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CLOSURE EXTENDED DOUBLE STONE ALGEBRAS

Abstract

The variety CDS of closure extended double Stone algebras consists of the al-
gebras (L; A, V,* 7 ,°,0,1) of type (2,2,1,1,1,0,0) where (L; A, V,*, 7, 0,1)is a
double Stone algebra, ° is a lattice endomorphism on L with z < 2° = 2°° and
the operations z — z*, x — z* and x — z° are linked by the identities 2*° = z°*
and 7° = z°". In this paper, we characterize congruences on a CDS-algebra,
and show that there are precisely seven non-isomorphic subdirectly irreducible

members in the class of these algebras and give a complete description of them.
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1. Introduction

A (distributive) p-algebra (or lattice with pseudocomplementation) is a (dis-
tributive) lattice L with a smallest element 0 together with a mapping
*: L - Lsuchthat Ay =0 < y < a*. A dual (distributive) p-
algebra is a (distributive) lattice L with a biggest element 1 together with
amapping ¥ : L — Lsuch that tVy =1 < y >at. A (distributive)
double p-algebra (L; A, V,* ;7 ,0,1) (or lattice with double pseudocomplemen-
tation) is a lattice L such that (L;A,V,*,0,1) is (distributive) p-algebra
and (L; A, V,T,0,1) is a dual (distributive) p-algebra. A special subclass of
class of distributive double p-algebras (L;* ;%) is the class of double Stone
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algebras in which the unary operations * and T are satisfied the double
Stone identities:

Ve =1 and 2T Azt =0.

For a double Stone algebra (L;*,%), in what follows we write L* =
{z* |z € L} and Lt = {a* | © € L}. The following rules of computation
in a double Stone algebra (L;* ,*) will be needed and can easily be proved:

(1) (Vr e L) z* < at

(2) (Ve € L) a2t =t <o < o™ =a*t

(3) Vz,ye L) (xAy)* =2*Vy* and (zVy)T =z AyT;

(4) VzeL)z*Vaz* =1and z+ Axtt =0

(5) L* = L™ .

For the basic properties of distributive double p-algebras and double
Stone algebras we refer the reader to [3] and [4].

In the previous paper [5], T. S. Blyth and Jie Fang introduced the
notion of the extended Ockham algebras. Precisely, an extended Ockham
algebra L = (L; A, V, £,°,0,1) is a bounded distributive lattice L with two
unary operations f and ° such that

(1) f is a dual lattice endomorphism with f(1) =0 and f(0) = 1;

(2) ° is a lattice endomorphism with 1° =1 and 0° = 0;

(3) f and ° commute.

Here we shall consider another particular class of algebras that contains
double Stone algebras. This subvariety is defined as follows.

DEFINITION. By an extended double Stone algebra L = (L; A, V,* ;7 ,°,0,1)
we mean a bounded distributive lattice L together with three unary oper-
ations *, T and ° such that:

(1) (L;*,7) is a double Stone algebra;
(2) © is a lattice endomorphism with 1° =1, 0° = 0;
(3) °* = 2*° and x°t = zT°.

0~ -

An extended double Stone algebra L = (L; A, V,*, T .°) in which z <
x° = z°° (Vz € L) is said to be closure. We shall denote by CDS the
variety of closure extended double Stone algebras.
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EXAMPLE 1. Consider the algebra (L;*,™ ,°) depicted as follows:

o]
a3
as Let °©: L — L be described by
o 0°=0, 1°=1,
a0 bo (Vi) af = ait1, b7 = bit1;
4 let *: L — L be described by
0* =1, 1% =0,
” (Vi) a = b} = 0;
bs and let * : L — L be described by
: 0f =1, 17 =0,
0 (Vi) af =bf =1.

Clearly, (L;* ,*) is a double Stone algebra and ° is lattice endomorphism.
We see that for z € L, z*° = z°%, xt° = z°T. Thus (L;*,7,°) is an
extended double Stone algebra.

ExAMPLE 2. Consider the algebra (L;* ;¥ ,°) given as follows:
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By a simple calculation we can see that (L;*,,°) is a CDS-algebra.

