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ENTAILMENT RELATIONS AND MATRICES I

This is an abstract of a paper presented to the Logic Seminar of the
Section of Logic in Wroctaw, December 1978, February 1979.

In this paper we extend some techniques from the theory of conse-
quences operations and logical matrices (elaborated by J. Lo$, R. Suszko
and R. Wéjcicki) into the wider area of entailment relations.

Let L be a fixed sentential language with finitary connectives and infi-
nite number of sentential variables Var(L) = {p1, pa, - ..}. By L™ we shall
denote the subalgebra of L generated by {p1,...,pn}. The set of formulas
of L will be denoted by L.

Any relation FC P(L) x P(L) is said to be an entailment relation (cf.
[3], p- 29 and [2]) iff it satisfies the following conditions (X,Y are arbitrary
subsets of L):

(R) If XNY #Y then X F Y.
(M) If X+, where X’ D X, Y’ DY, then X' FY".
(C) Ifforall ZC L XUZFY UL\Z then X Y.

If moreover F satisfies the following condition
(S) T XFY theneX FeY, alle e Hom(L, L)

it will be called a structural entailment relation (cf. [1] for the concept of
structural consequence operation).

Convention: X,Y  Z, W, and the like, will be a shorthand version of
XUYEFZUW.
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We say that I is finitistic iff whenever X F Y there exists finite subsets
X’ and Y’ of X and Y such that X’ - Y”. For finitistic entailment relations
(C) is equivalent to (Cf), where

(Cf) XFaYand X,aFY implies X FY.

Let ¢ (resp £°) denote the set of all entailment relations (structural
entailment relations) on L. Consider the following partially ordered sets:
(£,C) and (£°,C). One can prove that the first one is a complete atomic
Boolean algebra and the latter is a complete distributive sublattice of the
former. Moreover, there exist natural embeddings of the lattice of conse-
quence operations resp. the lattice of structural consequence operations on
L into (¢, C) resp. (€9, Q).

If A is an algebra similar to L and D is a family of subsets of A then
the pair M = (A, D) will be said to be a (logical) matriz for L. For any
such M we define a relation on P(L) as follows:

X Ikpy iff VheHom(L,A)vDGQ[hX CD=hYND#0].

PROPOSITION 1. IFpre €9

PROPOSITION 2. For each € £° there exists a matriz M such that ==IFy;.
We say that - satisfies (X™) iff

(") XFY iff eXteY,all e € Hom(L,L™).

For any natural n > 1 and any F we define the following Lindenbaum-
type matrix:

M™ = (L™ {ZznL™ 2 L— 27,7 CLY)

LEMMA 3. If € ¢ satisfies (+™) then F=IFy;, where M = M™),

We say that an b€ ¢ is strongly finite (cf. [3]) iff there exist a finite
matrix M such that F=IF,,.

Choosing one of the standard methods, one can prove that IF,; is fini-
tistic whenever M is a finite matrix.

PROPOSITION 4 (Criterion of strong finiteness, cf. [3], p. 58). Any e &°
18 strongly finite iff there exists a natural number n > 1 such that
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(i) b satisfies (x™),
(ii) there exists a congruence 8 of L such that for all o, 8 € L if a8 then
otk B and L™ /0 is finite.

Let A C L and B C L. By the (4, B)-strengthening of - we mean the
least entailment relation on L containing - and the following two sets:

E(A)={(0,{ea}) :a € Aje € End(L)}
E(B) ={({ef},0): B € B,e € End(L)}.

Let us denote by 4 the (A, B)-strengthening of . We have:
LEMMA 5. X FAY iff X, Sb(A) F X, Sb(B).

THEOREM 6. Any (A, B)-strengthening of a strongly finite entailment
relation is strongly finite.

THEOREM 7. The number of (A, B)-strengthenings of a strongly finite
entailment relation is finite.

THEOREM 8.  For any finite matrices M and N there is an effective
procedure to determine whether a) Fpr=Ikxn, b) by Cley, ¢) IENClbay, or
d) lFar and Ik are not comparable.

COROLLARY 9. For any finite matrix M there is an effective procedure
to describe the diagram of the following partially ordered set: {t:l-p Ch,
where b is an (A, B)-strengthening of +-}.
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