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Abstract. Free logics are a family of logics that are free of any exis-
@ Springer tential assumptions. Unlike traditional classical and non-classical logics,
they support an elegant modeling of nonexistent objects and partial func-
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General notion of Free Higher-Order Logic ( ) Freie Universitat

Free logic Is a logic that allows for nonexistent objects and partial functions.
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General notion of Free Higher-Order Logic ( ) Freie Universitit (Sl

Free logic Is a logic that allows for nonexistent objects and partial functions.

Quantifiers as well as definite descriptions have existential import.

: We have one domain for each type
D which is in the set defined by

a,p = ilo|la->p
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General notion of Free Higher-Order Logic (FHOL) Freie Universitiit ()

1,€ D\E, forall a with goal type i

F e D, forall a with goal type o D,=E,
T
. F,=F
OJ—i Dl—>0 — El—>0
Di
E, D, .. Fio
Ei—>i
J—i—ii
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Positive Free Higher-Order Logic (P ) Freie Universitat (/o

A free logic Is called positive when atomic formulas with terms that do not refer to anything existing can be
evaluated to true but do not have to be.

hasLegs(Pegasus) = True

hasArms(Pegasus) = False
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Negative Free Higher-Order Logic (Ng ) Freie Universitit

A free logic is called negative when atomic formulas with terms that do not refer to anything existing are all denied.

hasLegs(Pegasus) = False
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Neutral Free Higher-Order Logic (Ne ) Freie Universitit (/| )

Positive and negative free logics require atomic formulas containing terms that do not refer to anything existing to
pe either true or false, even in cases where no decision can be made.

hasLegs(Pegasus) = 1
isSixFeetTall(Pegasus) = L

hasLegs(Pegasus) A\ hasLegs(horse) = 1

A free logic Is called neutral when atomic formulas with terms that do not refer to anything existing are not
assigned any truth value. This inevitably means moving away from a bivalent to a trivalent logic, a logic with three
different truth values.
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Supervaluational Free Higher-Order Logic (S ) Freie Universitat (/|

A supervaluational free logic attempts to account for the trivalent nature of neutral free logic while preserving the
principles of classical reasoning.

isSixFeetTall(Pegasus) = 1

isSixFeetTall(Pegasus) V —isSixFeetTall(Pegasus) = True

Irina Makarenko
EXTENDD
30.04.2025



Recap: Higher-Order Logic (HOL)

HOL: Simple Syntax

Simple Types: a,B = ilo|(ad—p)
(we may add further base types; types are often not displayed)

Simply Typed A-Calculus (with constants):
s, t = Pa | Xo | (/lXaSB)a/—)B | (Sa—>ﬁ ta/)ﬁ

constants variables lambda abstraction application

B—reduction

abstraction and application interact, e.g.: ((AXpPpX)t) — (1)
HOL defined on Top of Simply Typed A-Calculus
> add special constant symbols to signature, e.g.
o—o Vo—so—o0 H(a—>0)—>0 (or Oﬂly =a—a—0)
> no binder besides A needed: VX, s, stands for 14— 0)—0(AXs So)
> 1,T,—,«,d, = can be defined: e.g., X, s, stands for =VX, —s,

HOL is a language of terms. Terms of type o are called formulas.

Frelie Universitat

HOL: Well Understood Semantics

HOL with standard semantics: iIncomplete
HOL with Henkin’s general semantics: semi-decidable & compact

Models Valid sentences

more model structures ... fewer valid formulas

Important principles are still valid in Henkin’s general models:

> Comprehension (type-restricted): VGAFVX"FX" =G
> Boolean Extensionality: YPYQ (P < Q) —> P=0)
> Functional Extensionality: VEYG(VXFX=GX)— F=0)

Note: Any “Henkin-valid” formula is also valid in standard semantics!

Suggested Reading
» Origin [Church, JSL, 1940]
» Henkin’s general semantics: [Henkin, JSL, 1950] [Andrews, JSL, 1971, 1972]

> Extensionality&Intensionality: [BenzmillerEtAl., JSL, 2004] [Muskens, JSL, 2007]
[PhD thesis by Steen]
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Free Higher-Order Logic (FHOL) Freie Universitit (| 1

Definition 13. Terms of FHOL are defined based on the following formation rules:

87t e POC | xa | (E',O:—)O SOC)O | ((:a—>a—>o Sa)a—m ta)o |

(ﬁo—m So)o | ((Vo—>o—>080) to)o | (v(a—>o)—>o(/\xa‘so)a—>o)o |
(l’(a—>o)—>a(/\xa‘80)a—>o)a I (Sa—>ﬁ ta)ﬁ | ()‘xa'sﬁ)a—ﬂi

witha, 8 € T.

