=z,zVar=x

(2) Ay=yAz,zVy=yVaz

B) (zAy)Az=xAN(yAz),(@Vy)Vz=xV(yV2)

(4) zAhy)Vez=z, (zVy Ahex=1

DEFINITION 1.2. [1] A lattice L is called distributive if for all ,y,z € L it
satisfies the following properties

(1) zA(yVz)=(xAy)V(zAz)

(2) zvVyAz)=(xVy A(zVz)

The least element of a distributive lattice is denoted by 0. Through-
out this article L stands for a distributive lattice with 0, unless otherwise
mentioned.

DEFINITION 1.3. [2] Let (L, A, V) be a lattice. A partial ordering relation
<isdefined on L by x <y ifandonlyif t Ay =2z and x Vy = y.
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DEFINITION 1.4. [2] A non-empty subset I of L is called an ideal(filter) of
Lifavbe Alanbe A)and aAz € A(aV x € A) whenever a,b € A and
xc L.

DEFINITION 1.5. [2] A binary relation 6 defined on L is a congruence on L
if and only if it satisfies the following conditions:

1) @ is an equivalence relation on L
2) (a,b) € 0 implies (a Ac,bAc),(aVe,bVe) el
The kernel of the congruence 6 is defined as Ker § = {x € L | (z,0) € 6}

DEFINITION 1.6. [4] Let (L, V, A) be a distributive lattice. A self-mapping
d: L — L is called a derivation of L if for all x,y € L it satisfies the
following properties:

1) dlzAy)=d(z) ANy =z ANd(y)

2) d(zVy)=d(z)Vd(y)

The kernel of the derivation is the set Ker d = {z € L | d(z) = 0}

LEMMA 1.7. [4] Let d be a deriwation of L. Then for any x,y € L, we have

2. The congruence 6,

In this section, we introduce a congruence in terms of derivations of
distributive lattices and obtain a necessary and sufficient condition for the
quotient algebra of this congruence to become a Boolean algebra.

DEFINITION 2.1. Let d be a derivation of L. For any a € L, define the set
(a)? as follows:

(@) ={reL|arz e Kerd}={xeL|andx)=0}

If @ € Ker d, then clearly (a)? = L. Otherwise, Let a ¢ Ker d.
Suppose a € (a)?. Hence d(a) = a A d(a) = 0, which is a contradiction.
Hence a ¢ (a)?.



4 M. Sambasiva Rao

Some more basic properties can be observed in the following lemma.

LEMMA 2.2. Let d be a derivation of L. Then for any a,b € L, we have
the following:

(1) (a)? is an ideal in L

(2) a <b implies (b)* C (a)?

(3) (aVb)=(a)" N (b)*

PrOOF: (1). Clearly 0 € (a). Let z,y € (a)?. Then we get a Ad(zVy) =
aA(d(x)Vd(y)) = (and(x))V(aAd(y)) =0V 0=0. Hence z Vy € (a)?.
Again, let x € (a)? and r € L. Then aAd(z A7) = aAd(z)Ar=0Ar=0.
Hence a A7 € (a)?. Therefore (a)? is an ideal of L.

(2). Suppose a < b. Then we get a = a Ab. Let = € (b)%. Then we have
bAd(x) =0. Now aAd(x) =aAbAd(z) =aA0=0. Therefore z € (a)?.

(3). For any a,b € L, we always have (a V b)? C (a)? N (b)?. Conversely,
let z € (a)? N (b)%. Then we get a Ad(z) = 0 and b A d(x) = 0. Now
(aVb)Ad(x) = (and(z))V (bAd(z)) = 0V0 = 0. Therefore z € (aVb)?. O

LEMMA 2.3. Let d be a derivation of L. For any a,b,c € L, we have

(1) (a)? = (b)¢ implies (a A c)? = (bAc)?
(2) (a)? = (b)¢ implies (aV c)? = (bV c)?

PROOF: (1). Assume that (a)? = (b)%. Let x € (aAc)?. Then aAcAd(z) =
0. Hence a Ad(x Ac) =aAd(x) Ae=0. Thus we get = A c € (a)? = (b)<.
Therefore b Ad(x) Ac =bAd(x Aec)=0. Thus bAcAd(xz) =0. Therefore
x € (bAc)L. Thus (anc)? C (bAc)?. Similarly, we can get (bAc)? C (anc)?.

(2). Let (a) = (b)?. By above Lemma, (a V c)? = (a)¢ N (c)? =
(bVe)d. O

In the following, a binary relation is introduced on a distributive lattice
with respect to a derivation.

