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ON LINDENBAUM’S EXTENSIONS*
(Part C)

The full text with detailed proofs will appear in Reports on Mathemat-
ical Logic.

1.  The purpose of the present paper is to discuss the theorems on
existence one Lindenbaum’s extensions for finitely axiomatizable systems.
This problem is connected with the well known Tarski’s theorems (cf. [15])
and the paper [2] devoted not finitely axiomatizable systems which have
only one Lindenbaum’s extension. Moreover among other things we will
consider systems with different than Rg«-rules and the system with 7js-
property for M # Z& (i = 1,2,3 cf. [3]).

2. Introduction. By St (i = 1,2,3) we denote the smallest sets of

well-formed formulas (S = Rg) built by means of all propositional vari-
ables At = {p,q,7,p1,p2,...} and connectives: (—) implication; (—) im-
plication, (~) negation, (.) conjunction and (+) disjunction; (~) negation,
(.) conjunction, (M) possibility, respectively. At(X) (X C S%) denotes the
set of all propositional variables occurring in @, for every ® € X. R is a set
of rules of inference. Rg~ denotes the set {rg,r.} (ro — the modus ponens
rule, 7, — the substitution rule). (R, X) € Cns means that Cn(R, X) # S°
(i = 1,2,3). R(X) means that the set X is closed with respect to the
rules belonging to the set R. Let M be the logical matrix, then S(M)
is the set of all valid formulas in this matrix. We define now the general
notion of Tys-property (for any M Z S%, i = 1,2,3): the system (R, X) has
Tar-property iff M is the sole Lindenbaum’s extension. For simplicity the
symbol 7; instead of Tz; will be used where Z} is the set of all two-valued

*As abstract this article is not to be reviewed.
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tautologies (i = 1,2,3). Axioms of Tarski’s systems (Ro«, A;) (4; C S,
i =1,2) are as follows (cf. [15]):

: }141={p—>(q—>p), p=llp—=q9 —dq, (g=s)=[p—=q9 —p—

Ay ={p—=~~p, qg—=(pp—q), ~p=>P—=q,p = [~qg—=~(p—
,p—=@+qe, ¢—=@+q, ~p=>[~g=~@+9], p—[g—(p 9]
~p—=~(p-q), ~qg—=~ (P9}

For S* we denote S.9 = Cn(Ry, A3) and S.8 = Cn(Ry, A4) where Az and Ay
are the sets of axioms of well-known modal systems (cf. [9],[14],[8]). Ry =
{ro,r«,7a,7E}, where r, is the modus ponens rule, r, is the subsitution
rule, r, is defined by the scheme ®, ¥/® - ¥, rg is defined by the scheme
a(®),® = U/a(V). As is the set of axioms of Church’s system (cf.[6],[4]).
Let # be the relation between two systems: (Rou, X)#(Rox, X') iff the
sets On(Ros, X) NOn(Rps, X'), Cn(Row, X) — Cn(Rox,Y), Cn(Rox,Y) —
Cn(Ryx, X) are non empty. Cpl is the class of Post-complete systems (cf.
[10]). L?(Cn(R, X)) is the set of all Lindenbaum-Asser extensions of the
set Cn(R, X) for ¢ ¢ Cn(R,X) (cf. [1], [11], [5]).

3. We consider for S? the following set of axioms (cf. [3]);

X1 = {‘1)1 —rror q)i,(l)i — [N (bj —r~ ((I)l — q)])],(bz — (q)] — (I)Z),N
(I),' — ((I)i — (I)j),(bi — (q)z + (I)j),‘pj — ((1)1 + (I)j),'\' (pi — [N @j —>~
i €{1,2,3,4}, j € {5,6,7,8} where &1 = p — ¢, D3 = p.q, P3 = p + g,
Qy=~p, O5=1r—35 Pg=rs Pr=r+s, bg=~r.

Godel’s calculi G, are given by the matrices M, of Gbédel. The se-
quence of matrices M,, was introduced by Godel in [7] and was axioma-
tized by Thomas in [16]. Anderson proved that G,, = Cn(Ro~, H U{T,}),
where H is the set of axioms of the intuitionistic logic and T, is defined as
follows:

To=p1+ @1 —=p2)+ (p2 = p3)+ ...+ (Pne1 = Pn)+ ~pn (n=4).