Definition 14. A frame Disaset{D, : a € T } of nonempty sets (formally domains) D, such
that D, is chosen freely, D, = {T,F} where T # F and T represents truth and F represents
falsehood, and D, ,4 is the set of all total functions from domain D, to codomain Dy.

Definition 15. A subframe E is a set {E_, : a € T} of possibly empty sets (formally do-
mains) D, such that E, C D, for eacha € T, and E, = D, for eacha € T,."”

Definition 16. A standard model is a triple M = (D, E,I ) where D is a frame, E is a
subframe and [ is a family of typed interpretation functions, i.e.,, I = {[, : « € T }. Each
interpretation function I, maps constants of type « to appropriate elements of D .
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Free Higher-Order Logic (FHOL)

with a € T.

exr
not €k, .,
or 6 EO—>O—)O

Cl,llq S E(a—>o)—>o

desc € E(a—>o)—>a

S.t.

S.t.

S.t.

s.t.

S.t.

S.t.

forall d e D,
ex(d)=T it d € E

forall d,d” € D,
id(d,d") =T ift disidentical to d’

not(T) = F and not(F) =T
orlvi:u) =Lty — 1 or v, —|

forall feD,_,,,
allg(f) =T it f(d)=T forall d € E,

forall fe D, .,,

desc(f) =d e E, it f(d) =T and
forall d € E_: if f(d") =T, thend’ =d,
otherwise desc(f) = 1, if a € T, and

« 1

desc(f)=F, itaeT,

Freie Universitat * g_;
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Free Higher-Order Logic (FHOL) freie Unversitat '

The value [ s, [*¢ of each PFHOL term s, in a model M under the variable assignment| g is
an object d € D, and is evaluated as follows:

P, s - I(P,)
Zo [* = 9(z,)
(Sa—>6 ta)ﬂ ]]M,g i [[Sa—>,8 ]]M’g ([[ ta ]]M,g)

Az a0 o | the function f from D, into Dy
s.t. forallde D, f(d) = [[SB [tz

with a, 8 € T.

[[Sa%-ﬂ]]M’g ([[toz ]]M’g) if [[ta ]]M’g S Ea
Sa s, ta i = :
L iF )B]] { J_ﬂ else

with (o =, B) € T;.
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Recap: LogIKEy methodology Freie Universitiit (/{8 %

Applications HOL (meta-logic)

Your-logic (object-logic)

Embedding of I in I
Domain-Specific Language(s)/Theorie(s)

Object Logic(s)

Meta-Logic (HOL)

Pass this set of equations to a higher-order automated theorem prover
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Embeddlng of PFHOL into HOL Freie Universitat

Isabelle/HOL is an interactive proof assistant providing access to the model generator nitpick
and the meta-prover sledgehammer that, in turn, invokes third-party resolution provers, SMT

solvers, and higher-order provers.

Embedding will be given directly in Isabelle/HOL.
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Embedding of PFHOL into HOL Freie Universit'at

[ NN ) & Seq.thy
TE@®mE & 5 e Xo0 @@‘|~|W«»|E/ﬁ@\\@»
0 Seq.thy (SISABELLE_ROOT/src/HOL/ex/) B [3 (3 | isabele
. - & x|
section <Finite sequences> ilter: %
A 4
Seq.thy
theo ry Seq ¥ section <Finite sequences: wv
. . theory Seq %
impo rts Main datatype 'a seq = Empty | Seq 'a "'a s¢ E
:
begln fun reverse :: "'a seq = 'a seq" g

Llemma conc_empty: “conc xs Empty = xs”
Llemma conc_assoc: “conc (conc xs ys) z:

datatype 'a seq = Empty | Seq 'a "'a seq" o e e ot
fun conc :: "'a seq = 'a seq = 'a seq"l
where
"conc Empty ys = ys"
| "conc (Seq x xs) ys = Seq x (conc xs ys)"
3 2
fun revers constant "Seq.seq.Seq"
where :: 'a = 'aseq = 'a seq
"reverse cy
| "reverse (Seq x xs) = conc (reverse xs) (Seq x Empty)"