DEFINITION 2.4. Let d be a derivation of L. Then for any z,y € L, define
a relation 6 on L with respect to d, as (z,y) € 0 < (z)¢ = (y)?

The following proposition is a direct consequence of the above Lemma.
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PROPOSITION 2.5. For any derivation d of L, the binary relation 04 defined
on L is a congruence relation on L.

Proor: Clearly 6; is an equivalence relation. Let x,y € L such that
(z,y) € 4. Then by above lemma, for any ¢ € L, we get (z Ac,y Ac), (zV
c,yVe) € by. O

By a congruence class 0(x)(for any = € L)of L with respect to 6, we
mean the set 0(z) = {t € L | (x,t) € 0}. Let us denote the set of all congru-
ence classes of L by L/6. Then it can be easily observed that (L/6, A, V) is
a distributive lattice in which the operations A and V are given as follows:

0(x) NO(y) = 0(z Ny)
0(x)VO(y)=0(xVvy) forallzyel.

The concept of kernel elements is now introduced in the following.

DEFINITION 2.6. An element z € L is called a kernel element if (z)¢ =
Ker d. Let us denote the set of all kernel elements of L by ICg.

LEMMA 2.7. For any deriwation d of L, we have the following:

(1) Kq is a congruence class with respect to 64
(2) Ker dC (z)¢ for allz € L

(8) Kgq is closed under A and V of L

(4) Kq is a filter of L, whenever Kq # 0

Proor: (1). It is clear.

(2). Let @ € Ker d. Then d(a) = 0 and hence z Ad(a) =0 for all z € L.
Thus a € (x)? for all z € L. Therefore Ker d C (z)¢ for all x € L.

(3). Let a,b € K4q. Then we get (a)? = (b)? = Ker d. Then (a V b)¢ =
(@) N () = Ker dN Ker d = Ker d. Hence a Vb € Kq. Clearly
Ker d C (a Ab)L. Conversely, let = € (a A b)¢. Then

aNbAd(z)=0 = d)AaAb=0
= dxNa)ANb=0
= zAhac(b)?=Kerd
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= dxNa)=0
= dz)ANa=0
= aAd(z)=0

= z¢€(a)?=Kerd

Hence (a A b)Y C Ker d. Thus (a Ab)? = Ker d. Therefore a Ab € Kg.
(4). Let a,b € K4. Then we have (a)? = Ker d and hence by (3), we

get aAb € Ky For x € L and a € Ky, we get (zVa)? = (2)? N (a)? =

()N Ker d= Ker d. Hence xV a € K4. Therefore K is a filter of L. [J

In the following, a necessary and sufficient condition is derived for the
quotient algebra L/64 to become a Boolean algebra.

THEOREM 2.8. Let d be a derivation of L. Then L/84 is a Boolean algebra
if and only if to each x € L, there exists y € L such that x Ay € Ker d
and xVy € Kq.

PRrROOF: We first prove that Ker d is the smallest congruence class and
K4 is the largest congruence class in L/6,. Clearly Ker d is a congruence
class of L/6,. Since Ker d is an ideal, we get that for any a € Ker d
and z € L, we have a Az € Ker d. Hence 04(a) A 04(x) = 04(a A x) =
04(a) = Ker d. This is true for all z € L. Therefore 84(a) = Ker d is
the smallest congruence class of L/6. Again, clearly Kq is a congruence
class of L/03. Let a € Kq and « € L. Since K4 is a filter, we get that
rVa € Ky Therefore (z V a)? = Ker d. We now prove that Ky is the
greatest congruence class of L/6y. For any a € K4 and « € L, we get that
Oa(x) VOg(a) = 04(xV a) = 04(a). Therefore Kq is the greatest congruence
class of L/6;. We now prove the main part of the Theorem.

Assume that L/6; is a Boolean algebra. Let x € L so that 64(z) €
L/64. Since L/64 is a Boolean algebra, there exists 04(y) € L/6, such that
Oa(x Ny) = 04(z) NOg(y) = Ker d and 04(x Vy) = 04(z) V 0a(y) = Ka.
Hence z Ay € Ker d and z V y € Ky4. Converse can be proved in a similar
way. O

We conclude this section with the derivation of a sufficient condition
for the congruence 6; to become the greatest congruence with congruence
class KCgq.
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THEOREM 2.9. Let d be a derivation of L. If L/6; is a Boolean algebra,
then 64 is the largest congruence relation having congruence class Kq.