2. Congruences

For a CDS-algebra (L;*,T.°), in what follows we write L° = {2° | z €
L} ={xz =2a°,x € L}. Clearly, L° is a subalgebra of L. We begin with the
following basic result.
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THEOREM 1. If (L;* ;¥ ,°) € CDS then we have the following properties:
(1) Vz e L) a* =2*° =2, ot = =2°" and L* = LT C L°;
(2) Ve e L) ot <z <z° <a**;
(3) (Vz € L) x* # 2° and ™+ # x°;
(4) VzeL)z°=1=z*=z2%=0.
PRrROOF: (1) For any x € L, since z < x° gives z* > z*°. On the other
hand, z* < 2*° and so z* = z*° = x°*. Hence, we obtain L* C L°.
Similarly, we can obtain x+ = 27° = z°F for any = € L.
(2) Since & < x™*, z° < x°** = z** by (1) for every z € L. Hence,
et <z <x° <
(3) Suppose that z* = z° for any « € L. By (1) and (2), it follows the
contradiction z* = z**. In a similar way, we must have z+ # x°.
(4) Tt is obvious from (1). O

We shall now be concerned with the congruences on a CDS-algebra.
By a congruence on a CDS-algebra (L;*,* ,°) we shall mean a lattice
congruence ¢ such that
(r,y) €0 = (z*,y*) €6, (2F,y") €0 and (2°,9°) € 0.

Through what follows, for a CDS-algebra (L;*,* ,° ) we shall denote by
Cony,t L the lattice of lattice congruences of L; and by Con L the lattice of
congruences of (L;*,7,°). The equality relation and the universal relation
on L are always denoted by w and ¢, respectively.

If (L;* ;7)) is a double Stone algebra, then the equivalence relations G*,
GT and G on L given by

(z,y) € GF —= 2" =y~
(z,y) € GT = 2t =y

and
(r,9) €G = z* =y* 2T =9y

are determination congruences on L.
In a CDS-algebra (L;* ;T ,°), we define an equivalence relation ® on L
given by
(x,y) € P <— 2° =y°.

Clearly, ® is a congruenceon L, ® < G*, < GT and ? < G* AGT =G.
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The following result is an analogous form of [6, Theorem 2]

THEOREM 2. If (L;* ;7 ,°) € CDS and o, 3 € Con L then
OélLo :ﬂ|Lo <— aVvVd=pVOo.

PROOF: =: Suppose that a|poc = B|re and (z,y) € oV ®. Then there
exist elements x = xg, x1,...,z, = y of L such that

T=L0=T1=..=Tp, =Y

where (2, 2i41) € a or (w4, 2541) € ®. The latter gives then z§ = z7 ;.
Hence it follows that (z°,4°) € a. Obviously, we have (z°,y°) € a|r. =
Blre, it follows that (z,y) € BV ® and so aV® < BV &. The reverse
inclusion is established similarly.

<: Suppose that a V® = SV & and let x,y € L° be such that
(r,y) € a. Hence (z,y) € aV® = VvV ®. Then there exist elements
T = xg,T1,...,Tn =y of L such that

T=T0=T1=..=Tp, =Yy

where (z,2i41) € B or (x4, 2;41) € ®. The latter gives then z§ = 7, ;.
Thus (z°,y°) € . Since z,y € L° we have z = z° and y = y°. Hence
(z,y) € fand so a|rs < f|ro. The reverse inclusion is established similarly.

[

Let (L;*,*,°) € CDS and a,b € L with a < b. We shall denote by
O(a,b) the principal congruence generated by {a,b}, i.e. the smallest con-
gruence on (L;* ;¥ °) that identifies @ and b. The corresponding principal
lattice congruence will be denoted by 6;4:(a,b). We now give a description
on the principal congruences of a CDS-algebra as follows.

THEOREM 3. Let (L;*,7,°) € CDS and a,b € L with a <b. Then
(%) 0(a,b) = 014t(a,b) V O1at (a®,6°) V 010 (b*, a*) V O10(bT, a™).

PROOF: Let ¢(a,b) denote the right side of the equality (). Observe that
(a,b) € 0(a,b) gives (a®,0°) € 0(a,b), (a*,b*) € O(a,b) and (a™,b") €
6(a,b). Thus we have p(a,b) < 6(a,b). To see the reverse inequality, it
suffices to show that (a,b) preserve the unary operations *, © and °. For
doing so, we need only observe the following facts.
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(1) If (x,y) € 61at(a,b), then (2°,4°) € 14:(a®, b°), (z*,y*) € O14:(b*, a™)
and (z1,y") € O (bT,a™).

Suppose that (z,y) € j4:(a,b). Then zAa = yAa and Vb = yVb. Thus
we have 2°Aa® = y° Aa® and z°Vb° = y°Vb°, and so (2°,y°) € O14¢(a®, b°).
Similarly, we have (z*,y*) € 014t (b*,a*) and (z7,y™) € 10t (b, a™).

