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SOME NOTES ON CHARACTERISTIC CONSEQUENCE
OPERATIONS

This is an abstract of a lecture read at the Seminar of the Logic De-
partment, Wroctaw University, March 1978.

§1. Introduction

By a sentential language we shall understand an arbitrary absolutely free
algebra L of a fixed finitary similarity type. A family T of subsets of L is
said to be a closure system on L iff T is closed under arbitrary intersections,
ie. NFeTif FCTY. Clearly L € T. A consequence operations on L
is a function C : P(L) — P(L), from the power set of L, P(L), into P(L)
such that 1) X C C(X) = C(C(X)), ¢2) if X CY, then C(X) C C(Y),
X, Y C L.
It is known [BS] that every closure system T on L defines a consequence
operation Cy on L such that Cy(X) = X iff X € T. A consequence
operation C' is:
- finite it C(X) = |H{C(Xy) : Xy C X and card(Xy) < Xo} for every
XCL,

— L-compact (compact) provided that if C(X) = L, then C(Xy) = L
for some finite X; C X,

— structural if for every endomorphism e of L (e € End(L)) e(C(X)) C
C(e(X)),

— N-structural if for every e € End(L), if C(X) = L, then C(e(X)) =
L7

— standard if C' is both finite and structural.
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§2. Characteristic consequences

Let L be an arbitrary sentential language.

DEFINITION 2.1. A consequence operation 0 is characteristic iff for every
X CLif0(X)+# X, then 0(X) = L.

ExaMPLE 2.2. For every consequence operation C' we shall define the
operation 0, on L as follows.

X HOX)£L
°) OC(X)_{L if O(X) = L.

For every C' the operation 0. defined in o) is a characteristic consequence
operation on L. We shall call it the characteristic consequence of C'.

DEFINITION 2.3. Let 0 be a characteristic consequence. The set Kq of all
consequences C' such that 0. = 0 is said to be the characteristic class of 0.

Note that the set of all characteristic consequences operations on L
forms a complete sublattice of the lattice of all consequences on L, with
the lattice order defined in 2.5. But in general it is not true for every
characteristic class Ko (compare Theorem 2.7).

Let us introduce some definitions.

Let Th(C)={X C L:C(X) =X} and let S(C) denote the set of all
closure systems T which satisfy the following conditions:

i) for every X € T, X € Th(C),
ii) for every X C L, if C(X) # L, then there exists Y € T such that
XCYandY #L.

By S%(C) we denote a subset of S(C) such that for every T € S(C) the
consequence Xy such that Th(Cy) = T is a structural one.

DEFINITION 2.4. A consequence operation C' is said to be correct (struc-
turally correct) iff S(C)(S°(C)) is closed under arbitrary intersections.

DEFINITION 2.5. Let Ci,C5 be consequence operations. C7 < Cs iff for
all X C L, C1(X) C Cy(X).

LEMMA 2.6. If Ky is the characteristic class of 0, then:
i) if C1,Ce € Ky and C; < C < Oy, then C € Ky, for all Cy,Co,C,
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ii) C € Ko iff Th(C) € S(0).

THEOREM 2.7. The following conditions are equivalent

i) Ko is a complete lattice,
1) Ko is a complete sublattice of the lattice of all consequences on L,
iii) 0 is correct.

PrOOF. If F' is a family of consequences from Ky, then we shall symboli-

cally denote the least upper bound: in the lattice of all consequences on L

by supF and in Ky (if it exists) by supoF'. Observe that for every F' C Ko,

N F € Ko and that for every C' € Ko, C > 0 (because (| Ko = 0).

i — ii For every family F' C Kg, 0 < supF < supgF. Thus by Lemma 2.6

1) Kq is a sublattice of the lattice of all consequences on L.

il — i is trivial.

i — iii Let 7 C S(0) and let for every T € F, Cv be a consequence such

that Th(Cy) = Y. By Lemma 2.6 ii), F' = {Cy : T € F} € Ky, and

supoF € Ko. But Th(supoF) = (| Th(Cy) =()F. Using Lemma 2.6 ii)
YTeF

again we obtain (| F € S(0).
iii — i If F is a subset of Kg, then, by Lemma 2.6 ii), (| Th(C) € S(0),

ceF
so supoF' € Ko because Th(supoF') = (| Th(C)R
ceF
Observe that if in Theorem 2.7 we replace the sign “Ky,” by the sign

“SKy", where SKy = {C € Kq : C is structural}, and “correct” by “struc-
turally correct”, then the theorem remains true.

LEMMA 2.8. Let 0; be a characteristic consequence such that for every
X CL,04(X)=X. Then card(Ky,) = 1.

THEOREM 2.9. IfC # 0; (where 0; is as in Lemma 2.8), then the following
conditions are equivalent:
i) C is compact,
1) 0. is compact,
iii) Oc is finite.