PRrROOF: Clearly 64 is a congruence with Ky as a congruence class. Let 6
be any congruence with Ky as a congruence class. Let (z,y) € 6. Then for
any a € L, we can have

(r,y) € = (zVa,yVa)el

= aVaeKgiffyVaeky

= (zVa)!=Kerdiff(yVva)®=Kerd

= (2)%Nn(a)?=Kerdiff (y)?n(a)?=Kerd ——(*)
Since L/64 is a Boolean algebra, by above Theorem, there exists z',a’ € L
such that # A2’,a Aa’ € Ker d and (zV 2')¢ = Ker d, (aV a')? = Ker d.
Hence 2’ € (z)? and a’ € (a)? which implies that 2’ A a’ € ()N (a)? =
Ker d. Therefore a’ € (z')%. Similarly, we can get a’ € (3')? for a suitable
y’ € L. Thus by above condition (x), we get

a e @) iff o e@)? = ()=()?

' y') €0y

2 eKqiffvy €Ky

()= Ker diff ()= Kerd
(xva) = (@) iff (yvy)' = (y)*
() =Ker diff (y) = Kerd
(x)
(

8 8

=y

I7y) € 9d

X

R 2

3. The congruence 6¢

In this section, a special type of congruence is introduced in terms of a
derivation. Some properties of these congruences are studied. A necessary
and sufficient condition is obtained for the existence of a derivation.

DEFINITION 3.1. Let d be a derivation of L. Then define a relation 6 with
respect to d on L by (z,y) € 6% if and only if d(z) = d(y) for all x,y € L.



8 M. Sambasiva Rao

In the following sequence of Lemmas, some preliminary properties of
the binary relation #% are observed.

LEMMA 3.2. For any derivation d of L, we have the following:

(1) 6% is a congruence relation on L
(2) Ker %= Ker d

PROOF: (1). Clearly 64 is an equivalence relation on L. Now let (z,y) € 69,
Then we have d(xz) = d(y). Let ¢ be an arbitrary element of L. Then we
get d(zAe) = d(z)Ae=d(y)Ac=d(yAc). Hence (xAc,yAc) € ¢ Again
d(z Vv c) =d(x) Vd(c) =d(y) Vd(c) =d(yVc). Hence (zVc,yVec) € 9
Therefore #% is a congruence relation on L.

(2). For any derivation d of L, we have Ker ¢ = {z € L | (z,0) € 89} =
{reL|dz)=d(0)=0}= Kerd. O

LEMMA 3.3. Let d be a derivation of L. Then we have the following:

(1) d(z) ==z for all x € d(L)
(2) If (z,y) € 0% and x,y € d(L), then v =y

PrOOF: (1). Let z € d(L). Then we have that © = d(a) for some a € L.

Since d is a derivation, we get that d(z) = d*(x) = d(d(z)) = d(a) = .
(2). Let (x,y) € 0%. Then we have d(x) = d(y). Since d is a derivation

and x,y € d(L), we can get © = y. O

Finally, for a given ideal I, a necessary and sufficient condition is ob-
tained for the existence of a derivation such that d(L) =1

THEOREM 3.4. Let I be an ideal of L. Then there exists a derivation d on
L such that d(L) = I if and only if there exists a congruence relation 6 on
L such that I N [x]g is a singleton set for all x € L.

PROOF: Let d be a derivation of L such that d(L) = I. Then clearly ¢
is a congruence relation on L. Let z € L. Since d(x) = d*(x), we get
that (z,d(x)) € 6¢. Hence d(z) € [x]ge. Also d(z) € d(L) = I. Hence
d(z) € I N[z]ga. Therefore I N [z]ga # (). Suppose a,b be two elements in
IN[x]gpa. Then by above Lemma, a = b. Therefore I N [z]pa is a singleton
set.
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Conversely, assume that there exists a congruence # on L such that
IN[z]g is a singleton set for every x € L. Let x¢ be the single element
of I N[z]g. Define a map d : L — L by d(z) = xo for all z € L. Let
a,b € L. Then clearly d(a Vb) = zg = a0 V 29 = d(a) V d(b). Now
d(aNb) =xo € IN[aAblg. By the definition of d, we can get that d(b) € I
and d(d(b)) = d(b). Now we can obtain the following consequence:

d(d(b)) =d®) = (d(b),b) b
= (aAd(b),and)ecb
= aANd(b) €lanbly
= aAd®d)eInfanbdlg (since d(b) € I)

Since d(a Ab) € IN[a Ablp and I N[a A blp has a single element, we get
d(a Ab) = a A d(b). Similarly, we can get that d(a Ab) = d(a) A b. Thus
d(a Ab) =d(a) Nb=aAd(b). Hence d is a derivation of L. O
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