Using the matrix./\/’l(nfl) ={0,1,....m=1} {1}, f7, fF~, [ T (m >
6) where
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we can prove that Tp,, 1 & Cn(Ro~, X1U{Ty,T5, ..., Tm—2}) since Cn(Rg~, X1U
(T4, T, ..., Trn_s}) € E(N{™ V) and for v(p1) = 2, v(p2) = 0, v(ps) = 3,
city VU(Pm—2) = m —2, v(pm) = m—1 (v : At — |N1(m_1)|) we have
h¥(Tym—1) = 2. Moreover, for every m > 6 it follows that p — (¢ — p) €
Cn(Ro~,A2) — Cn(Ro~, X1 U (Ty,T5,...,Tm—2}). This can be shown by
means of the matrix

My = {0,1,2}, {1}, 7, F~, f*, fT) where

f7lo 1 2 il frlo 1 2 Srlo 1 2
0 [212 02 o0fr12 0|1 11
1 |21 2 1|2 1|11 2 1|11 1
2 |1 11 2 |1 2 222 2 |1 12

Hence the following lemma holds:

LEMMA 3.1. For every m,n >4 (m # n)
- (Bo, X3 U{Tn})#(Ro-, X)

b. (Ro«, X1 U{T, })#(Ro~, X1 U {Tim})
C. <R0*,X1 ] {Tn}>#<R0*,A2>

d. <R0*,X1 U {Tn}> €T

IS

THEOREM 3.2.
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a. {{Ro+, X1 U{T})}n>a is the family of finitely axiomatizable systems
“on the edge” of Tarski’s system (Ro», As).

n
b. {{Ro+, X1U U {Tk}) tn>a is the family of the ascending systems with
k=1
Ts-property satisfying the following two conditions:

1 {Bor X0 U U TN #{Roe H)

2 (R, X0 U U {T))#(Ror, A2)

We introduce the sequence oy = 2,...,p41 = @ + (n+2) and Ty =
0,...,T41+ 1. Let us put p = pry+2, ¢ = pry+1 and define the functions
e, At — 5% (i={1,2,3,4},k € N — {1}) as follows:

€i, (Pro+1 = 0i(Pr,+1,Pr,+2)

€i, (Pro+2 = 0i(Pr,+3, Pry+4) (2, ¥)=d T
........................... i€{1,2,3) 6(®,0)=d.T
€iniy (Pr,_y+1 = 8i(pr, +1,Pr, +2) 03(P,¥) =0+

€ipt1 (pr,_,+2n =6 (pF,L+(2”+171),pF,,LJrQ"‘H)
and

€4, (Pro+1) = 0a(pry+1)

e1, (pro+2) = a(pr,+3)

€4, (pr,_,+1) = 0a(pr,+1) where §4(®) =~ @

€4, 4, (Pr,,_i+2n) = 0a(pr, 4 (2n+1-1))

Hence we obtain the sets of formulas

Xy ={® € 5% : Inca, ears 52 keqi,2,3.41 [® = h¢(N) Ae(pros1) =
= €, (Pro+1) A e(Pro+2) = ek, (Pro+2)]}

Xpp1={® € S2 . E|>\€XnEIE:At—>52El{k(l),...,k(zn)}g{1’2)3’4} [® = he(A)A
/\B(pl“nfl-l—l) = €k(1)pi (prn,1+1 VANPAN e(pF7L71+2n) —
= €p(2n)pp (Pro_i42n)]}

By using the matrix
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MYH’U - <{Oa 17 .. 'aa’ﬂ+l}) {1}?f_>7fN7f*af+>a where

2710123 85 cectay @ 31 coct(netlx +(2e2) 27
0l212144A11 1 [A] 1 T 1 ol1
1{2192222..-2 2, 2 | 2 112 ,
2111111 T l 2)1
311141411 ; b 3 @41
81111155 - ] s 3
sl1121373 | | K
: SRR ! Sneq2 | Speqm1
., IR St | @
Sl A B C 2 i ®ae1|2
'¢n+(n+13 S S o IO
@, +(n+2) |
270012 eee ap, . #1012 oo a4
of112] 4 0f111
1112 1111
2|222 .7 2 2l112 4
A ELA T . |
o4+ o+1 s

we can prove that Cn(Rg«, Cpi2) C E(./\/'Q(nﬂ)). At the same time ®,, 1 =
hént1 (hen (... (h%2 (¢ — (p = q))) . ..)) € Cn(Ro+, Xpn+1)—Cn(Ro+, Xpn12)
for v(pr,+1) = v(pr,+2) = ... = v(pr, 4on+1) = a, + 1 fulfills the equality
hY(®,41) = apy1 and hence @,,41 & Cn(Ro+, Xpq2).
LEMMA 3.3. For every n > 2

a. <R()*,Xn> €T

b. Cn(Ro* 5 Xn) g Cn(Ro* 5 Xn+1)

¢. Cn(Ro+,X,) C Cn(Rp+, As)

THEOREM 3.4. There exists a family of the descending finitely axioma-
tizable systems which are subsystems of Tarski’s system (Ro~, As) of the
power of Ng.

