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SEMANTICS FOR SLUPECKI'S SYSTEM
OF SYLLOGISTIC

Abstract

By modifying P. Kulicki’s, a sound and complete semantics for Stupecki’s system
of Syllogistic is presented. The proof is independent of axiomatic rejection.

Kulicki [1], among other things, introduced a semantics for the system
of Syllogistic presented by Stupecki, which is a minimal system including
all the laws of Aristotle.

In this note, a sound and complete semantics for the system is intro-
duced by modifying Kulicki’s. Comment on a fault in his semantics is also
given. A characteristic of our proof is that it is independent of axiomatic
rejection.

For details of Stupecki’s work, see Kulicki [1].

1. Syntax, semantics and soundness

Atomic formulas of Stupecki’s system are Xa) and X'i)), where X and )
are name variables. Compound formulas are constructed from atomic ones
by using the propositional connectives — (negation), A (conjunction), —
(implication), and so on. Name variables and formulas will be denoted by
X, Y, Z2,U,V,... and a, 3, 0,1, ... (possibly with subscripts), respectively.
Stupecki’s system S is the one that is based on the classical propositional
calculus complemented by the following four axioms schemes (S1)—(S4):

(S1) XaY — XiY,
(S2) XiY — ViX,
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(S3) XaY ANYaZ — XaZ,
(S4) XiY AVaZ — XiZ.

Our model for S is the triplet (f, D* D), where f is a function which
correlates each name variable with a non-empty set, while D* and D’ are
sets (of sets) such that D* C D.

Given a model M = (f, D% D), the notion of truth in M of a formula
a (notation: M = «) is defined inductively as follows:

MEXaY < fXCfYand fy €D
and (fX = fY implies fY € D?),
ME XY s fXNfY£0
and (fX = fY implies fY € DY),
ME-a <= MkEa,
MEaNS <= MEaand M B,
MEa—= <= MPFEaor MES,

and so on.
It is to be remarked that, M = XaX iff fX € D, while M | XiX iff
fX € D¢, since D* C D¥ and fX # (.

THEOREM 1.1 (Soundness). If a formula is provable in S, it is true in every
model.

PRrOOF: It suffices to check the axioms (S1)-(S4). Let M = (f, D* D) be
an arbitrary model.

(S1) Suppose M = Xa). Then, fXNFY = fX # 0; fY € D* whether
f&X = fY or not; hence M = Xi).

(S2) M = XiY immediately implies M = ViX.

(S3) Suppose M = XaY AYaZ. Then, fX C f¥ C fZ; fZ € D% if
fX =fZ, then fX=fY = fZ and so fZ € D% hence M |E XaZ.

(S4) Suppose M E XiY A YaZ. Then, fXNfZ D fXNfFY #£0;
fZ € D' whether fX = fZ or not; hence M = XiZ. O

The following example is crucial in our pointing out the incompleteness
of S with respect to Kulicki’s semantics (cf. Examples 3.1 and 3.2 below).
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EXAMPLE 1.2. Let X, Y and Z represent mutually distinct name variables.
Then, the formula

XiYAXIiZ AYaY A ZaZ — XiX V ViZ (1.1)

s unprovable in S.

PROOF: Let M = (f, D% D) be the model such that fX = {1,2}, fY =
{1}, fZ2 ={2}, and D* = D" = {{1},{2}}. Then, (1.1) is false in M, and
so is unprovable by soundness. O

2. Completeness

As is ordinary in completeness proof, we begin with maximal consistency.

A set ¥ of formulas is called consistent, when for every non-empty finite

subset {©1, P2, ..., pr} of X, the formula —(p; Apa A- - -Apy) is unprovable.

It is maztmally consistent, when it is maximal among the consistent sets.
The following lemma is commonplace.

LEMMA 2.1. For every unprovable formula, there is a maximally consistent
set not containing it.

