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Ontological Argument

Outline:

1 Ontological arguments.

2 Anselm’s argument from Proslogion II (AA).

3 General remarks on formalisation of AA.

4 Barnes’ approach.

5 Oppenheimer and Zalta’s formalisations (OZ).

6 My formalisation.

7 Comments on the logic required to validate AA.
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Ontological Argument

Versions:

1 Anselm Proslogion II, III.

2 Descartes.

3 Leibniz.

4 Gödel.

Several critics: Gaunilon, Kant, Russell
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4 Gödel.

Several critics: Gaunilon, Kant, Russell

Andrzej Indrzejczak Russellian Logic of Definite Descriptions and Anselm’s God



Ontological Argument

Versions:

1 Anselm Proslogion II, III.

2 Descartes.

3 Leibniz.

4 Gödel.
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Ontological Argument

Several Formalisations:

1 Malcolm.

2 Hartshorne.

3 Plantinga.

4 Sobel.

5 Gödel.

Most of them concerned with modal approach.
But we focus on Proslogion II which is more dependent on the
logic of DD than on modal logics.
Some approaches to Proslogion II in this style:
Barnes, Oppenheimer and Zalta (OZ formalisation).
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5 Gödel.

Most of them concerned with modal approach.

But we focus on Proslogion II which is more dependent on the
logic of DD than on modal logics.
Some approaches to Proslogion II in this style:
Barnes, Oppenheimer and Zalta (OZ formalisation).

Andrzej Indrzejczak Russellian Logic of Definite Descriptions and Anselm’s God



Ontological Argument

Several Formalisations:

1 Malcolm.

2 Hartshorne.

3 Plantinga.

4 Sobel.

5 Gödel.
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Ontological Argument

Proslogion II (translated by Mann):

1 Thus even the fool is convinced that something than which nothing
greater can be conceived is in the understanding, since when he hears
this, he understands it; and whatever is understood is in the
understanding. (II.8)

2 And certainly that than which a greater cannot be conceived
cannot be in the understanding alone. (II.9)

3 For if it is even in the understanding alone, it
can be conceived to exist in reality also, which is greater. (II.10)

4 Thus if that than which a greater cannot be conceived
is in the understanding alone, then that than which a greater cannot be
conceived is itself that than which a greater can be conceived. (II.11)

5 But surely this cannot be. (II.12)

6 Thus without doubt something than which a greater cannot be conceived
exists, both in the understanding and in reality. (II.13)
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Ontological Argument

Proslogion II formalised:

The problems:

1 interpretation of key phrases;

2 the choice of proper formal language;

3 the choice of proper logic.
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Ontological Argument

Preliminary remarks on interpretation:

1. Differences between: ‘understands’, ‘in the understanding’,
‘conceived’. Following Barnes we can unify them.
2. Difference between ‘id quo’ and ‘aliquid quo’ in descriptions:
– Some deny that in AA we have DD at all (Lewis, Eder).
– Some differentiate between indefinite (aliquid quo) and definite
description (id quo) in AA (Barnes, OZ).
3. (a) ‘can be conceived’ or (b) ‘conceivable’ – to separate modal
aspect or to embed it;
OZ choose (b), I prefer (a) since it helps to treat ‘is conceived’ and
‘is in the understanding’ as synonyms and, in accordance with
Anselm’s conviction, makes the presence of the concept of God in
the fool’s understanding not something which is just possible but
which simply holds – ‘Thus even the fool is convinced...’
4. ‘conceived’ as applied to (a) objects or to (b) states;
Barnes prefers (b) but using DD helps to avoid this problem and
takes (a) as the only one required.
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Ontological Argument

How to characterise God?

In general by DD ıxϕi (x), where
1. in OZ: ϕ1(x) := Cx ∧ ¬∃y(Gyx ∧ Cy)
and
Cx = x is conceivable
Gyx = y is greater than x .
2. in my formalisation: ϕ2(x) := ¬∃y(Gyx ∧ ♦Cy)
and
Cx = x is conceived
3. Barnes is using ıx¬∃yyI : Gzx , where xI : ϕ = x can imagine
(conceive) that ϕ (paramodal binary operator)
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Ontological Argument – step by step

II.8:

Thus even the fool is convinced that something than which
nothing greater can be conceived is in the understanding, since
when he hears this, he understands it; and whatever is understood
is in the understanding.

