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ON ALGEBRA CONNECTED WITH NOTION OF
SATISFIABILITY IN THEORIES WITH CONDITIONAL
DEFINITIONS

Let Tp be an arbitrary mathematical theory based on first-order cal-
culus of quantifiers with identity and functions and including conditional
definitions of functional symbols.

The problem of construction of definitions and sensible expressions has
been thoroughly discussed in [1]. In this present paper we shall investigate
only expressions with one free variable x. Let a set of such expressions be
denoted by S and let V stand for the domain of x. Expressions of the set
S are of the form

T4 = A (1)

The antecedent W4 is called an expression ensuring sensibility of A.
As a consequence of studies included in [1] we obtain

REMARK 1. For a given value of the free variable z the expression U4
being the antecedent of implication (1) is false if and only if A has no sense
for this value.

Here are some examples of sensible expressions of arithmetics of real
numbers:

1
TA0= = >0 (2)

1
r#0ANTs+1>0= —+in(z+1)>In(z+1) (3)
x

Apart from sensible expressions we consider also sentential expressions
(formulas), i.e. expressions built of symbols of the theory T in accordance
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with the theory of syntactic categories. Obviously, each sensible expression
is a sentential expression. We also assume that any sentential expression
without conditionally defined terms is a sensible expression.

The notion of satisfiability for sentential expressions without condi-
tionally defined terms is identical with that usually accepted. We say that
expression (1) is satisfied by a € V if and only if a satisfies both the an-
tecedent and the consequent of (1).

In our study we shall use the abstraction symbol {z € V : A}, where
A is an arbitrary sentential expression. From properties of expression (1)
given in [1] we have

REMARK 2. All properties of the abstraction symbol which hold in the
set theory remain valid in the theory Tp. The symbols U, N, will denote
normal set-theoretical operations on subsets of V.

Moreover we assume that

a € {x eV :A} if and only if a satisfies A.

Hence and from Remark 1 we obtain the expression

{reV: A} C{z eV U1} (4)

In case when A is an expression without conditionally defined terms we
assume that {zx € V : U4} = V.
It follows from Remark 2 and (4) that

{reV: A} ={acV ¥ n{zecV:A} (5)

In [1] certain operations on sensible expressions have been defined as
follows:

A = ATy "B = BT =T ANUE = AV B (6)
A = AT T =S BT =TUAANTE = AN B (7)
~TUA = AT =04 =0 AT (8)

where "UA = A7, "WB = B7 are arbitrary sensible expressions of Tp and
A, V, ~ are functors of the classical sentential calculus.
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Notice that if "¥4 = A7, "UB = BT ¢ S, then the results of opera-
tions V¥, A, &~ on those expressions also belong to S, as formulas with one
free variable x. Thus we have the following algebra of formulas:

A_ VA A
- 3y Vo Ay Y

in which operations are defined by (6) — (8).
Consider a mapping
f:8—=2Vx2V

defined for an arbitrary formula "U4 = A7 € S as follows:
fOA= A ={z eV ¥ {z eV U n{zeV: A},

With the use of (5), the definition of f can be formulated in a simpler
way, for our aims, however, it is of no need.

It can easily be seen that f generates in S a relation Ef of the equiva-
lence type defined by the following formula:

rpA = A"Ef "8 = B7if and only of

f(¥4 = A) = (VP = B) for arbitrary formulas

A = A7 "B = B e S

The set {z € V : U4} will be called a region of sensibility of A and the
set {z € V: ¥4} n{z € V : A} will be region of truthfulness of A in V.
Thus, two expressions of the set S are equivalent in the sense of a relation
E; if and only if they have the same regions of sensibility and truthfulness
in V. For instance, expressions (2) and (3) are not equivalent in the set of

real numbers due to the fact that their regions of sensibility are different,
although they have the same region of truthfulness.

LEMMA 1. Relation E; is a congruence in the algebra A= (S;V, 2, ~).

Consider now a set f(S). It is a subset of the set 2V x 2V with the
following property:

If X,V €2V and (X,Y) € £(S5), then Y C X.

This property is an immediate consequence of the definition of f and

(4).
Assume now that for each pair (X,Y) € 2V x 2V such that Y C X
there exists an expression "W4 = A7 € S satisfying f(¥4 = A) = (X,Y).
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Thus we have

f8)={x,y)ye2V: X2V} (9)

In the set f(S) the function f generates operations -+, -, — as follows.
fOA=A)=fOP = B)=f"vr= A"y "¥E = BT (10)
f@A = A). f(UP = B)= f("¥" = A7 2 TU8 = BT (11)

~f(UA = A) = f(= T4 = A7), (12)
Let us introduce the following denotations:
{x eV ¥4} =X,
{r eV U8} =X,
{reV: A=Y
{r eV :B} =Y,.