PROOF: Given an unprovable formula «, extend the consistent set {—a}
into a maximally consistent one. O

Let ¥ be a maximally consistent set. If the formula o1 Apa A---App —
Y1 VYo V -V is provable and 1, @o,...,pn € X, then at least one
of 1,99,..., 9 is in 3. So, owing to the axioms, Xa) € ¥ implies
XiY € ¥; XY € X implies YViX € ¥; Xa),YaZ € ¥ imply XaZ € %;
and XY, YaZ € ¥ imply XiZ € X. Moreover, since Xa) — Vi) and
XaYNXaZ — YiZ are provable, Xa) € ¥ implies Vi) € ¥; Xa),XaZ €
Y imply YViZ € ¥. Furthermore, for propositional connectives, -« € 3 iff
agdd;anpediffcoeYandfed;a—-pel iff agXorpe;
and so on.

Let ¥ be a maximally consistent set. We will define the model My.
But, to simplify the definition, three tentative notations are introduced
beforehand:
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Xay €'Y = XaYeXorX=),
XYy ey < XiYyeXorX=),
a,BE*Y < a€"Xand €Y, for atomic a and S,

where “X = )” means that X and ) represent the same name variable.
Now, the model My, = (fs,, D&, D) is defined as follows:

X ={U,V) | UiV €* X and (UaX €* X or VaX € X)},

for every name variable X', while D& = {fsUd | Uald € ¥} and DL, = {fsld |
Uil € ¥}.

The triplet (fs, D%, D%) certainly forms a model: For, XiX', XYaX €* %
imply (X,X) € fxX and so fuX is non-empty; while D& C D%, since
Uald € ¥ implies Uild € 3. Besides, corresponding to the axioms, Xa) €*
Y implies XY €* ¥; XY €* ¥ implies ViX €* X; Xa),VaZ €* ¥ imply
XaZ €* X5 Xi),VYVaZ €* ¥ imply XiZ €* ¥. Moreover, Xa),XaZ €* X
imply ViZ €* X.

LEMMA 2.2. Supposing that ¥ is maximally consistent, the following prop-
erties hold:

(1) If fsX C fx), then Xa) €* X.
(2) If fsX € DE, then XaX € X.
(3) If feX € D, then XiX € ¥.

PRrROOF: (1) Suppose fsX C fg. Then (X, X) € fuX C fs), and so
Xa) €* 3.

(2) Suppose fuX € D%. Then fuX = fxU for some U such that
Uad € X. So Xald,UaX €* ¥ by (1), and so either Xald, UaX € X or
X =U. Hence XaX € ¥ in both cases.

(3) Suppose fsX € Di. Then fsX = fslU for some U such that
Ui € E. So UaX €* X by (1), and so XiX € X. O

LEMMA 2.3. Supposing that ¥ is mazimally consistent, Mx, = Xa) if and
only if Xa) € 3.

PRrROOF: By definition, My = Xa) iff the following three conditions (2.1)—
(2.3) hold:

=X C fs), (2.1)
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fsY € Dg, (2.2)
fuX = fxY implies fxY € D5. (2.3)

The ‘only-if’ part: Suppose Myx, = Xa). From (2.1) and Lemma 2.2
(1), it follows XaY €* ¥, that is, either Xa) € ¥ or X = Y. The proof is
over in the former case. In the latter case, fxX = fx), so fxY € Dy, by
(2.3), and so Ya) € ¥ by Lemma 2.2 (2), and hence Xa) € 3.

The ‘if’ part: Suppose Xa)Y € . We will show (2.1)-(2.3).

(2.1) Let (U, V) be any element of fxX. Then UiV €* . Moreover,
either UaX €* 3 or VaX €* ¥; so either Ua) € ¥ or Va) € ¥ by the
assumption Xa) € X. So, (U, V) € fxY, and hence fsX C fu).

(2.2) YiY € ¥ immediately follows from Xa) € ¥, and so fx) € Di.

(2.3) Suppose fsX = fx). Then YaX €* ¥ by Lemma 2.2 (1). This
together with Xa) € ¥ implies YaY € ¥, and so fx)Y € Ds. O

LEMMA 2.4. Supposing that X is mazimally consistent, Myx, |= XiY if and
only if Xi) € X.