Schematically A; it is the first premiss of AA which is supported by
subordinate argument which summarises the content of sentences
1-7 of chapter II (‘since ... understanding.’)

In OZ: ∃xϕ1(x)
in my formalisation: C ıxϕ2(x)
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subordinate argument which summarises the content of sentences
1-7 of chapter II (‘since ... understanding.’)

In OZ: ∃xϕ1(x)
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Ontological Argument – step by step

II.9:

And certainly that than which a greater cannot be conceived
cannot be in the understanding alone.

Schematically �¬♦(A ∧ ¬B). This is just a statement of what is
supposed to be shown.
There are modal notions (we treat ‘certainly’ as expressing
necessity of this statement) but not essential; modal operators in
the prefix have rather a rhetoric value; they serve to emphasize
that what is expressed in their scope is not possible. After using
modal principle T (the medieval principle ab necesse ad esse valet
consequentia), the interdefinability of � and ♦ and propositional
logic, we obtain simply A → B.
As for B it introduces implicitly the notion of existence in reality as
opposed to being in the understanding; in II.13 it is used ‘exists’
explicitly. Thus it may be formalised either as Ex or ∃xRx or ∃xEx .
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Ontological Argument – step by step

II.10:

For if it is even in the understanding alone, it
can be conceived to exist in reality also, which is greater.

A ∧ ¬B → C . It is the second premiss of AA, appearing directly
after stating the goal (II.9) with explicit characterisation of its role
as a justification of it (‘For ...’). The antecedent is just the
(modally free) statement of what was denied in II.9
C may be understood in two ways:
1. as stating that the thing which is the existing ıxϕ(x) is greater
than ıxϕ(x);
2. as stating that there is an object (not necessarily existing
ıxϕ(x)) greater than ıxϕ(x) (Barnes, OZ).
I follow interpretation 1. because such a formalisation of II.10 is
closer to Anselm’s formulation. In particular it seems that II.11 is
based on such interpretation and does not make sense if we
assume that the thing greater than ıxϕ(x) is something else.
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Ontological Argument – step by step

II.11:

Thus if that than which a greater cannot be conceived
is in the understanding alone, then that than which a greater
cannot be conceived is itself that than which a greater can be
conceived.

A ∧ ¬B → D. It is not a separate premiss but is supposed to
follow from II.10 (‘Thus ...’).
It seems to be used only for expressing the effect of II.10 (premiss
2) in a more evident way. It just says that if the antecedent of
premiss 2 holds, then we obtain D which is the identity of
contradictory descriptions which follows by transitivity from
premiss 2, providing the consequent of premiss 2 leads directly to
contradiction. So in the formal proof we do not need to deal with
it explicitly.
On the other hand, its occurrence in AA supports rather
interpretation 1 of II.10.
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Ontological Argument – step by step

II.12, II.13:

But surely this cannot be.

Thus without doubt something than which a greater cannot be
conceived exists, both in the understanding and in reality.

II.12 simply states that D is contradictory: D → ⊥
On this basis we obtain by modus tollens E ıxϕ, hence the
conclusion in sentence II.13 follows which is A ∧ B.

Therefore the crucial thing is to show that C (on whaterver
interpretation) leads to contradiction, and this step requires the
application of proper logic of DD.

Andrzej Indrzejczak Russellian Logic of Definite Descriptions and Anselm’s God



Ontological Argument – step by step

II.12, II.13:

But surely this cannot be.

Thus without doubt something than which a greater cannot be
conceived exists, both in the understanding and in reality.

II.12 simply states that D is contradictory: D → ⊥
On this basis we obtain by modus tollens E ıxϕ, hence the
conclusion in sentence II.13 follows which is A ∧ B.

Therefore the crucial thing is to show that C (on whaterver
interpretation) leads to contradiction, and this step requires the
application of proper logic of DD.

Andrzej Indrzejczak Russellian Logic of Definite Descriptions and Anselm’s God



Ontological Argument – step by step

II.12, II.13:

But surely this cannot be.

Thus without doubt something than which a greater cannot be
conceived exists, both in the understanding and in reality.

