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NOTES ON THE RASIOWA - SIKORSKI LEMMA

This paper aims at formulating a condition necessary and sufficient for
the existing of a prime filter preserving enumerable infinite joins and meet
in a distributive lattice.

First we prove a simple but very useful

LEMMA 1. Ewvery lattice A = (A,U,N) is distributive if and only if a < b
provided that there exists ¢ € A such that ¢ # a, ¢ b and a < bUc and
anNc<hb.

Suppose that A is a distributive lattice and a < bUe¢, aNe < b for some
ce A, c#a,c#b. Then

a=aNa<an(dUc)=(and)U(anc)<(anb)Ub=1>b

Other direction, suppose that a lattice A is not distributive and let A be
the form

It is obvious that a < bUc and aNe < b but a < b does not hold.

COROLLARY. For every lattice A = (A,U,N) the next two conditions are
equivalent:



110 Cecylia Rauszer, Bogdan Sabalski

(i) a < b if and only if there exists c € A such thatc # a, ¢ #b, a < bUc
and anc<b,
(ii) A is a distributive lattice.

It is well known that

LEMMA 2. In every lattice A, if the infinite join and meets concerned
exist; then

UteT(at N b) § b N UtET ag,
ﬂtGT bt Ua < mtET(bt U a).

Let A = (A,U,N) be a lattice and let for every n € w, Ay, C A and
Bont1 C A. We denote

azm = |J «a boni1= [) b
a€Aay, bEBan+1
A prime filter V is said to be a Q-filter provided that

(f1) for every m € w if ag, € V then A, NV # 0,
(f2) for every n € w if Ba,4+1 C V then bo, 41 € V.

THEOREM. Let A = (A,U,N) be a distributive lattice and let for every
n € w, ag, and ba,i1 exist. Suppose, that for some x,y the inequality
x < y does not hold.

Then there exists a Q-filter V such that x € V and y ¢ V if and only
if for every n € w, a’,b' € A

(M V) Myep,,,, (@ UD) <a'UMyep,, ,, b
(U7 ﬂ) b'N UaeAzn a< UaEAQ,L (b/ N a’)'

PROOF. Suppose that there exist ng € w such that

ﬂ (' Ub) <d' U ﬂ b

bEBang+1 bEBan+1

does not hold. Then by our assumption there exists a Q-filter V such that
mbeanO+1(a/ Ub) € Vand (¢’ U ﬂbeB%OH b) ¢ V, for some fixed ng € w.
Hence V is a Q-filter we infer that for every b € Bap 41,0 € Vora € V
and o’ ¢ V and there exists b, € Bap,+1 such that by ¢ V. But this is a
contradiction.
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In a similar way we proof the condition (| J,N). If for some ny € w

vn | < U @na

—aeAgnO a€Azn,

does not hold, then there exists a Q-filter V such that

¥n |J aeVand |J (na)gV.

U«EAZnO aeAZnO

Thus
V' eV & 3uen, a €V & Vaen,, ~W' eV&acV)

but it is a contradiction which proves necessity.

Other direction. Suppose that for some z,y,x < y does not hold and
the conditions ([,U) and (|J,N) are satisfied.

Now we will construct two sequences (a,)new and (Bp)new of the ele-
ments of A such that:

(i) a0 =y Bo =,
(11) Ap—1 < Qp and Bn—l = Bn for n > 07
(iil) Vnew(Bon+1 < b2nt1 V FoeBon i b < ant1),
anw(aaGAgnBZn < aV agy < a2n)~
(iv) for every n € w the relation S, < a;,, does not hold.

Suppose that for k € w, a1,..., a9, and fi,..., B2k are constructed
such that (ii) — (iv) are fulfilled. On account of (iv) we have that the
relation Bop < g does not hold. By Lemma 1 we have that for every
c € A, the relations

Bar < agpUcor BapNe < agy

do not hold.

Putting ¢ = byk41 we obtain that fo < asgp U begy1 does not hold or
Bak N bak4+1 < gk does not hold.

Consider the first inequality. We have that

~ (B <azU ) D).

bEBak 11

By the condition ([),U) we infer that



112 Cecylia Rauszer, Bogdan Sabalski

~(Bar < ) (c2kUD)),

bEBak 11
i.e.
3b € Bopr1 ~ (Bar < o UD).

Thus we have

() Fb € Bogy1 ~ (Bar < az Ub) or ~ (Bag, NMbagt1 < azg).
Now if the first condition (x) is satisfied we put

Qop41 = agp, U b and Bapt1 = Bok.

If the second condition (x) takes place we put

Bak+1 = Por Nbag41 and aopi1 = .

It is not difficult to check that so defined agri1 and Pagq1 satisfy (ii) —
(iv).

Having asgi41 and SBars1 we define the asgyo and fopyo in a similar
way. By (iv) we have a1 < agp+1 does not hold, ie. that for every
c € A, the relations

Bok41 < Qopqp1 Ucor Boppr Ne < agpqr

do not hold.
Putting ¢ = asx4+2 we have that

~ (Bak+1 < Q2pg1 U a2p42) OF Jacag, n ~ (Borr1 Na < agpyr)
We define
Bok+2 = Bok+1 and aggt2 = zpy1 U azk2
or
Bakt+2 = Bak+1 Na and qgpyo = aokt1
In both cases aogto and Baxyo satisfied (ii) — (iv).

In this way we defined the sequences (v, )ncw and (Bn)new- Let I be
the ideal generated by the sequence (o, )ne,, and F be the filter generated
by the sequence (8 )new- By (iv) I and F are disjoint and

(V) vnéw(an—H clFv 3b632n+1b S I)a

(Vi) Vnew(azn € IV Jpeca,,a € F).
It is well known that in a distributive lattice, every filter can be separated
from an ideal, disjoint from it, by a prime filter. Let V be a prime filter
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containing F' such that V is disjoint from I. It is obvious that z € V and
y € V. By (v) and (vi) V is the required Q-filter, which completes the
proof of the theorem.

In the same way we can prove a condition necessary and sufficient for
the existing of a prime ideal preserving enumerable infinite joins and meets
in a distributive lattice.
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