PROOF. i ¢ iiis obvious.
ii — iii Assume that 0.(X) = L and X # L. Thus 0.(X;) = L for some
finite Xy C X (0. is compact). Hence 0.(X) = [J{0.(X¢) : Xy € X and
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card(Xys) < No}.
iii — ii Let 0. be a finite consequence and 0.(X) =L, X C L.

1) If X # L and for all finite Xy C X, 0,(Xs) # L, then L = 0.(X) =
U{0.(Xy) : Xy C X and card(Xs) < No} = X. This contradicts the
assumption that X # L.

2) If X = L, then for some Y # L, 0.(Y) = L (because 0. # 0).
Further proof in this case is analogous to 1) B

COROLLARY 2.10. FEwery finite characteristic consequence is correct.

PrOOF. Let F C S(0) and let 0(X) # L for some X C L and some finite
characteristic consequence 0. We will show that X C Y for some L # Y.
By both Theorem 2.9 and Lindenbaum’s theorem (see [BS]) there exists
aset Y # L such that X C Y, 0(Y) =Y and 0(Y U {a}) = L for every
a€e€L\Y.

Observe that for every T € F, Y € Y. Hence Y € (| F and [ F € S(0)

THEOREM 2.11. If C # 0; (where O; is as in Lemma 2.8), then the
following conditions are equivalent:

i) C is compact and N -structural,
i) 0. is compact and N -structural,
iit) 0. is standard.

PROOF. i < ii is obvious.

ii — iii According to Theorem 2.9 it will be enough to show that 0. is
structural. Let e € End(L) and let X C L. If 0.(X) = L, then 0.(eX) = L
(0. is N-structural) and e(0.(X) C 0.(X)). If 0.(X) # L, then e(0.(X)) =
e(X) C 0.(e(X)). So 0. is structural.

iii — ii We must prove that 0, is N-structural (see Theorem 2.9). Observe
that if 0. is not N-structural, then for some e € End(L) and for some
finite Xy C L, e(Xs) = e(L). But this is impossible because card(e(L)) #
card(e(Xy))l

§3. Characteristic consequence and maximality

In this section we shall consider only such characteristic consequences 0 for
which the set SKo = {C € Kq : C is structural} is non-empty.
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DEFINITION 3.1. A structural consequence C is said to be mazimal iff for
every structural Cy, C' < Cy implies C () = L.

DEFINITION 3.2. A characteristic consequence 0 has a mazimal char-
acterization iff for every characteristic consequence 0T > 0, if for some
T+ € S°07F), for some Y € S°(0) and for every Y € S°(0), Y/ C Y
implies Y+ C Y”, then 07 () = L.

LEMMA 3.3. Let C be a mazximal consequence and let Kqy be the charac-
teristic class of 0. Then if C' € Kg, then SKy is a complete lattice.

COROLLARY 3.4. Let Cy, Cy be maximal consequences. Then
C11 = C(2 iﬁoc1 = Ocz'

THEOREM 3.5. The following conditions are equivalent:

i) there exists a mazimal consequence in Ko,
1) 0 is structurally correct and has a mazimal characterization.

PrOOF. i — ii By Lemma 3.3 and the remark following Theorem 2.7, it
will be enough to show that 0 has a maximal characterization. Observe
that for every T € S°(0), Th(C) (where C' is maximal and C € Ky). If for
some 07 > 0 there exists YT € S°(0T) and T € SY(0) such that for every
Y CY, Tt CY”, then YT C Th(C). Hence Cy+ > C and Cy+(0) = L
(where the Cy+ = YT). This implies that 07()) = L as well (because
Cr+ € K(ﬁ-).

ii — i Let C' denote the greatest consequence from SKg. If for some struc-
tural CT, C* > C, then 0.+ > 0, = 0. Observe that T+ = Th(CT)
and T = Th(C) fulfill the assumption of Definition 3.2 and since 0 has a
maximal characterization, then 07 (@) = L = C*(0). This shows that C' is
maximal W

THEOREM 3.6. Let 0 be a finite characteristic consequence. Then there
exists a mazimal consequence C° such that for every C' € SKq C < C.

PROOF. Let Y be the set of all such subsets Y of L that 0(Y) # L and
for every e € EndL, e(Y) C Y. By the assumption that 0 is finite and
by Zorn’s lemma we conclude that there exists a maximal (with respect to
inclusion) set Y* in ).
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Let CT(X) = C"(X UYT), where C” is the greatest consequence of
the complete lattice SKy (C” does exist by Corollary 2.10 and Theorem
2.7). C™* is structural, Post-complete (see [T]) and C*(()) # L.

Now let C? be such a structural and structurally complete consequence
(see [T]) that C° > CT, C° is Post-complete and C°(0) = C*(0). By
Theorem 6 from [T] C° is maximal and for every C' € SK, C < C" < C°.
This concludes the proof B

COROLLARY 3.7. (Dziobiak, unpublished). For every compact conse-
quence C' there exists a mazimal consequence C° such that C < C°.
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