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Equality:
Vx (x = x) (reflexivity)
VxVy(x=y>oy=x) (symmetry)
VxVyVz(x =y &y =z)Dx=72) (transitivity)
One:
3x (One x) (existence of 1)
Yx Vy ((One x & One y) o x = y) (uniqueness of 1)
Predecessor:
Yx 3y (xPry) (existence of successor)
Vx ¥y (xPry © — One y) (I has no predecessor)

YxVyVYzYu ((xPry & zPru & x = z)  y = u) (uniqueness of successor)
Yx VyVYzVu ((xPry & zPru & y = u) = x = u) (uniqueness of predecessor).

e
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Predecessor:
Yx 3y (xPry) (existence of successor)
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YxVyVYzYu ((xPry & zPru & x = z)  y = u) (uniqueness of successor)
Yx VyVYzVu ((xPry & zPru & y = u) = x = u) (uniqueness of predecessor).
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A formula B is called derivable in arithmetic without complete induction,
if there is an LK-derivation for a sequent

5
. PR (e

in which U, , ..., Au are axiom formulae of arithmetic.
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3.21. A ‘contradiction’ % & — U is derivable in our system if and only if
there exists an LK-derivation for a sequent with an empty succedent and

with arithmetic axiom formulae in the antecedent, viz.:
From I' - A & — A we obtain-I" — in the following way:

A =9
T)j_i_’—“
e ol S
QI&—;QI QI-" -
T U —W o interchange
: e &-IA
A& U A& —-A- X
contraction
F“’QI&—wQI gl[&ﬁg[—’ cut

r —

The converse is obtained by carrying out a thinning in the succedent.

Thus, if our arithmetic is inconsistent, there exists an LK-derivation
with the endsequent

A,... U, -,

where U, , ..., Ay are arithmetic axiom formulae.
3.22. We now apply the sharpened Hauptsatz (2.1). The arithmetic axiom
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'ﬁ Al-fib(3,2) A,fib(4,3) |- fib(4,3)

AFfb(2.1)  A,fib(3,2) O fib(4, 3) - fib(4, 3)
AFib(1.1) A, fib(2,1) O fib(3,2) O fib(4, 3) - fib(4,3)

AFfib(0.0) A, fib(1,1) D fib(2,1) D fib(3,2) D fib(4, 3) I- fib(4, 3)
A. fib(0,0) O fib(1,1) D fib(2, 1) D fib(3, 2) O fib(4, 3) I fib(4, 3)

Negative protocol:

LD
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Negative protocol:

fibl0,0)
fibl1,1)
' Al-fib(3,2) A,fib(4,3) |- fib(4,3)
AFfib(2,1) A, fib(3,2) D fib(4,3) + fib(4,3)
A Ffib(1,1) A, fib(2,1) D fib(3,2) D fib(4, 3) - fib(4, 3)
A F fib(0,0) A, fib(1,1) D fib(2,1) D fib(3,2) O fib(4, 3) I- fib(4, 3)
A, fib(0,0) D fib(1,1) D fib(2,1) D fib(3, 2) O fib(4, 3) I- fib(4, 3)

LD

UNIQUE PROOT = EXPONENTIAL IV Ji2E
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Positive protocol:

A" |- fib(3,2) A”,fib(4,3) I fib(4,3)
A" fib(3,2) D fib(4, 3) I- fib(4,3)
A’ fib(2,1) A’ fib(3,2) D fib(4, 3) |- fib(4, 3)
A, fib(2,1) O fib(3,2) D fib(4, 3)  fib(4, 3)
A+ fib(1,1) A, fib(2,1) D fib(3,2) D fib(4, 3) - fib(4, 3)
A I fib(0,0) A, fib(1,1) O fib(2,1) D fib(3,2) O fib(4, 3) +- fib(4, 3)
A, fib(0,0) O fib(1,1) D fib(2,1) D fib(3,2) D fib(4, 3) I- fib(4,3)

where A" = A, fib(2,1) and A" = A’ fib(3, 2).
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Positive protocol:

A" |- fib(3,2) A”,fib(4,3) I fib(4,3)
A" fib(3,2) D fib(4, 3) I fib(4, 3)
A’k fib(2,1) A’ fib(3,2) D fib(4, 3) |- fib(4, 3)
A, fib(2,1) O fib(3,2) D fib(4, 3) - fib(4, 3)
A+ fib(1,1) A, fib(2,1) D fib(3,2) D fib(4, 3) - fib(4, 3)
A I fib(0,0) A, fib(1,1) D fib(2,1) D fib(3,2) D fib(4, 3) - fib(4, 3)
A, fib(0,0) O fib(1,1) D fib(2,1) D fib(3,2) D fib(4, 3) I- fib(4,3)

where A" = A, fib(2,1) and A" = A’ fib(3, 2).
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Typing:

i : \type. f&fﬁ'—OUND - INTUITY oMITIC
tr : i -> i ->1i -> \o.

qu : i -> i -> i -> i -> \o. 7DUL' .
sq360 : i -> i -> i -> i -> \o. (KIWITUI/ C##Up/fw;/)
Program:

(\A [x, y, 2z, wl] qu x vy z w \to (tr x y z \and tr y z w)) \to
(\A [x, y, z, wl] (tr x y z \and tr y z w \to sq360 x y z w) \to
qu x ¥y z w \to sq360 x y z w)
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