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STRUCTURAL COMPLETENESS AND THE
DISJUNCTION PROPERTY OF INTERMEDIATE LOGICS

This paper was presented at the seminar of the Department of Logic,
Jagiellonian University, held by Professor J. Surma, Cracow, 16th April
1975.

Let At be the set of all propositional variables p0, p1, p2, . . ., let S be
the set of well-formed formulas built by means of variables p0, p1, p2, . . .
and connectives: →, ∗,+,∼. By intermediate logic we mean a set H ⊆ S
such that INT ⊆ H ⇒ Cn(H) ⊆ L2, where INT is the intuitionistic
propositional logic, L2 – two-valued logic and Cn(H) is the smallest set
containing H and closed under the substitution rule and the detachment
rule.

Kreisel and Putnam [1] have proved that the logic KP obtained by
adding to INT the axiom (p → q + r) → (∼ p → q) + (∼ p → r) has the
following disjunction property:

Φ + Ψ ∈ KP ⇔ Φ ∈ KP ∨Ψ ∈ KP.

In this paper it is shown that there exist a structural complete interme-
diate logics with the disjunction property, which was previously conjectured
by H. Friedman.

The intermediate logic H is structurally complete (H ∈ SCpl) if and
only if for every Φ,Ψ ∈ S the following condition holds:

∀e:At→S [h
e(Φ) ∈ H ⇒ he(ψ) ∈ H] ⇔ (Φ → Ψ) ∈ H,

where he is the extension of the function e : At→ S to the endomorphism
of the algebra ⟨S,→, ∗,+,∼⟩, (the notion of structural completeness is
introduced by W. A. Pogorzelski in [2]).
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Let
Ãt = {∼ p|p ∈ At};
S = the least set containing At and closed with respect to: →, ∗,+,∼;
H = {Φ ∈ S|∀e:At→S̃h

e(Φ) ∈ H}, for every intermediate logics with the
disjunction property.

We have

Theorem. For every intermediate logic H:

i) H ∈ SCpl ⇒ KP ⊆ H

ii) KP ⊆ H ⇒ H̃ ∈ SCpl

iii) (KP ⊆ H and H ∈ GP ) ⇒ H̃ ∈ GP .

Corollary. K̃P ∈ SCpl ∩GP .
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