II.12 simply states that D is contradictory: D → ⊥

On this basis we obtain by modus tollens E ıxϕ, hence the
conclusion in sentence II.13 follows which is A ∧ B.

Therefore the crucial thing is to show that C (on whaterver
interpretation) leads to contradiction, and this step requires the
application of proper logic of DD.

Andrzej Indrzejczak Russellian Logic of Definite Descriptions and Anselm’s God



Ontological Argument – step by step

II.12, II.13:

But surely this cannot be.

Thus without doubt something than which a greater cannot be
conceived exists, both in the understanding and in reality.

II.12 simply states that D is contradictory: D → ⊥
On this basis we obtain by modus tollens E ıxϕ, hence the
conclusion in sentence II.13 follows which is A ∧ B.

Therefore the crucial thing is to show that C (on whaterver
interpretation) leads to contradiction, and this step requires the
application of proper logic of DD.

Andrzej Indrzejczak Russellian Logic of Definite Descriptions and Anselm’s God



Ontological Argument – step by step

II.12, II.13:

But surely this cannot be.

Thus without doubt something than which a greater cannot be
conceived exists, both in the understanding and in reality.

II.12 simply states that D is contradictory: D → ⊥
On this basis we obtain by modus tollens E ıxϕ, hence the
conclusion in sentence II.13 follows which is A ∧ B.

Therefore the crucial thing is to show that C (on whaterver
interpretation) leads to contradiction, and this step requires the
application of proper logic of DD.

Andrzej Indrzejczak Russellian Logic of Definite Descriptions and Anselm’s God



Ontological Argument

The overall structure:

1. A (sentence II.8, premiss 1)
Show: �¬♦(A ∧ ¬B) (sentence II.9, the goal)
2. A ∧ ¬B → C (sentence II.10, premiss 2)
2.1. A ∧ ¬B assumption
2.2. C 2,2.1
2.3. D (supposed to follow from 2.2.)
3. A ∧ ¬B → D (sentence II.11, by 2.1–2.3)
4. D → ⊥ (sentence II.12)
5. ¬(A ∧ ¬B) 3,4
6. B 1,5
7. A ∧ B (sentence II.13) 1,6

where A states that God (i.e. respective DD) is in the
understanding, B that it does not exist in reality, C that ‘it can be
conceived to exist in reality also, which is greater’, D states the
identity of two contradictory descriptions.
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Barnes formalisation:

The Language:

f - a fool
Uxy = x understands y
Mxy = y is in the understanding (mind) of x
Gxy = x is greater than y
Ex = x exists in reality
xI : ϕ = x can imagine (conceive) that ϕ
xI : Fy = x can imagine something F

Note that although he is denying the modal character of AA, he in
fact add some binary (para-modal) operator I :.
Moreover he is adding it in two forms which seems to suggest that
he intends to make a distinction between ‘conceiving x ’ and
‘conceiving that ϕ; but it is not clear.
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Barnes formalisation:

The Language:

Moreover Barnes introduces additional rule for his para-modal
operator:

(RImag) aI : Fb / aI : Fx [if someone can imagine that b is F ,
than he can imagine something F ]

So we have ad hoc para-modal enrichment of some (which one?)
extensional logic.

Barnes’ God’s description is ıxϕ(x), where ϕ(x) := ¬∃yyI : Gzx
It seems to be mistaken and should be rather: ϕ(x) := ¬∃zyI : Gzx
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Barnes formalisation:

The premisses:

There are 5 premisses:

1. Uf ıxϕ Pr 1
2. ∀xy(Uxy → Mxy) Pr 2
3. ∀xy(Mxy → xI : Ey) Pr 3
4. ∀y(∃xMxy ∧ ¬Ey → ∀z(Ez → Gzy)) Pr 4 [II.10]
5. ∀ϕψ((ϕ→ ψ) → ∀x(xI : ϕ→ xI : ψ)) Pr 5

Note that Pr 5 is a postulate concerning I :, moreover it is in the
second-order logic [additional ad hoc enrichment].
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Barnes formalisation:

Proof:

