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A NOTE ON R - S LEMMA

Rauszer and Sabalski proved in [2] that distributivity with respect to infi-
nite joins and meets is a sufficient and necessary condition making the Rasiowa-
Sikorski Lemma valid in distributive lattices. The main part of their proof is a di-
rect construction of a required filter under distributivity. In this note we show that
a generalization of the result can be obtained from the Rasiowa-Sikorski Lemma
for Boolean algebras by using Gérnemann’s result in [1] instead of a direct con-
struction.

Suppose A is a distributive lattice and Q,R C 24 — {0}. We call A (Q,R)
complete if YM € QA[|M € Aand YN € RA| [N € A. M € Q is []|dis if
A[IM eAandVac Aal[|M =[],eyl@adm). NeRis| |-disif A N e A
andVae Aan | |N = | ],ey(ann). (Q,R) is called distributive if every M € Q
is [ ]-dis and every N € R is | |-dis.

Suppose A is (Q, R) complete and C,D C A. By V¢(Ap) we mean the filter
(ideal) in A generated by C(D), in particular, let Vo = Ay = 0. (C, D) is called
(Q, R) complete if (i) and (ii), where

(1) YM e Q(Ve N ADU{l_lM] =0=3IAm e MVcN ADU{m] = 0)
(i) VN € R(VCU[UN} NAp=0=dne NVCuln} NAp =0)

Remark. We call a filter F € A (an ideal I € A) Q(R) complete if VM € Q
MCF=[I|MeF(MNeRNCI=||Nel). Then, V¢ is Q complete iff
(C,0) is (Q, R) complete and Ap is R complete iff (0, D) is (Q, R) complete.

Fora,b € A, a < b mod(C, D) is defined by Veuiq N Apupy # 0. An equiva-
lence relation ~ is then defined as a ~ b if a < b mod(C, D) and b < a mod(C, D).
We denote the equivalence class of @ € A by [a]. A/ ~ becomes a distributive
lattice with the order defined as [a] T [b] if a < b mod(C, D). We denote the
lattice by A/(C, D). Clearly, [a 1 b] = [a] 11 [b] and [a U b] = [a] U [b] for any
a,beA.
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For Q C 24 — {0}, let [Q] = {[M] : [M] ={[m] : m € M} and M € Q).

Lemma 1. Suppose A is a (Q, R) complete distributive lattice and C, D C A. Then,
the following are equivalent.

(a) Foranya,b € A, (CU{a}, DU{b}) is (Q,R) complete.

(b) A/(C,D) is a ([Q],[R]) complete distributive lattice with [ |[M] = [[ | M]
and [| | N] = ||[N] for every M € Q and for every N € R, and ([Q], [R]) is
distributive.

Proor. (a) = (b). First, we show that [ |,,cp[bUm] = [bU[]|M] forany b € A
and for any M € Q. It is trivial that [b L[| M] € [b LI m] for any m € M. Suppose
[a] E [bUm] for any m € M. Then, for any m € M, a < b| |m mod(C, D), namely
VCu{a} N ADU[b,m] # 0. By (a), VCu{a} N ADU[bﬂ My * 0. So,a < buU[|M mod(C, D)
and the [a] C [b U [|M]. Thus, [1,epld Um] = [bU[]M]. Now, take [ | M
for b and we have [ |[M] = [[ | M] since [ | M LI m = m for any m € M. Hence,
Mear (510 Im) = [eprlb Um] = [bU M1 = [b] U1 M] = [b] UM, that
is, [M] is [ |-dis in A/(C, D). It is verified similarly that | |[N] = [ | N] and [N] is
| |-disin A/(C, D) for any N € R.

(b) = (a). Suppose a,b € Aand M € Q. If Voyyy N Apuppmy # 0 for any
m € M, then [a] C [b U m](= [b] U [m]) for any m € M. By (b),[a] C [ ],,ep([b] L
[m]) = [blu[]IM] =[blU[[IM] =[buU[]|M]. Thus,a < bu[]|M mod(C,D),
namely, Veupey N Apup,nmy # 0. The case for N € R is similar.