PROOF: By definition, My | XY iff the following two conditions (2.4)
and (2.5) hold:
fsX N fsY #0, (2.4)

fsX = fs) implies fx) € DL. (2.5)

The ‘only-if” part: Suppose My | Xi). By (24), {U,V) € fsXNfsY
for some U and V. Then, UiV €* X, either UaX €* ¥ or VaX €* X, and
either Ua) €* ¥ or Va) €* ¥. In any case, it follows X'i) €* ¥, that
is, either X7) € ¥ or X = Y. The proof is over in the former case. In
the latter case, fxX = fu), so fxY € D& by (2.5), and so Vi) € ¥ by
Lemma 2.2 (3), and hence Xi) € 3.

The ‘if’ part: Suppose Xi) € 3. We will show (2.4) and (2.5).

(2.4) The assumption Xi) € ¥ together with XaX', Ya) €* ¥ implies
(X, V) € fsX N fxY. Hence fsX N fx) # 0.

(2.5) Suppose fsX = fxY. Then Xa) €* ¥ by Lemma 2.2 (1). This
together with the assumption X7Y € ¥ implies YViy € ¥, and hence fs) €
Ds.. O

We immediately obtain the following lemma by induction on the con-
struction of «, with Lemmas 2.3 and 2.4 as its basis step.
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LEMMA 2.5. Supposing that ¥ is maximally consistent, Mx = « if and
only if « € X, for every formula a. O

THEOREM 2.6 (Completeness). If a formula is true in every model, then it
is provable in S.

Proor: To show the contraposition, suppose that « is unprovable. Then
by Lemma 2.1, o ¢ ¥ for some maximal consistent set ¥. So, « is false in
the model Ms by Lemma 2.5. O

3. Kulicki’s semantics

Kulicki describes two versions of model for Stupecki’s system. The first
version of his model is the quadruplet (B, f, g,Z), where B is a non-empty
family of non-empty sets, f and g are functions from the set of name
variables to B and to the set {0, 1}, respectively, and Z is a function whose
arguments are the functions f and g and its value is the set of atomic
formulas such that:

XaY €lfg — fXCfY
or (fX =fY and gX =gY =1),
XiVETfg > (fX#£[Y and fXN [V +0)
or (fX =fY and |fX]| > 2)
or (fX =fY and gX =gY =1).

The notion of truth in a model M = (B, f, g, Z) of a formula « is defined
as follows: M | « iff « € Zfg, for atomic «; and extend the definition to
compound formulas as usual.

Now, recall the formula (1.1) mentioned in Example 1.2.

EXAMPLE 3.1. The formula (1.1) is true in each of the first version of
Kulicki’s model.

PROOF: Let M = (B, f,g9,Z) be an arbitrary model of the first version.
We suppose M = XiY A XiZ A YaY A ZaZ, and will derive M E XiX
or M E YViZ. From M | XiY A XiZ, it follows a € fX N fY and
be fxXnNfZ for some a and b. If a # b, then |fX| > 2, and so M | XiX.
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So, we suppose a = b. Then it follows fY N fZ # (). On the other hand,
from M = YaY A ZaZ, it follows gY = gZ = 1. Hence M = YViZ whether
fY = fZ or not. O

According to Kulicki [1, THEOREM 3|, which asserts the soundness
and completeness of S with respect to his semantics, Example 3.1 implies
that (1.1) is provable in S. But this contradicts Example 1.2, and so the
completeness part of the theorem fails to hold. The source of this error is
his deriving |fiX| = |faX| = 1 from M, = a — XiX in the proof of the
theorem. Instead, what we can derive is |f;X'| = 1 alone.

Next, the definition of the second version of Kulicki’s model is obtained
from that of the first version by modifying two points: B is a non-empty
family of arbitrary (possibly empty) sets; and

XaY elfg — 0O#fXcCcfy
or (fX =fY and gX =gy =1).

EXAMPLE 3.2. The formula (1.1) is true in each of the second version, too.

ProOOF: Let M = (B, f,g,Z) be an arbitrary model of the second version,
and suppose M = XiY A XiZ AN YaY A ZaZ. If fX is empty, it follows
fY =fZ (=0 and gy = g2 = 1 from M E XiY A XiZ, and so
M E YViZ. In the case where fX is non-empty, M | XiX or M |= ViZ
by the argument given for Example 3.1. O
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