1. Uf ıxϕ Pr 1
2. ∀xy(Uxy → Mxy) Pr 2
3. ∀xy(Mxy → xI : Ey) Pr 3
4. ∀y(∃xMxy ∧ ¬Ey → ∀z(Ez → Gzy)) Pr 4
5. ∀ϕψ((ϕ→ ψ) → ∀x(xI : ϕ→ xI : ψ)) Pr 5
6. ¬E ıxϕ indirect ass.
7. Uf ıxϕ→ Mf ıxϕ 2
8. Mf ıxϕ→ fI : E ıxϕ 3
9. Mf ıxϕ 1,7
10. fI : E ıxϕ 8,9
11. ∃xMf ıxϕ ∧ ¬E ıxϕ→ ∀z(Ez → Gzıxϕ) 4
12. ∃xMxıxϕ 9
13. ∃xMxıxϕ ∧ ¬E ıxϕ 6,12
14. ∀z(Ez → Gzıxϕ) 11,13
15. E ıxϕ→ G ıxϕıxϕ 14
16. (E ıxϕ→ G ıxϕıxϕ) → ∀x(xI : E ıxϕ→ xI : G ıxϕıxϕ) 5
17. ∀x(xI : E ıxϕ→ xI : G ıxϕıxϕ) 15,16
18. fI : E ıxϕ→ fI : G ıxϕıxϕ 17
19. fI : G ıxϕıxϕ 10,18
20. fI : Gzıxϕ 19, RImag
21. ∃yyI : Gzıxϕ := ∃yyI : Gzıx¬∃yyI : Gzx 20
22. ⊥ 21
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Barnes formalisation:

Comments:

∀E and ∃I are applied with no restrictions (contrary to what is
admitted in RDD or FL) like in classical logic (so it may be
admitted only in the Fregean logic of DD).
Barnes assumes that 21 is contradictory but it is not; we need also:
¬∃yyI : Gzıxϕ := ¬∃yyI : Gzıx¬∃yyI : Gzx
but this is not a thesis; it is derivable in Fregean DD (the logic
suggested by unrestricted application of ∀E and ∃I ) if we have
∃1xϕ or in FL if we have ∃y(y = ıxϕ) (in RDD it does not matter;
they are equivalent).
Barnes’ Pr 4, corresponding to II.10 is very strong; it leads to
∀z(Ez → Gzıxϕ).
It seems that introducing two forms of I : is not necessary; in the
proof it is always used as having a formula as the second argument.
Also his rule RImag is not necessary if we correct God’s description.
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OZ formalisation:

The Logic:

Pure FOLI +
RA ψ(ıxϕ(x)) ↔ ∃y(∀x(ϕ(x) ↔ x = y) ∧ ψ(y))

Oppenheimer and Zalta in the first version use the following
theorems and lemmata:

The general ones derivable from Russell axiom:

Description theorem 1: ∃1xϕ→ ∃y(y = ıxϕ)
Lemma 1: t = ıxϕ→ ϕ[x/t]
Description theorem 2: ∃y(y = ıxϕ) → ϕ[x/ıxϕ]
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OZ formalisation:

Additional Assumptions:

Definitions:

let ϕ1 := Cx ∧ ¬∃y(Gyx ∧ Cy)
where:
C = is conceivable
G = is greater than
Then ıxϕ1 denotes Anselmian’s God.

Specific assumption:

Connectedness of G: ∀xy(Gxy ∨ Gyx ∨ x = y)
Lemma 2: ∃xϕ1 → ∃1xϕ1
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OZ formalisation I:

The Argument:

Premiss 1 ∃xϕ1 [II.8]
Premiss 2 ¬E ıxϕ1 → ∃y(Gy ıxϕ1 ∧ Cy) [II.10]
Conclusion E ıxϕ1 [II.13]

where:
ϕ1 := Cx ∧ ¬∃y(Gyx ∧ Cy)
E is the existence predicate which is not definable in the logic of
DD.

