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EQUIVALENTTAL LOGICS (II)

§2. Equivalential logics that have an algebraic seman-
tics

By an algebraic semantics we shall mean a class K of matrices M = (A4, D)
for a propositional language L such that D is a singleton, D = {d}. A logic
(L, C) has an algebraic semantics iff C(@)) # () and there exists an algebraic
semantics K strongly adequate for C, i.e., C = Cng.

PROPOSITION (5). If a logic (L,C) has an algebraic semantics, then every
factorial matrix M € Matr(C)* has the following properties:

(a) M is of the form (A,{14}), where14 € A
(b) each formula o(py ...py) € C(D) defines the constant 14 in A, that
is, aalar,...,an] =14 for any as,...,a, € A.

REMARK (6). Assume that (L, C) has an algebraic semantics and let
(a) M = (4,{14})

bein Matr(C)*. Aissimilarto L = (L; Fy, ..., F,),say A= (A; f1,..., fn).
To the set of operations of A we add the constant 14 and obtain the algebra

(b) (A5 fr, ., fay 1a).
By Proposition 5, 14 is definable in A.

In the sequel, dealing with logics that have an algebraic semantics we
do not discern between matrices (a) from Matr(C') and the corresponding
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algebras of the form (b). This remark does not concern the congruences
of (b), that is, (b) as an algebra may have many congruences but none of
them (except of the identity relation) is a congruence of the matrix (a).

Given alogic (L, C') which has an algebraic semantic we define ALG*(C')
to be the class of all algebras of the form (b) such that the matrix (a) be-
longs to Matr(C)*.

Observe that each implicational logic (L, C') has an algebraic semantics.
It should be mentioned that the class ALG*(C) for the classical proposi-
tional logic coincides with the class of Boolean algebras. In the case of the
intuitionistic logic, ALG*(C) equals the class of pseudo-Boolean algebras.

The logic SCT of Suszko [3] is equational but it does not possess an
algebraic semantics.

An equivalential logic (L,C) has an algebraic semantics iff for each
a,B €L, E(a, ) C Ca, ), where E(p,q) is a C-equivalence.

Let K be a class of algebras closed under isomorphisms. We shall say
that an algebra A is subdirectly reducible in the class K iff A € K and there
exists a nonempty family {®, : A € A} of congruence of A such that

(i) for every A\, @) # Ay, where A, is the diagonal of A
(ii) for every A,A/®) € K
(iii) M@y = Aa.
A

Otherwise A € K is subdirectly irreducible in K.

Let (L,C) be a finitistic logic. It is known that for each such logic
the union of an arbitrary chain of systems from Th(C') is also in Th(C).
Consequently, by Kuratowski-Zorn a lemma, for any X C L and a € L the
condition o ¢ C(X) implies the existence of a system Y € Th(C) having
the properties:

(i) agY DX
(ii) for every Z € Th(C),if a ¢ Z DY then Z =Y.

Each such Y € Th(C) is called a relatively maximal (Lindenbaum)
supersystem of X with respect to a.

If (L, C) is finitistic, then RM S(C') denotes the family of all relatively
maximal supersystems. Thus Y € RMS(C) iff for some X C L and o ¢ X,
Y is a relatively maximal supersystem of X w.r. to «.
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Given a logic (L, C) which has an algebraic semantics we define Ko(C')
to be the class of all denumerable nontrivial algebras from ALG*(C') that
are subdirectly irreducible in ALG*(C). Thus every algebra in Kq(C) has
the cardinality > 1.

THEOREM (7). Let (L,C) be a finitistic equivalential logic having an
algebraic semantics. Then the following conditions are satisfied.

(I) If Y € RMS(C) then L/Oy € K(C), where Oy is the greatest con-
gruence of the matriz (L,Y)
(II) If A € Ko(C) then there exists a system Y € RMS(C) such that

REMARK. To be precise, the language L = (L; F, ..., F,) is not similar
to the algebras from ALG*(C) since every algebra A € ALG*(C) is addi-
tionally equipped with the 0-ary operation 14. Writing “L/® € ALG(C)”
we want to indicate that there is a unique constant 1 € L/® definable in
L/® be means of an arbitrary formula from C(@) such that (L/®,{1}) €
Matr(C)* (cf. also Remark (6).)

COROLLARY (8). Under the assumption of Theorem (7), Ko(C') equals the
class of all isomorphic copies of the algebras from {L/Oy : Y € RMS(C)}.

Theorem (7) enables us to prove the following criterion of strong ade-
quacy being the generalization of Theorem 1 from [4].

