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DEDUCTION THEOREMS FOR RM AND ITS
EXTENSIONS

This is an abstract of a lecture read at the Seminar of the Logic De-
partment, Wroctaw University, February 1977.

Consider the following Sugihara algebra S = (Q,—,V, A, ~), where
Q@ is the set of all the rational numbers (including 0) and the operations
—,V, A\, ~ are defined as follows:

~ = —X
xVy = max(z,y)
x Ay = min(z,y)
B —xVy ifzx<y,
Ty o= { —x Ay otherwise.

Let S,,85,S85,8,,... be subalgebras of S generated by the sets {0},
{-1,1}, {-1,0,1}, {—2,—-1,1,2},... respectively. Put D = {z € Q :
xz > 0}. Then the pair (S, D) is a Sugihara matrix with D as the set of
designated elements. We shall also use the matrices (S, D1), (S5, D2),. ..
where D; = DN|S;|. The symbol S, will denote both the i-element algebra
as well as the suitable i-element matrix.

Let L = (L,—,V,A,~) be a propositional language with p1,pa,... as
propositional variables. Let (4, B) be any matrix under consideration. By
C'(a,B) we shall understand the matrix consequence in L in the sense of Lo$
and Suszko [2], i.e. for every X U{a} C L

a € Ciapy(X) iff Vh: L -""™ A(hX C B = ha € B).

To make formulas short we shall write C; instead of Cs . Let us define
additional consequences in L, namely Cry and C? by putting:
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Crum(X) = the least set of formulas including X U RM and closed

under modus ponens and adjunction.

C?(X) = the least set of formulas including X U C;() and closed

under modus ponens and adjunction.

The most important results on RM and Sugihara matrices are included

in Dunn’s [1], it is presupposed here that paper is familiar to the reader.

By Ackermann’s rule we mean the one given by the scheme «, ~ aV§/f.

Moreover, we use new connectives O and > defined in the following way:

© X N o o WD

adf =g [~(a=~B)V(a—=B)A(~aVp),
a=pB =g BV(a—=p).

The following theorems hold:

1. (Dunn [1])

a. CRM = Ci‘
b. The only systems including RM and closed under substitution,
modus ponens and adjunction are those of the form C;(0).

c. C1(0) 2 C2(0) 2 C5(0) 2 ...
d. RM = 0{07(®) (1€ wl.

B e Coyu(XU{a})iff ~aV e Cy(X).
BeC3(XU{a})iff ~ (a =~ L)V (a— 8) € C3(X).
B € Coyp1(XU{a}) iff a D€ Coyii1(X).

Coit1 = C9iyq-

If i > 2, then Cy; > C9,.

Ackermann’s rule is not deducible in C3;, all i > 2.
BeCY(XU{a})iff a = BeCY(X).
BeCru(XU{a})iff D f e Cru(X).
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