T Lemma conc_empty: "conc xs Empty = xs"
by (induct xs) simp_all

| Proof state Auto update Update  Search: v 100%  ~
constants
conc :: "'a seq = 'a seq = 'a seq"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}"

o - (ot Irina Makarenko
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Embeddin g of P iInto HOL Freie Universitat %

typedecl 1

consts fExistence :: "'a = bool" ("E")

consts fUndef :: "'a" ("e")

axiomatization where fUndefIAxiom: "—E (e::i)"
axiomatization where fFalsehoodBAxiom: "(e::bool) = False"
axiomatization where fTrueAxiom: "E True"

axiomatization where fFalseAxiom: "E False"
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Embedding of PFHOL into HOL Freie Universitit

definition fldentity :: "'a = 'a = bool" (infixr "=" 56)
where "o = ¥ = ¢ = YP"

definition fNot :: "bool = bool" ("= " [52]53)
where "—p = —p"

definition fOr :: "bool = bool = bool" (infixr "V" 51)
where "o V ¢ = ¢ V 9"
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Em beddlng of P iInto HOL Freie Universitat x;gw

definition fForall :: "('a = bool) = bool" ("V")
where "V® = Vx. E x — & x"
definition fForallBinder:: "('a = bool) = bool" (binder "V" [8]9)

where "Vx. ¢ x = Vp"

definition fThat :: "('a = bool) = 'a" ("I")
where "I® = 1f Ix. EX A & X A (Vy. (Ey A D y) — (y = X))
then THE x. E X A & X
else e"
definition fThatBinder:: "('a = bool) = 'a" (binder "I" [8]9)
where "IX. ¢ X = Ip"
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Embedding of P into HOL Freie Universitiit ({4

definition fAnd :: "bool = bool = bool" (infixr "A" 52)
where "o A ¢ = =(—-p V )"
definition fImp :: "bool = bool = bool" (infixr "—" 49)
where "¢ — 1) = =p V "
definition fEquiv :: "bool = bool = bool" (infixr "e" 50)
where "o & v = p = P A Y = "
definition fExists :: "('a = bool) = bool" ("3")
where "Jd¢ = ﬁ(V()\y. —l((I> y)))"
definition fExistsBinder :: "('a = bool) = bool" (binder "3" [8]9)

where "3Ix. ¢ x = dp"
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Prior's Paradox Freie Universitét G Sell Ve

OVp(Op — —p) — dp(Op Ap) A Ip(Op A —p)

Reading Op as, for instance, ‘Kaplan says at midnight that p’, Prior’'s paradox says that if Kaplan says at midnight that
everything he says at midnight is false, then he says something true at midnight and also something false at midnight.

lemma "(Q (Vp. (Q p — (=p)))) — ((Ip. Q pAP) A(EGp. Qp A (mp)))"

Irina Makarenko
EXTENDD
30.04.2025



Prior's Paradox Freie Universitat k m

axiomatization where fTrueAxiom: "E True"
axiomatization where fFalseAxiom: "E False"

lemma "(Q (Vp. (Q p — (=p)))) = ((Ap. QpAP) A (Tp. Qp A (=p)))"
using Defs by (smt fFalseAxiom fTrueAxiom)
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Prior’'s Paradox Freie Universitat * ;

lemma "(Q (Vp. (Q p — (=p)))) — ((p. @ p Ap) A (Fp. Qp A (-p)))"
nitpick [user axioms=true, show all, format=2]
oops

Nitpick found a counterexample for card 1 = 3:

Free variable:

Q = (M. )(True := True, False := True)
Constants:

E= (A. )(True := True, False := False)

E= (M. )(i, := False, 1, := False, 1; := True)

e = 1,

e = False
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Summa ry Frele Universitat CHEF

We exploited a shallow semantical embedding (SSE) for reducing the automation of free higher-order logic to
reasoning within a classical higher-order logic framework.

SSEs allow us to profit from the strength of long-standing reasoning systems for establishing the correctness of
theories in non-classical logics like free logic.

Free logic is well suited to represent abstract objects and to support hypothetical reasoning with fictive (and
concrete) entities, and can therefore be applied in metaphysics, ethics, and law.
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Thank you
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