By a similar argument as that of (1), and noting that (L*;* ) is boolean,
x* = 2*° = 2°* and 2T = 27° = 2°T, we can have the following:

(2) If (2,y) € Oiar(a®,b°), then (2°,°) € Orar(a®, b°), (2*,y") € Oiar(b", a”)
and (&, 57) € Orar (b, )

(3)If (z,y) € O1a:(b*,a*), then (z°,9°), (x*,y*) and (2, y™) € 0141 (b*, a*);

(4) If (2, y) € buae (b, a™), then (2°,9°), (z*, ") and (27, y") € 01 (bF, a™).
Then we have (a,b) is a congruence on L.

We therefore have from the observations above that ¢(a,b) = 6(a,b).
O

By Theorem 3, the following corollary is immediate.

COROLLARY 1. If (L;*,*,°) € CDS and a,b € L with a < b. Then we
have the following properties:

1) If (a,b) € G*, then 0(a,b) = O14:(a,b) V O14¢(a®,b°) V 1. (b, a™);
(1) If (a,b) (a,b) (a,b) ( ) (

(2) If (a,b) € GT, then 0(a,b) = O141(a,b) V Oya1(a®,0°) V Oy (b*, a*);
(3) If (a,b) € G, then 6(a,b) = O14(a,b) V O14¢(a®,b°);
(4) If (a,b) € @, then O(a,b) = 0;4:(a,b).

THEOREM 4. Let (L;*,",°) € CDS and a,b € L with a <b. Then

0(a,b) = 01qt(a,b) V Ot ((a® V b*) ALY (b°V a*) Aa™).

PROOF: Let ¢ = 0j4¢(a, b) V biat((a® VO*) ADT, (b°Va*) Aat). Tt is obvious
that ¢ < 0(a,b) by Theorem 3. Observe that (a°Vb*)AbT £ (b° Va*)Aat
implies that a® v b* = (a® Vb )V[b°Va*)Aat] = (a® V)V [(b° Va®*) A
a®*t] = b° V a* by Theorem 1(1), whence ° £ p° A (a° vV b*) = a® and
a* £ a* A (a° V b*) = b*. Also, we have b+ = b+ v [(b° V a*) A at] = at.
Thus we have 6(a,b) < ¢. Consequently, 0(a,b) = ¢. O
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3. Subdirectly irreducible algebras

We shall now consider the subdirectly irreducible algebras in CDS. An
algebra L is subdirectly irreducible, if Con L \ {w} has a smallest element,
called the monolith of Con L. Dually, a congruence relation is called the
comonolith if it is the largest element of Con L \ {¢}. In the special case
when Con L = {w, ¢}, the algebra L is said to be simple.

THEOREM 5. If (L;*,7,°) € CDS is subdirectly irreducible, then L* =
Lt =1{0,1}.

PROOF: Suppose that |L*| > 3. Then there exists a* € L* with 0 < o* < 1.
Thus it follows by Theorem 3 the contradiction that

0(0,a*) ANB(a*,1) = 014¢(0,a™) A Ot (a*, 1) = w. O

COROLLARY 2. Let (L;*,7,°) be a subdirectly irreducible CDS-algebra,
then we have the following properties:

(1) Vxe L) 2 #0 = 2* =0;

(2) VeeLl)z#1=z"=1.

PROOF: (1) Suppose that = # 0 for any = € L, since z A 2* = 0, by
Theorem 5 we must have z* = 0.
(2) The argument is similar to (1). O

COROLLARY 3. If (L;*, T .,°) is a subdirectly irreducible CDS-algebra, then
L has at most one atom (coatom,).

ProOF: If a,b € L with a # b are atoms of L then a > 0 and b > 0 with
a A'b = 0. This is impossible; for otherwise, it follows from the Corollary
2(1) the contradiction that 1 = 0* = (a Ab)* = a* Vb* =0V 0= 0. Thus
L has at most one atom.

In a similar way, we can show that L has at most one coatom. O

THEOREM 6. If (L;*, T °) € CDS is subdirectly irreducible, then we have
the following statements:

(1) Every ®-class contains at most two elements;

(2) Every G-class contains at most two elements of L°.



76 Lei-Bo Wang

PrROOF: (1) If there exist a,b,c € L with a < b < ¢ such that a,b,c € [z]®
for some = € L, then by Corollary 1, 8(a,b)A0(b, c) = 014:(a,b) AOa: (b, c) =
w. This contradiction shows that (1) holds.

(2) The argument is similar to that of (1). O

The following result is similar to [2, Theorem 3.16].