By the use of these denotations, by Remark 2, (5) and the definition
of f, equalities (10), (11) and (12) may be rewritten as:

(X1,71) + (X2, Y5) = (X1 N X5, Y1 N X UYo N X7) (10"

(X1,77) - (X2,Y5) = (X1 N X5, Y1 NY3) (119

(X1, ) = (X1, X1 NYY), (12"
respectively.

Hence we can consider an algebra
B = (f(S)7+7 '7_‘)

in which operations are defined by (10") — (12’). Notice that these opera-
tions are closely connected with operations defined by D2 — D4 in [1].

LEMMA 2. An algebra B = (f(S);+,-,7) is a homomorphic image of the
algebra A = (S;V, A, =).

THEOREM 1. The algebra B is isomorphic with the algebra A/Ey.
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Consider the following relation in B:
x ~ y if and only if (—z)x = (—y)y.

With the aid of (9), (10") — (12") it can easily be verified that the
relation ~ is a congruence in B. In accordance with this relation pairs
(X1, Y1), (X2,Ys) € f(S) are equivalent if and only if their first elements
are equal, i.e. X; = Xo.

THEOREM 2. If (X,Y) € f(S), then the class [(X,Y)]~ r(s) is a Boolean
algebra.

Let us write
<X7 Y>~,f(5) = AX

and

In the set 2V we define a relation < as follows:
X Y ifand only if Y C X.

Obviously, the system (2V, <) is a partially ordered set with the supre-
mum property, and for arbitrary X,Y € 2V we have

sup{X, Y} =XnNY.
For any X,Y € 2" such that X <Y we define a mapping
h_};( : AX — AY

in the following way:
RY((X, Y1) = (Y, Y1 NY) for (X,Y;) € Ax. (13)

THEOREM 3. If X,Y €2V and X <Y, then hX is a homomorphism of
the algebra Ax into the algebra Ay satisfying the following conditions:
(a) W -hY% =h% for X <Y < Z
(b) hX is an identity function on Ax.

THEOREM 4. A system L = (2V {Ax}xecov, {hX}xveov x<v) is a sim-
ple system of Boolean algebras and such that if X,Y € 2V and X # Y,
then Ax N Ay = 0.



On Algebra Connected with Notion of Satisfiability in Theories ... 159

It follows from this theorem that there exists an algebra
A=(J Ax;#.0,)
Xe2Vv

which is a union of the simple system L and in which operations are defined
as follows.
Ife,ye |J Ax and z € Ax,y € Ay, then

XxXe2v
ety = hx™ (x) + i (y) (14)
zoy=h¥"(x) ™ (y) (15)
—a = =hX" (2) (16)

THEOREM 5. An algebra B = (f(S),+,+,7) is a union of a single system
of Boolean algebras.

Let us now denote some thought to interpretation of the results ob-
tained so far. It is clear that if we allow occurrence of terms which lose
their sense in formulas, then sets determined by these formulas do not
satisfy laws of a Boolean algebra.

Consider sets determined by the following sentential formulas in the
set of real numbers R,

1

->0 (17)
x
1
0 18
x+1> (18)
These sets are {x € R: = > 0} = (0,00) and {x € R: =5 > 0} = (=1, 00).

Performing operations on the sets (0, 00), (=1, 00) we usually forget about
sentential forms which determined these sets and, for instance, we calculate

(0,00) = (—00,0)
(0,00) U (—=1,00) = (=1, 00),

while sets determined by negation of formula (17) and disjunction of forms
(17) and (18) are (—o0,0) and (—1,0) U (0, 00), respectively.
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Algebra B constructed in the present allows us to perform operations
on sets determined by sentential forms which lose their sense in the way
is usually done in mathematics. In the case of formulas (17) and (18), the
following sensible expressions should be considered:

(17) x#0=21>0

(18)  z4+1#=5>0

Formulas (17") and (18") determine the pairs of sets
<(_OO7 0) U (07 00)7 (0’ OO)>
<(_OO’ _1) U (_1’ 00)7 (_17 OO)>,

respectively.
Performing the suitable operations on these pairs in algebra B we obtain
_‘<(_OO7 O) U (07 OO), (Ov OO)> = <(—OO, 0) U (Ov 00)7 (_007 O))
<(70070) U (Oa OO), (07 OO)> + <(7OO7 71) U (717 00)7 (715 OO)) =
= <(_OO, _1) U (_170) U (07 OO), (_170) U (07 OO)>

Second elements of the pairs obtained in that way are the sets determined
by negation of formula (17) and disjunction of formulas (17) and (18).
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