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Bogustaw Wolniewicz

ON THE VERIFIERS OF DISJUNCTION

In a letter David Makinson has pointed out to me a clear-cut coun-
terexample to the formula T3: S(aV §) = Min(S(a) U S(5)), propounded
in [1] for objective of disjunction. As he says: let p, ¢ be independent E-
propositions and put « = p A q, S = pA ~ q. Since p is an E-proposition,
S(p) = {u} for some v in SE. Then S(aV ) = S(pAq)V (pA ~ q)) =
S(p) = {uls but u g V() UV(8) > S(a) US(B) > Min(S(a) U S(3)).

The formula T3 was entailed (cf. [2]) by the axiom A5: V(aV §) =
V(a)UV(B). Consequently, the essential half of A5 has to be dropped too,
though by A2 we are still left with the other one:

/D1/ V() UV (B) cViaVp).

However, in view of the other axioms, the following equivalence holds with
regard to the verifiers of disjunction:

/D2y sGV(a\/B)ztz/\s u\z/tueV(a)UV(ﬂ).

To see this observe that

N/ SEV(NQ)EN\/(SSt/\tGV(Oé))

is a theorem. Indeed, implication < of N is equivalent to A9. On the other
hand, if s € V(~ a) and s <, then t € V(~ «) by A3. Hence ~t € V(«)
by A6, cancelling double negation. Starting now with V(aV ) = V(~ (~
aA ~ f3)), D2 may be derived from N by A4, exactly as the theorem 2.4/iii
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is in [3], if only we read Bell’s “p forces ¢” as “p € V(0)”, and reverse
everywhere his “<”.

Let Dy, Do, ..., D, be the SE-sets corresponding to the logical dimen-
sions of a W-language L. (Their number is assumed to be finite!) Thus
DiUDsU...UD, = Min(SE), and the product PL=D;-Dsy-...-D,, =
Maz(SE) is then the logical space of L, ie. it is the totality of logi-
cal points or possible worlds of L. (Cf. [4].) We have here the lemma:
V(a)- PL =V (a)NPL. (The inclusion D is obvious. Conversely, if u = s;
wAs € V(a) Nw € PL, then u € V(a) by A3, and u € PL by w being
maximal). This leads to the theorem:

/D3/ V(v p) - PLCV(x)UV(B),

for suppose w € V(aV ) and w € PL. Then w € V(a) UV(B) by D2,
which in view of the lemma yields D3.
We adopt now a new axiom:

JA10/ A-PLCV(a) = ACV(a)

for any A C SE. (We preserve the numbering of [1], though A5 is wanting;
moreover, A7 and A8 are redundant, since A8 follows from A7, and A7 is
provable with the number of dimensions being finite). From this axiom we
get another formula for V(a Vv f):

/D4/ V(avp)=|J{ACSE;A-PLCV(a)UV(B)}.

Indeed, suppose s € V(aV ). Then by D3 we have s € ANA- PL C
V(a) UV (B) for some A, ie. s € |J{...}. Conversely, if s € [J{...}, then
by D1: s€ ANA-PLCV(aVp), for some A C SE. Hence by A10 we
get s € V(aV pP).

But what about the objective S(aV ) as a function of V(«) and V' (3)?
This will be discussed in a wider context, together with the objectives of
tautology and negation.
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