Some other formulations (in response to objections) of Premiss 2
were considered:
Premiss 2’ ∀x(¬Ex → ∃y(Gyx ∧ Cy))
Premiss 2” ∀x(ϕ1 ∧ ¬Ex → ∃y(Gyx ∧ Cy))
Premiss 2”’ ∀x(Cx ∧¬Ex → ∃y(Gyx ∧Cy)) [Kalish and Montague]
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OZ formalisation I:

The Proof:

1. ∃xϕ1 Pr 1
2. ∃1xϕ1 1, Lemma 2
3. ∃y(y = ıxϕ1) 2, Description theorem 1
4. C ıxϕ1 ∧ ¬∃y(Gy ıxϕ1 ∧ Cy) 3, Description theorem 2
5. ¬∃y(Gy ıxϕ1 ∧ Cy) 4
6. ¬E ıxϕ1 → ∃y(Gy ıxϕ1 ∧ Cy) Pr 2
7. E ıxϕ1 5, 6

It holds also if we change Premiss 2 for other variant considered
above.
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OZ formalisation II:

Simplified Approach discovered by PROVER9:

In the second version they use only:

Prem 2: ¬E ıxϕ1 → ∃y(Gy ıxϕ1 ∧ Cy) [II.10]
Description theorem 2: ∃y(y = ıxϕ) → ϕ[x/ıxϕ]

and additionally

Description theorem 3: ψ[z/ıxϕ] → ∃y(y = ıxϕ), i.e. SA
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OZ formalisation II:

The Proof:

1. ¬E ıxϕ1 indirect assumption
2. ¬E ıxϕ1 → ∃y(Gy ıxϕ1 ∧ Cy) Pr 2
3. ∃y(Gy ıxϕ1 ∧ Cy) 1,2
3.1. Gaıxϕ1 ∧ Ca 3, assumption with fresh a
3.2. Gaıxϕ1 3.1.
3.3. ∃y(y = ıxϕ1) 3.2, Description theorem 3
4. ∃y(y = ıxϕ1) 3, 3.1–3.3, by discharge
5. C ıxϕ1 ∧ ¬∃y(Gy ıxϕ1 ∧ Cy) 4, Description theorem 2
6. ¬∃y(Gy ıxϕ1 ∧ Cy) 5
7. E ıxϕ1 from contradiction 3, 6
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OZ formalisation II:

Alernative proof in SC for RDD:

⇒ b = b

Gab ⇒ Gab Ca ⇒ Ca (⇒ ∧)
Gab,Ca ⇒ Gab ∧ Ca

(⇒ ∃)
Gab,Ca ⇒ ∃y(Gyb ∧ Cy)

(¬ ⇒)
¬∃y(Gyb ∧ Cy),Gab,Ca ⇒

(W ⇒)
Cb,¬∃y(Gyb ∧ Cy),Gab,Ca ⇒

(∧ ⇒)
Cb ∧ ¬∃y(Gyb ∧ Cy),Gab,Ca ⇒

(ı⇒)
b = ıx(Cx ∧ ¬∃y(Gyx ∧ Cy)),Gab,Ca ⇒

(Str ⇒)
Gaıx(Cx ∧ ¬∃y(Gyx ∧ Cy)),Ca ⇒

(∧ ⇒)
Gaıx(Cx ∧ ¬∃y(Gyx ∧ Cy)) ∧ Ca ⇒

(∃ ⇒)
∃y(Gy ıx(Cx ∧ ¬∃y(Gyx ∧ Cy)) ∧ Cy) ⇒

(⇒ ¬)
⇒ ¬∃y(Gy ıx(Cx ∧ ¬∃y(Gyx ∧ Cy)) ∧ Cy)

the only required elements are Prem 2, (Str ⇒) corresponding to
DesTh 3 and (ı⇒) corresponding to one direction of RA (or
rather LA).
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Modified formalisation:

Main features:

1 separation of modal notions (‘can be conceived’ not
‘conceivable’);

2 synonymy of ‘is in the understanding’ and ‘is conceived’;

3 always DD never ID (contra Barnes ‘aliquid quo’ versus ‘id
quo’);

4 no distinction between ‘conceived t’ and ‘conceived that ϕ’.
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Modified formalisation:

Formalisation:

II.8 C ıxϕ2

II.9 �¬♦(C ıxϕ2 ∧ ¬E ıxϕ2)
II.10 C ıxϕ2 ∧ ¬E ıxϕ2 →

♦C ız(Ez ∧ z = ıxϕ2) ∧ G ız(Ez ∧ z = ıxϕ2)ıxϕ2

II.11 C ıxϕ2 ∧ ¬E ıxϕ2 → ıxϕ2 = ıx∃y(Gyx ∧ ♦Cy)
II.12 ıxϕ2 = ıx∃y(Gyx ∧ ♦Cy) → ⊥
II.13 C ıxϕ2 ∧ E ıxϕ2

where ıxϕ2 := ıx¬∃y(Gyx ∧ ♦Cy)
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Modified formalisation:

The proof of the crucial part:

1. ¬E ıxϕ2 indirect ass.
2. C ıxϕ2 Pr 1
3. C ıxϕ2 ∧ ¬E ıxϕ2 →

♦C ız(Ez ∧ z = ıxϕ2) ∧ G ız(Ez ∧ z = ıxϕ2)ıxϕ2 Pr 2
4. ♦C ız(Ez ∧ z = ıxϕ2) ∧ G ız(Ez ∧ z = ıxϕ2)ıxϕ2 1, 2, 3
5. G ız(Ez ∧ z = ıxϕ2)ıxϕ2 4
6. ∃y(∀z(Ez ∧ z = ıxϕ2 ↔ z = y) ∧ Gy ıxϕ2) 5, RA→

6.1. ∀z(Ez ∧ z = ıxϕ2 ↔ z = a) ∧ Gaıxϕ2 6, existential ass.
6.2. ∀z(Ez ∧ z = ıxϕ2 ↔ z = a) 6.1
6.3. Ea ∧ a = ıxϕ2 ↔ a = a 6.2
6.4. Ea 6.3
6.5. a = ıxϕ2 6.3
6.6. E ıxϕ2 6.4, 6.5
7. E ıxϕ2 6.1–6.6,

by discharge of 6.1
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Modified formalisation:

Some comments:

Weak points: in contrast to OZ this is not a diagonal argument;
the character of ϕ2 has nothing to do here.
In fact the proof goes even if we use the following premiss 2:
∀x(Cx ∧ ¬Ex → ♦C ız(Ez ∧ z = x) ∧ G ız(Ez ∧ z = x)x)
Hence it is also very general not specifically based on God
description.
On the other hand, note that if we change Pr 1 with OZ Pr 1, or
simplify the antecedent of Pr 2 (as in OZ), nothing changes; the
proof goes as before since C ıxϕ is used only in propositional
inferences so A of any shape will do.
It seems that to validate OZ we need full strength of RA, whereas
for this proof of AA RA→ is enough. But ...
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OZ II again:

Another proof of OZ [only RA→ used]:

1. ¬E ıxϕ1 indirect assumption
2. ¬E ıxϕ1 → ∃y(Gy ıxϕ1 ∧ Cy) Pr 2
3. ∃y(Gy ıxϕ1 ∧ Cy) 1,2
3.1. Gaıxϕ1 ∧ Ca 3, existential ass. with fresh a
3.2. Gaıxϕ1 3.1
3.3. Ca 3.1
3.4. ∃y(∀x(ϕ1 ↔ x = y) ∧ Gay) 3.2, RA→

3.4.1. ∀x(ϕ1 ↔ x = b) ∧ Gab 3.4, existential ass. with fresh b
3.4.2. (ϕ1[x/b] ↔ b = b) ∧ Gab 3.4.1
3.4.3. ϕ1[x/b] ↔ b = b 3.4.2
3.4.4. Gab 3.4.2
3.4.5. Cb ∧ ¬∃y(Gyb ∧ Cy) 3.4.3 [:= ϕ1[x/b]]
3.4.6. ¬∃y(Gyb ∧ Cy) 3.4.5
3.4.7. Gab ∧ Ca 3.4.4, 3.3
3.4.8. ∃y(Gyb ∧ Cy) 3.4.7
3.4.9. ⊥ 3.4.6, 3.4.8
3.5. ⊥ 3.4.1-3.4.9, by discharge of 3.4.1
4. ⊥ 3.1-3.5, by discharge of 3.1
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The Weakest Logic validating AA:

RA→ reformulated:

So it seems that the weakest logic for AA is pure FOLI with RA→.
But let us examine it a bit further; we can replace RA→ with three
axioms:

RAa ψ(ıxϕ) → ∃xϕ
RAb ψ(ıxϕ) → ∀x(ϕ→ ψ(x))
RAc ψ(ıxϕ) → ∀xy(ϕ ∧ ϕ(y) → x = y)