THEOREM 7. If (L;* ;¥ ,°) € CDS is subdirectly irreducible and ® # w,
then ® is the monolith of Con L.

PROOF: Let a be the monolith of Con L. Then w < o < ®, and so there
exist a,b € L with a < b such that 6(a,b) = a. Thus by Corollary 1, we
have a = 0(a,b) = 0;44(a,b). Since « is a principal lattice congruence it has
a complement 3 in Cony,; L. Then the lattice congruence g A ® € Con L,
and so AP =w or S AP > a. The latter gives the contradiction that
a=aANBANDP=aAp =w. Thus we must have AP =w. But aVvV =1
and a < ® give fV & = 1. Hence ® is the complement of 5 in Cony,s L
and whence o = ®. Thus @ is the monolith of Con L. [

THEOREM 8. If (L;* ;7 ,°) € CDS is subdirectly irreducible, then |L°| < 4.

PROOF: Suppose that L is subdirectly irreducible and let |L°| > 5. Then
L° must contain either an 5-element chain or two non-comparable elements.
If, on the one hand, there exists an 5-element chain in L°, say 0 < a < b <
¢ < 1 with a,b,c € L°, whence it follows by Theorem 3 the contradiction
that

0(a,b) NO(b,c) = biat(a,b) A O1ae(b, ¢) = w.

If, on the other hand, there exist a,b € L° such that a and b are non-
comparable, then by Corollary 3 we must have a Ab# 0 and aV b # 1. It
follows from Corollary 1 and Corollary 2 the contradiction that

O(aNbya) ANO(a Ab,b) = Oat(aAbya) ABiai(a Abb) =w.

It therefore follows from the above observations that |L°| < 4. O

COROLLARY 4. Let (L;*,*,°) € CDS be subdirectly irreducible. Then L°
1s subdirectly irreducible.

PRrOOF: Since |L°| < 4 by Theorem 8, we observe the following three
conditions:
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(1) L° ={0,1}. Clearly, Con L°® = {w, ¢} and so L° is simple.

(2) L° ={0,a,1} with 0 < a < 1. In this case, by Corollary 2, we have
Con L° = {w, ¢} and so L° is simple.

(3) L° = {0,a,b,1} with 0 < a < b < 1. In this case, we obtain by
Corollary 2 again that Con L° is a chain: w < 6(a,b) = 6i4:(a,b) < .

Hence we obtain that L° is subdirectly irreducible. O

COROLLARY 5. If (L;* & ,°) € CDS is subdirectly irreducible then |L| < 6.

PROOF: Since, by the Theorem 6(1) and Theorem 8, L = [0]® U [1]® U
[a]® U [b]® for some a,b € L and noting that [0]® = {0} and [1]® = {1}, it
then follows |L| < 6. O

COROLLARY 6. If(L;*,*,°) € CDS is subdirectly irreducible then |[x]G| <
4 for some x € L\{0,1}.

PROOF: Since, by the Theorem 5 and Corollary 2, L = [z]G U {0, 1} for
some x € L\{0,1}. It then follows |[z]G| < 4 by Corollary 5. O

THEOREM 9. Let (L;*,T.,°) € CDS be subdirectly irreducible. Then G is
the comonolith of Con L.

PROOF: Suppose now that ¢ € Con L is such that ¢ £ G. Then there exist
a,b € L with (a,b) € ¢ but (a,b) € G. Thus (a*,b*) € p and (a™,b") € .
By Theorem 5, we have {a*,b*} C {0,1} and {a™,bT} C {0,1}. Since
(a,b) € G, we must have a* # b* or a™ # bT. Thus {a*,b*} = {0,1} or
{a*,b"} = {0,1}. Tt follows that (0,1) € ¢ whence ¢ = ¢. Consequently,
G is the comonolith of Con L. O

We now consider the structure of the lattice Con L of a subdirectly
irreducible CDS-algebra.

THEOREM 10. Let (L;*,T,°) € CDS be subdirectly irreducible. Then
(1) If G* =w or Gt = w then Con L = {w, 1}, namely, L is simple;
(2) If ® = w and G # w then Con L is the chain: w < G < t;
(3) If ® # w then Con L is the chain: w < ® < G < ¢.



78 Lei-Bo Wang

PROOF: (1) Suppose that G* = w. Then for any x € L, we have x = z**.
It follows that L = L*, and so we have by Theorem 5, L is simple. Thus
we have Con L = {w,}. Similarly, if GT = w we also obtain L is simple.

