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General notion of Free Higher-Order Logic (FHOL)

Free logic is a logic that allows for nonexistent objects and partial functions. 
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General notion of Free Higher-Order Logic (FHOL)

α, β := i | o | α → β

We have one domain for each type 
which is in the set defined by

Ei

Di

Quantifiers as well as definite descriptions have existential import.

Free logic is a logic that allows for nonexistent objects and partial functions. 
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General notion of Free Higher-Order Logic (FHOL)

Ei→i

Di→iEi

Di

Do = Eo

Di→o = Ei→o

T

⊥i

Fo = F

Fi→o

⊥i→i

⊥α ∈ Dα∖Eα

Fα ∈ Dα for all     with goal type 

for all     with goal type α i

α o



Irina Makarenko

EXTENDD  

30.04.2025

Positive Free Higher-Order Logic (PFHOL)

hasArms(Pegasus) = False

A free logic is called positive when atomic formulas with terms that do not refer to anything existing can be 
evaluated to true but do not have to be.

hasLegs(Pegasus) = True



Irina Makarenko

EXTENDD  

30.04.2025

Negative Free Higher-Order Logic (NgFHOL)

hasLegs(Pegasus) = False

A free logic is called negative when atomic formulas with terms that do not refer to anything existing are all denied.
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Neutral Free Higher-Order Logic (NeFHOL)

A free logic is called neutral when atomic formulas with terms that do not refer to anything existing are not 
assigned any truth value. This inevitably means moving away from a bivalent to a trivalent logic, a logic with three 
different truth values.

Positive and negative free logics require atomic formulas containing terms that do not refer to anything existing to 
be either true or false, even in cases where no decision can be made.

hasLegs(Pegasus) ∧ hasLegs(horse) = ⊥

isSixFeetTall(Pegasus) = ⊥

hasLegs(Pegasus) = ⊥
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isSixFeetTall(Pegasus) ∨ ¬isSixFeetTall(Pegasus) = True

isSixFeetTall(Pegasus) = ⊥

A supervaluational free logic attempts to account for the trivalent nature of neutral free logic while preserving the 
principles of classical reasoning. 

Supervaluational Free Higher-Order Logic (SFHOL)
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Recap: Higher-Order Logic (HOL) 
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Free Higher-Order Logic (FHOL)
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Free Higher-Order Logic (FHOL)
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Free Higher-Order Logic (FHOL)



Irina Makarenko

EXTENDD  

30.04.2025

Recap: LogiKEy methodology
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Embedding of PFHOL into HOL

Embedding will be given directly in Isabelle/HOL.

Isabelle/HOL is an interactive proof assistant providing access to the model generator nitpick 
and the meta-prover sledgehammer that, in turn, invokes third-party resolution provers, SMT 
solvers, and higher-order provers.
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Embedding of PFHOL into HOL

source

https://en.wikipedia.org/wiki/Isabelle_%28proof_assistant%29#/media/File:Isabelle_jedit.png
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Embedding of PFHOL into HOL
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Embedding of PFHOL into HOL
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Embedding of PFHOL into HOL
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Embedding of PFHOL into HOL
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Prior’s Paradox

Qp p

Q∀p(Qp → ¬p) → ∃p(Qp ∧ p) ∧ ∃p(Qp ∧ ¬p)

Reading       as, for instance, ‘Kaplan says at midnight that   ’, Prior’s paradox says that if Kaplan says at midnight that 
everything he says at midnight is false, then he says something true at midnight and also something false at midnight. 
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Prior’s Paradox
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Prior’s Paradox
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Summary

We exploited a shallow semantical embedding (SSE) for reducing the automation of free higher-order logic to 
reasoning within a classical higher-order logic framework.

SSEs allow us to profit from the strength of long-standing reasoning systems for establishing the correctness of 
theories in non-classical logics like free logic.

Free logic is well suited to represent abstract objects and to support hypothetical reasoning with fictive (and 
concrete) entities, and can therefore be applied in metaphysics, ethics, and law.
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Thank you

Literature:


Irina Makarenko. Free Higher-Order Logic – Notion, Definition and Embedding in HOL. Master’s thesis, Freie Universität Berlin, 2020. 


Christoph Benzmüller and Dana Scott. Automating Free Logic in HOL, with an Experimental Application in Category Theory. Journal of Automated Reasoning, pages 1–20, 2019. 


Christoph Benzmüller, Xavier Parent, and Leendert van der Torre. Designing Normative Theories for Ethical and Legal Reasoning: LogiKEy Framework, Methodology, and Tool 
Support. Artificial Intelligence, 287:103348, 2020.  

William M. Farmer. A Partial Functions Version of Church’s Simple Theory of Types. Journal of Symbolic Logic, 55:1269–1291, 1990. 


Ermanno Bencivenga. Free Semantics, volume 47 of Boston Studies in the Philosophy of Science, pages 31–48. Springer Netherlands, Dordrecht, 1981. 


