Bulletin of the Section of Logic
Volume 8/2 (1979), pp. 72-76

reedition 2010 [original edition, pp. 72-78]

Piotr Wojtylak

MATRIX REPRESENTATIONS FOR STRUCTURAL
STRENGTHENINGS OF A PROPOSITIONAL LOGIC

Prior to investigating the degree of maximality of a propositional logic,
as is the notion introduced by Ryszard Wjcicki [8], it is important to
determine all structural consequence stronger than the logic considered.
This characterization of all structural strengthenings was performed while
establishing the degree of maximality for Lukasiewicz and Lukasiewicz-like
logics [8], [4], [9], [5]- In these papers the authors used matrix consequences
together with certain results concerning this notion and a representation
theorem for Lukasiewicz algebras as given by R. S. Grigolia [2].

An attempt is made to characterize the structural strengthenings of any
propositional logic. This characterization is closely similar to that already
achieved for Lukasiewicz logics in [9], [5].

Let S = (S, F1, Fy,...,F,) be a propositional language, treated as a
free algebra with an infinite set V' of propositional variables as the set of
generators. By h® we denote the extension of the mapping e : V. — S to
the endomorphism of S, h¢ € Hom(S, S).

A consequence operation Cn in the considered language is said to be
structural (Cn € Struct, cf. [3]) provided that h¢(Cn(X)) C Cn(h®(X))
for any X C S and any e : V. — S. The set of all consequences (all
structural consequences) in S is a complete lattice with the lattice ordering
defined as follows:

Cny € Cny =Cny(X) C Cny(X) for every X C S.

As is known [7], for any family {Cn, : t € T'} of consequences (of structural
consequences) in

finf Cm)(X) = ({Cni(X);t €T} for any X C S.
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A logical matrix for S is defined as a pair M = (A, I), where A =
(A, f1,..., fn) is an algebra similar to S and I C A is the set of all desig-
nated elements of M. We say that N = (B, .J) is a submatrix of a matrix
M = (A, 1) if, and only if, B is a subalgebra of A and J =1 N A.

Given an indexed family {(A¢, It) }ter of similar matrices we can form
the direct product of matrices which will be considered as the pair (Pier.A;,
PierlI;), where Pier Ay denotes the product of algebras.

Let K be a class of logical matrices for S. By SP(K) we denote the
least class of matrices containing K and closed under the operations of
forming direct products and submatrices.

If M = (A, 1) is a matrix for S, then the consequence determined by
this matrix, denoted as Cnyy, is as follows:

a € Cnpy(X) = for every h € Hom(S, A) [h(X) C I = h(a) € 1.

For any M, the operation Cnjy; is structural. Given a class K of
matrices for § we can define the structural consequence Cng by putting
Cnig = infyexgCny. If K is empty, then the consequence Cng is in-
consistent, that is Cng(X) = S for all X C S. We say that a class K of
matrices is adequate for a consequence Cn iff Cn = Cng (c.f. [7]). Asis
known [7], for any structural consequence there exists an adequate family of
matrices. Thus any Cn € Struct is uniquely determined by the class of all
Cn-matrices, i.e. by the class Matr(Cn) = {M € Matriz;Cn < Cnps}.

The following theorem states that any structural strengthening of a
structural consequence can be represented by some family of matrices be-
longing to SP(K), where K is any class of matrices adequate for the initial
logic.

THEOREM. Let K be a class of matrices for S. Then Cnig < Cn €
Struct = Cn = Cny, for some L C SP(K).

Proor. Let Cng < Cn € Struct and put L = {M € SP(K);Cn <
Cnp}. Clearly Cn < Cnyp, hence what we have to prove is that

ﬂ{C’nM(X);M € SP(K)ACn < Cny} C Cn(X) for any set X C S.

If X is C'n-inconsistent, that is if Cn(X) = S, then this inclusion is obvious.
In order to prove the theorem it suffices to show that for any Cn-consistent
set X of formulae there exists a matrix N € SP(K) such that:
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(1) Cn < Cny,
(2) Cn(X) = Cny(X).

Let X be a certain Cn-consistent set of formulae (Cn(X) # S) and
put T = S\Cn(X), obviously the set T is not empty. Since Cng < Cn,
the identity Cng(Cn(X)) = Cn(X) holds and therefore, using the axiom
of choice and the definition of the matrix consequence, for any formula o &

Cn(X) we can choose a matrix M, = (Aq, Io) € K and a homomorphism
ha € Hom(S, A,,) such that

(3)  ha(Cn(X)) C Iy and ha(a) € L.

(The use of the axiom of choice is not essential but it allows the proof to
be simplified).

Let us take into consideration the product P,cr M, =
(PaerAas Pacrls) € SP(K) and define a mapping h : S — PaerA, as
follows:

(4) h(®) = {ha(P)}oer for any formula ® € S.

As is known, h € Hom(S, PyerAo). Therefore, the image h(S) is closed
under all operations in the product, that is A determines a subalgebra of
P,crA,. This subalgebra will be denoted by h(S).

We define the matrix N by putting N = (h(S),h(S) N Paerly). Tt is
easy to see that N is a submatrix of the product P,c7 M, and consequently
N belongs to SP(K), i.e. the construction of the matrix N has been
completed.

PROOF OF (1). Suppose ® € Cn(Y) and let hy € Hom(S, h(S)) be such
a homomorphism that hy(Y) C P,erls; we have to prove that hi(®) €
Pyerl,.

For any propositional variable v € V, the set h~*{h1(7)} is not empty.
By the axiom of choice, there exists a mapping e : V — S such that
e(y) € h™H{hi(y)} for any v € V (in the case where S is countable such
a mapping can be defined effectively). Hence h(e(y)) = hq(y) for v € V.
But the algebra S is freely generated by the set V'; therefore h o h® = hq,
where h¢ is the endomorphism of & determined by the mapping e.

This shows that h(h¢(Y)) = h1(Y) C Pyerl, and hence h,(he(Y)) C
I, for any a € T. By (3), h*(Y) C Cn(X) and, since ® € Cn(Y'), it follows
from the structurality of Cn that h®(®) € Cn(h¢(Y)) C Cn(X). Using (3)
once again, we obtain h,(h¢(®)) € I, for any o € T and consequently
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h(he(®)) € Pyerly (see (4)). Hence hi(®) = h(h¢(®)) € h(S) N Pacrla
and this completes the proof of (1).

PROOF OF (2). The inclusion (C) follows immediately from (1). To
prove the inclusion (C) it sufficies to consider the homomorphism h €
Hom(S,h(S)). By (3), h(X) C h(S) N Pyerly and h(®) € Pyerl, for
any ® € T = S\Cn(X). Consequently ® ¢ Cny(X) for any & ¢ Cn(X),
which completes the proof of (2) and thus of the whole. O

A similarity may be observed between this characterization of struc-
tural strengthenings of a sentential logic and certain representation theo-
rems of Universal Algebra, as for example Birkhoff’s theorem [1]. Despite
this apparent similarity the theorem presented is not algebraic in charac-
terize the class of all Cng-matrices (in general Matr(Cng) # SP(K)),
but only states that from the point of view of logic the class SP(K) is
sufficiently representative.

The question arises whether a representation of structural strengthen-
ings of a propositional logic better than the one presented here may be
found. It may be possible for a certain family of logics that the class
SP(K) in the above theorem can be replaced by P(S(K)) (as in the case
of Lukasiewicz logics [9]) or even by S(K); obviously S(K) C P(S(K)) C
SP(K). From the results given in [6] it follows that, in general, the re-
placement of SP(K) by P(S(K)) is impossible.
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