(2) Suppose that ® = w and G # w. Then by Theorem 9 we have G is
the comonolith of Con L. By the similar method to Theorem 7, we obtain
G is the monolith of Con L. Hence, Con L is the chain: w < G < ¢.

(3) Suppose that ® # w. We have [®,:] ~ Con L/® ~ Con L° where
L° is subdirectly irreducible by Corollary 4. Now if x,y € L° then x = z°
and y = y°. Since ®|o = w then by (2) we have Con L° is the chain:
w|pe 2 G|po < t|go. It follows by the congruence extension property and
Theorem 2 that [®,:] is the chain: ® < G < ¢. O

For the purpose of investigating the subdirectly irreducible members of
a CDS-algebra, we need the following technical result.

THEOREM 11. Let (L;*,*°) € CDS be subdirectly irreducible. Then L
has no 6-element chain.

PRrROOF: Suppose that there exist a,b,c,d € Lwith0<a<b<ec<d<1,
then a* = b* = ¢* = d* = 0 and a™ = bT = ¢t = dT = 1 by Corollary
2. Tt is obvious by Theorem 1(4) that d° = d. On the one hand, if ¢° = ¢,
it follows from Theorem 6(1) and (2) that b° = d and a® = ¢. Whence it
follows the contradiction that ¢® < b°.

On the one hand, if ¢® = d, we must have b° = b. For otherwise,
if b° = d then it follows a contradiction to Theorem 6(1); if b° = ¢ then,
b°° = ¢® = d # b°, a contradiction. If now a® = a, it follows a contradiction
to Theorem 6(1) again. Since a® < b°, we must have a® = b. Then it follows
by Theorem 3 the contradiction that

0(a,b) NO(c,d) = O1a1(a,b) A O1at(c, d) = w. O

Using Theorem 5 and 6, together with Corollary 2, we now can com-
pletely characterize the subdirectly irreducible CDS-algebras.

THEOREM 12. Let (L;*, 7 °) € CDS. There are seven non-isomorphic
subdirectly irreducible members in CDS that are given by the following
Hasse diagrams.
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0 1 |0 a b 1
1 |1 0 *11 0 0 0
Io 11 0 11 1 1 0 (Cs)
°lo 1 °10 a b 1
1
1 [0 a b 1 c |0 a b c 1
b *|1 0 0 0 p *|1 0 0 0 0
%a 1 1 1 0 (C4) a T|1 1 1 1 0 (Cs)
0 °l0 b b 1 0 ©°|0 b b ¢ 1
1
1 d
c |0 a b ¢ 1 X |0 a b ¢c d 1
b *|1 0 0 0 0 ¢ 11 0 0 0 0 O
a |1 1 1 1 0 (Co) a +11 1 1 1 1 0 (C7)
0 |0 a ¢ ¢ 1 H °10 b b d d 1

ProOOF: We have seen that L = [z]G U {0,1} for some z € L\{0,1} with
[[#]G| < 4. Since |L| < 6 and L has one and only one atom (coatom), using
these observations and Theorem 5 and Theorem 6, we now can examine in
turn each possibility for |[z]G| as follows.

(1) If |[x]G| = 0 then, clearly L is of the form C.

(2) If |[z]G| = 1. Then L is of the form Cs.

(3) If |[z]G] = 2. In this case we have by Theorem 5, corollary 2 and
Theorem 6 that L is of the form C5 or Cjy.

(4) If |[z]G| = 3. By Theorem 5, corollary 2 and Theorem 6 again that
L is of the form C5 or Cs.

(5) If |[z]G] = 4. Noting that L has no 6-element chain by theorem
11, by Theorem 5, corollary 2 and Theorem 6 again that L is of the form
Cr. O

The lattice of subvarieties of the variety of CDS-algebras can be de-
duced from the ordered set (see Figure 1) using a classic theorem of Davey
[7]. This states that CDS is a congruence-distributive variety generated
by a finite set of finite algebras, and if the set Si(CDS) of subdirectly
irreducible algebras in CDS is ordered by

A< B < A is a homomorphic image of a subalgebra of B,
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then the lattice A(CDS) of variety of CDS is isomorphic to the finite
distributive lattice of down-sets of Si(CDS). Apply this result to the vari-
ety of CDS-algebras, we then can obtain the lattice A(CDS) as described
in Figure 2 below, in which C; denotes the (join-irreducible) subvariety
generated by the subdirectly irreducible algebra C;.

Cr
Cr
Cs Ce Cs Cs
Cs Cy Cs Cyq
(e Cs
¢ Figure 1 c: Figure 2
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