CoROLLARY. Suppose A is a (Q, R) complete distributive lattice. Then the follow-
ing are equivalent.

(a) (Q,R) is distributive.

(b) Foranya,b € A, ({a},{b}) is (Q, R) complete.

Proor. Take (0, 0) for (C, D) in the lemma.

Suppose A is distributive lattice and let H be the set of all prime filters in A.
(For the sake of convenience, let H = {A} if A is a singleton).)

It is well known that

x: A — 2H
€ €
a — a" ={F:ae€FandF € H}
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is an embedding. Let B(A) be the Boolean algebra generated by A in 2%, In [1],
Gornemann proved

Lemma 2. Suppose A is a (Q, R) complete distributive lattice. Then the following
are equivalent:

(a) (Q,R) is distributive.
) YM e Q[ I1M)" =[1M*" and VN € R(| |N)" = || N* in B(A).

Remark. This is proved in [1] for bounded distributive lattice but the condition
that A is bounded is optional.

THEOREM. Suppose that A is a (Q, R) complete distributive lattice, |Q U R| < w,
and C,D C A. Then the following are equivalent:

(a) Foranya,b e A,(C U {a}, DU {b}) is (Q, R) complete.
(b) Forany a,b € A,a < bmod(C, D) or there is a prime filter F in A such that
(F,A—-F)is(Q,R) complete, CU{a} C F,and DU{b} CA—-F.

ReMARK. A filter F is called R saturated if YN e R| [IN€e F = NNF # 0. If Fis
a prime filter, then F is Q complete R saturated iff (F, A — F) is (Q, R) complete.

Proor. (a) = (b). Suppose not a < bmod(C, D). Then [a] Z [b] in A/(C, D)
and [a]* £ [b]* in B/(C, D)). By the above lemmas, B(A/(C, D)) is a ([Q]*, [R]")
complete Boolean algebra and, of course, [[Q]* U [R]*| < w. Since [a]* € [b]*
in B(A/(C, D)), by the Rasiowa-Sikorski Lemma for Boolean algebras, there is a
[O]" complete [R]* saturated ultrafilter U in B(A/(C, D)) such that [a]* € U and
[pI* ¢ U. Let F = {x € A : [x]* € U}. Itis trivial thata € F and b ¢ F. If
x € C, then [x]* = 1in B(A/(C,D)) and [x]* € U. So C C F. Similarly we
have DN F = 0. Suppose x,y € F. Then [x]*, [y]" € U. Since [x M y]" =
(xI D" = [xI" N [yI" € U, we have that x My € F. In a similar way it is
shown that F' is a prime filter. Now, suppose M € Q and Vr N Aa—pyupm = 0
for any m € M. Then m € M. Then m € F for any m € M, since Vp = F and
As-r = A — F. Thus we have that [m]* € U for any m € M by the definition of F.
But U is [Q]" complete. So [ |[M]* € U, form which it follows that [[ | M]* € U,
since [IM]* = ([[M]* = [[]M]* by the lemmas. Hence []M € F, namely,
Vi N Au—rpyummy = 0. The case for N € R is similar.
(b) = (a). Suppose a,b € A and M € Q.

If Veuia N Apuppay = 0, then, since not a < b U [ | M mod(C, D), there is
some prime filter ' in A such that (F,A — F) is (Q, R) complete, C U {a} C F,
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and DU {bU[|M} € A-F. Clearly Vp = F and Au—ryuimy = A — F. So
Ve N Au—ryum s = 0 and we have that Vi N Au—pyupmy = 0 for some m € M,
since (F,A — F) is (Q, R) complete. It is trivial that Vcygey N Apupmy = 0 since
CU{a} C Fand DU{b,m} C(A—-F)U{m}(=A—F). The case for N € Ris
verified similarly.

CoROLLARY. Suppose A is a (Q, R) complete distributive lattice and |Q U R| < w.
Then the following are equivalent:

(a) (Q,R) is distributive.

(b) Foranya,b € A, a C b or there is a prime filter F in A such that (F,A — F)
is (Q,R) complete, a C F, and b ¢ F.

Proor. Take (0, 0) for (C, D) in the theorem and apply the Corollary of Lemma 1.
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