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REMARKS ON Mn-COUNTERPARTS OF SOME NORMAL
CALCULI

This is an abstract of the paper submitted to Studia Logica.

By Mn-counterpart of any modal system we mean the set of all formulas
which, while preceded n-times by sign M , become theses of the system.
In this paper, for some normal modal systems we construct the greatest
normal modal systems with equal Mn-counterparts.

We use well – known logical and set – theoretical notation. The symbol
ω denotes the set of natural numbers; the elements of this set will be
denoted by n,m, k. The logical connectives will be represented by →, L,M
denoting material implication, necessity and possibility, respectively. The
formulas will be represented by capitals A,B, . . .. By for we denote the set
of all formulas. We put

L0A = A, Ln+1A = LLnA, M0A = A, Mn+1A = MMnA.

Let PC denote the set of all classical tautologies. CnR is a consequence
operator defined by PC and a set R of rules of deduction, whereas CnR0

is defined by means of PC, detachment and Gödel’s rule: if A, then LA.
By sb we mean the rule of substitution.

Let

K = CnR0
(L(A → B) → (LA → LB)),

D = CnR0(K,M(A → A)).

As is well known, the system K (see [2]) is the smallest normal modal
system and D is a denotic system of Lemmon (see [3]). By easy computa-
tion we have

Lemma 1. The following formulas are thesis of the system D.
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(1) LnA → MnA,
(2) Mn(A → A) → M(A → A),
(3) M(A → A) → Mn(A → A).

We put

N = {X : SbCnR0
(X) = X},

NX = {Y : SbCnR0
(Y ) = Y }, where X ∈ N ,

Mn −X = {A ∈ FOR : MnA ∈ X}; where X ∈ N , n ∈ ω.

Theorem 2. For every S ∈ N and n ∈ ω the following conditions are
equivalent:

(1) S ⊂ Mn − S,
(2) D ⊂ S,
(3) Mn − S ̸= ∅.

The proof is analogous to that of Theorem 4 in [4].

Corollary 3. D is the weakest normal modal system for which Mn−D ̸=
∅, where n = 1, 2, . . ..

Now, for certain normal modal systems we are going to define the
greatest ones, whose Mn-counterpart coincide.

We shall use the following deduction rules:

(rnk1 ): If MnLkA, then MnLk+1A,
(rnk2 ): If MnLkMnA, then MnA,
(rnk3 ): If MnLkA, MnLk(A−B), then MnLkB.

Definition 4. ζkn = {S ∈ ND : (rnk1 ), (rnk2 ), (rnk3 ) are permissible in S}.

Definition 5. ζn =
⋃
k⩾1

ζkn.

Notice that if S ∈ ζn, then there exists a natural number k such that

S ∈ ζkn. Let k(S) denote one of those natural numbers for which S ∈ ζ
k(S)
n .

Let us restrict our consideration to the family of normal logics S such
that S ∈ ζn.

Theorem 6. Let S ∈ ζn and S1 = {A ∈ FOR : MnLk(S)A ∈ S}. S1 is
the greatest normal modal system for which Mn − S1 = Mn − S.

From this theorem we obtain
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Corollary 7. Let S ∈ ζn and let Z be a normal modal system for which
Mn − S = Mn − Z. Then Z ∈ ζn.

Corollary 8. Let S,Z ∈ ζn. The following conditions are equivalent:

(1) Z is the greatest normal modal system for which Mn −Z = Mn −S,

(2) Rule: If MnLk(S)A, then A is permissible in Z.

Let S be any normal modal system. It is known that for S there
exists a set AS of axioms (finite or infinite) and a finite set RS of rules of
deduction such that S = CnRS

(SbAS). Notice that RS contains merely
the detachment rule for material implication and the Gödel’s rule. Thus
we can assume that S = CnR0(SbAS).

Theorem 9. Let S = CnR0
(SbAS) be a normal modal system from ζn and

let S1 be the greatest normal modal system for which Mn − S1 = Mn − S.
Then S1 = Cn

R0∪{MnLk(S)A
A }(SbAS).

Let S = CnR0
(SbAS) be any normal modal system belonging to ζn.

Notice that by virtue of Theorem 9 the problem of axiomatization of Mn−S
is equivalent to the problem of axiomatizing Mn − S1, where S1 is the
greatest normal modal system for which Mn − S1 = Mn − S.

We shall use the following deduction rules:

(Rk
1): If LkA, then Lk+1A,

(Rk
2): If LkA, Lk(A → B), then LkB,

(Rkn
3 ): If LkMnLkA, then LkA,

(Rkn
4 ): If LkMnA, then A.

Theorem 10. For every S ∈ ζn Mn − S = CnRn(SbLk(S)AS), where

LkAS = {LkA : A ∈ AS, R
n = {Rk(S)

1 , R
k(S)n
3 , R

k(S)n
3 , R

k(S)n
4 }.
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