This result can be obtained for S* and (Ro~, A1).

THEOREM 3.5.
a. vAlzszvxgzg [CTL({'I’()LX) =MV <{7"()},X> g TM]
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b. V]wgsz[<{’r‘0},X> €T N 222 CX=> <{’I“0},X> S Pm'me]
where Prime is the class of well-known prime systems.
Because Ve z2_gVyers(on({ro},m)Y ¢ Cpl and

ngngqﬁ&C'n({To},X)[Yh oY, € L¢(CTL({7’()}, X)) = L¢(CTL({’I’()},
() = e Wl

(}/¢(Cn({ro}, X)) can be exchanged by L(Cn({ro}, X)) and L?(CN ({ro},
N Y:)) by L(Cn({ro}, () Y3))); so we introduce the notion Ty, as
i=1 i=1

follows (M € S?):

(R, X) € Tm, & Vyersonrx)yY =M

4. TFor S3 the following theorem can be proved (this theorem was
announced in [12] without proof):

THEOREM 4.1. (Ry,A4) € Tsog

PRrROOF. By induction on the length of formula we obtain the following
lemma:

1. v<I>€S3{Ele:At—>{(;n—>p),N(p—>p)} 3¢€S3he(q)) =0 =
([2€89= (25~ (0= p) V Pz ~ M(p — p))|A
[ € 5.9= (Pe=(p = p) VPzM(p — p))]}

Let Mo = ({1,2,3,4},{1,2}, />, f¥, f*, M, L) where (cf. [9])

S7|1 2 3 4 o frl1 2 3 4 p| Mp| Lp
1 |2 4 4 4 1 [4 1 [1 2 3 4 1]1 2
2 |2 2 4 4 2 |3 2 |2 2 4 4 211 4
3 12 4 2 4 3 |2 3 13 4 3 4 311 4
4 12 2 2 2 4 |1 4 |4 4 4 4 413 |4

We have (cf. [12], [13]) that (R, As) € Cpl, hence it follows that
8.9 = E(Ms.). Let us take & ¢ Cn (R, A3) hence 3y, a1 pmg )R (P) &
{1,2}

Let us define e; : At — 52 as follows:

pD—D it w(p;) =2
M(p—p) if v(ip)=1
~({p—p if vip)=3
~M(p—p) if v(p;) =4

e1(pj) =
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2. h*1(®) € Cn(Ry,As). On the ground of 1 we should consider two

cases:
a. h®(®)z=~ (p = p)
b. b (Q)z5 ~ (M(p — p))

a. he1(®),h(®) —~ (p = p) € Cn(R1, A3 U {P}), hence ~ (p —
p) € Cn(Ry, A3 U{®}). pr ~p—¢q, p— p € Cn(Ry, A3) and, using
the rule r,, we have that (p — p)- ~ (p = p) € Cn(Ry, A3 U {D}).
Consequently, Cn(Ry, A3 U {®}) = S3.
b. ke (®),h(P) -~ M(p — p) € Cn(Ry,As U {®}) hence ~
M(p — p) € Cn(Ry,As U {®}). Since M(p — p) € Cn(R1, As) then
by the rule r, M(p — p)- ~ M(p — p) € Cn(Ry, A3 U {®}) and by
p- ~ p — q we have that Cn(Ry, A3 U {®} = S3.
Hence (R, A4) € Ts.9.
Some examples of the systems for S! with 7;-property with different
than Rg«-primitive rules. We consider the following sets of axioms:
As={llp—=p)—=pl=p, = @—=p]=p—0p),
[(p—=p) = (—p)]=(p—p)}
Ar={lp—=a = llg=s) = @—=9), (¢g=s)=>[p—q9—(—
s)]} U Ag and primitive rules Ry = {rg,7«,rg}, where rg is the rule
of the scheme & — U, U — &, O(P)/O(¥).

THEOREM 4.2.
a. <R2,A6> S 71
b. <R2,A7> eTi A CTL(RQ, A7) C On(Ro*,Al) ANTE € D(ET(RO*,A7)
c. There exists finitely axiomatizable system (R, Ag) with Ti-property
which is a subsystem of Church’s system and At(As) = {p}.
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