THEOREM (9). Let (L,C) be a finitistic equivalential logic having an
algebraic semantics. Let B € ALG*(C). Then the following conditions are
equivalent:

(i) B is strongly adequate for C
(ii) Ewery algebra from Ko(C) is embeddable into B.

In the proof of Theorem (9) we make use of the notion of the description
of an algebra (cf. [4]).

Let (L, C) be an equivalential logic w.r. to a set E(p, q), having an alge-
braic semantics. Suppose that for a denumerable algebra A € ALG*(C) we
are given a fixed one-to-one mapping Z from A into the propositional vari-
ables of L. We define the description DS(A) of the algebra A € ALG*(C)
to be the set of formulas
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U»ygE(p’q){PY(F(F(Zm cee Zan)/pv ZFA(al,...an)/Q) N Ew,
Fis an n-ary connective of L, ay,...,a, € A}.

The following fact is important.

PROPOSITION (10). Let (L, C) be an equivalential logic having an algebraic
semantics. Let A € ALG*(C) be denumerable and let X = C(DS(A)).
Then A can be isomorphically embedded into the algebra L/Ox. (Ox =
the greatest congruence of the matriz (L, X)).

Theorem (9) has some interesting corollaries. Some of them are placed
in [1]. Here we mention the following one:

THEOREM (11). Let (L,C) be a finitistic equivalential logic having an
algebraic semantics. Assume that C = Cnp for some B € ALG*(C).
Then for each denumerable nontrivial algebra from ALG*(C) there exists
an isomorphism from A into the direct power B,

§3. Remarks on the deduction theorem

Let (L, C) be an implicational logic and let = be its implication. We shall
say that the deduction theorem holds for (L,C) iff for every X C L and
every o, 3 € L

pelC(X,a) i a=peC(X).

An abstract algebra (A;=-,1) of type (2,0) is said to be a positive im-
plication algebra ([2], p. 22) provided the following conditions are satisfied
for all a,b,c € A:

(p1) a= (b=a)=1

(p2) (a= (b=c)= ((a=b) = (a=c)) =1
(p3) fa=b=1landb=a=1,thena=1>
(pg) a=1=1.

The class of all positive implication algebras is equationally definable
[2].

THEOREM (12). Let (D,C) be a finitistic implicational logic. The follow-
ing conditions are equivalent:
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(a) The deduction theorem holds for C

(b) The class ALG*(C) is equationally definable, for every algebra A €
ALG*(C), the reduct A* = (A;=,1,4) is a positive implication algebra
and for every denumerable algebra B € ALG*(C), Cg(B) = Cg(B"),

i.e., every congruence of the reduct B* is also a congruence of B.

If (L,C) is implicational, then we can define a “natural” ordering in
every algebra A € ALG*(C) putting

a<pbiffa=b=14.
Then 14 is the greatest element in (A, <y4).

PROPOSITION (13).  Let (L,C) be a finitistic implicational logic. Let
A € ALG*(C) be denumerable of power > 1. Assume that there exists
greatest element in A — {14} with respect to <4, denoted by x4. Then
A€ Ko(C)

PROPOSITION (14). Let (L,C) be a finitistic implicational logic. Assume
that the deduction theorem holds for C. Let A € ALG*(C) be denumerable
of power > 1. Then the following conditions are equivalent:

(i) A €Ko(O)

(i1) There exists a greatest element x4 in A — {14} with respect to <4.

If (L, C) is the classical propositional logic, then Ko(C') consists of all
replicas of a two-element Boolean algebra. In the case of the intuitionistic
logic, Ko(C) consists of all denumerable strongly compact pseudo-Boolean
algebras [4].

Propositions (13)—(14) together with Theorem (9) allow us easily to
characterize the algebras from Ky(C) for some logics, for example for the
n-valued Lukasiewicz logic, n € w.

References

[1] J. Czelakowski and J. Hawranek, w-Universal matrices for a logic,
to appear.



Equivalential Logics (II) 113

[2] H. Rasiowa, An algebraic approach to non-classical logics,
North-Holland — PWN, Amsterdam-Warsaw 1974.

[3] R. Suszko and S. L. Bloom, Investigations into the sentential cal-
culus with identity, Notre Dame Journal of Formal Logic 13 (1972),
pp- 289-308.

[4] A. Wroriski, On cardinalities of matrices strongly adequate for the
intuitionistic propositional logic, Reports on Mathematical Logic 3
(1974), pp. 67-72.

Polish Academy of Sciences

Institute of Philosophy and Sociology
The Section of Logic

Szewska 36, 50-139 Wroctaw, Poland