Do we really need all of them to prove AA?
Let us analyse OZ again:
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The Weakest Logic validating AA:

Another proof of OZ [only RAa, RAb used]:

1. ¬E ıxϕ1 indirect assumption
2. ¬E ıxϕ1 → ∃y(Gy ıxϕ1 ∧ Cy) Pr 2
3. ∃y(Gy ıxϕ1 ∧ Cy) 1,2
3.1. Gaıxϕ1 ∧ Ca 3, existential ass. with fresh a
3.2. Gaıxϕ1 3.1
3.3. Ca 3.1
3.4. ∃xϕ1 3.2, RAa
3.4.1. Cb ∧ ¬∃z(Gzb ∧ Cz) 3.4, existential ass. with fresh b
3.4.2. ∀x(ϕ1 → Gax) 3.2, RAb
3.4.3. Cb ∧ ¬∃z(Gzb ∧ Cz) → Gab 3.4.2
3.4.4. Gab 3.4.1, 3.4.3
3.4.5. Gab ∧ Ca 3.4.4, 3.3
3.4.6. ∃y(Gyb ∧ Cy) 3.4.7
3.4.7. ¬∃y(Gyb ∧ Cy) 3.4.1
3.4.8. ⊥ 3.4.6, 3.4.7
3.5. ⊥ 3.4.1-3.4.8, by discharge of 3.4.1
4. ⊥ 3.1-3.5, by discharge of 3.1

only RAa and RAb is needed.
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The Weakest Logic validating AA:

Another proof of OZ [only RAa, RAb used]:

1. ¬E ıxϕ1 indirect assumption
2. ¬E ıxϕ1 → ∃y(Gy ıxϕ1 ∧ Cy) Pr 2
3. ∃y(Gy ıxϕ1 ∧ Cy) 1,2
3.1. Gaıxϕ1 ∧ Ca 3, existential ass. with fresh a
3.2. Gaıxϕ1 3.1
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3.4.1. Cb ∧ ¬∃z(Gzb ∧ Cz) 3.4, existential ass. with fresh b
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3.4.3. Cb ∧ ¬∃z(Gzb ∧ Cz) → Gab 3.4.2
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3.4.6. ∃y(Gyb ∧ Cy) 3.4.7
3.4.7. ¬∃y(Gyb ∧ Cy) 3.4.1
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The Weakest Logic validating AA:

Another proof of my formalisation:

1. ¬E ıxϕ2 ind. ass.
2. C ıxϕ2 Pr 1
3. C ıxϕ2 ∧ ¬E ıxϕ2 →

♦C ız(Ez ∧ z = ıxϕ2) ∧ G ız(Ez ∧ z = ıxϕ2)ıxϕ2 Pr 2
4. ♦C ız(Ez ∧ z = ıxϕ2) ∧ G ız(Ez ∧ z = ıxϕ2)ıxϕ2 1, 2, 3
5. G ız(Ez ∧ z = ıxϕ2)ıxϕ2 4
6. ∃z(Ez ∧ z = ıxϕ2) 5, RAa
6.1. Ea ∧ a = ıxϕ2 6, ex. ass.
6.2. Ea 6.1
6.3. a = ıxϕ2 6.2
6.4. E ıxϕ2 6.2, 6.3
7. E ıxϕ2 6.1–6.4

Only RAa is necessary! So objectively my formalisation requires
even weaker logic than OZ.
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The Weakest Logic validating AA:

Other logics validating AA? – The role of premiss 1

It seems that both in the approach of OZ and in mine, RDD is a
logic that works.
However we have focused on the role of premiss 2 (II.10). What if
we consider changing premiss 1? There are at least the following
choices:

1 C ıxϕ (mine)

2 ∃xϕ (OZ; it actually follows from mine by RA→ or RAa)

3 ∃x(x = ıxϕ) (it follows from mine by SA)

4 ∃1xϕ

Note that if we take 3 as premiss 1, then AA is valid in PFL, since
` ∃x(x = ıxϕ) → ϕ(ıxϕ)
If we take 4, then AA is valid in Frege logic of DD, since
` ∃1xϕ→ ϕ(ıxϕ)
However, note that in the first formalisation of OZ ∃1xϕ follows
from ∃xϕ by connectedness of G .
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