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This represents joint works with Barnabas Farkas, Sebastian Jachimek,
Jordi Lopez-Abad, Anna Pelczar-Barwacz.
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Norms in RN

For a 'norm’
| RY — [0, 0]
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e.g. foo, fl, 62,
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Norms in RN

For a 'norm’
| RY — [0, 0]

we define
e Fin(||-]) ={x¢€e RN ||x|| < oo}

e.g. foo, fl, 62,

o Exh(||-]) = {x € RN: ||(0,---,0,x(n),x(n+1),-

e.g. C, 51, 52,
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Norms in RN

For a 'norm’
| RY — [0, 0]

we define
e Fin(||-]) ={x¢€e RN ||x|| < oo}

e.g. foo, fl, 62,
° EXh(H ' ”) = {X S RN: ||(O7 o ,O,X(n),x(n—i- 1)7)” —n O}

e.g. C, 61, 62,
This is a slang coming from set theory (analytic P-ideals).
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Banach exhaustive spaces

Theorem (PBN, Farkas) If a norm || - || satisfies certain natural conditions,
then Fin(]| - ||) and Exh(]| - ||) are Banach spaces.
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Theorem (PBN, Farkas) If a norm || - || satisfies certain natural conditions,
then Fin(]| - ||) and Exh(]| - ||) are Banach spaces.

Theorem (PBN, Farkas, in fact folklore) If X is a Banach space with
unconditional basis, then X is isometric to Exh(|| - ||) for some norm || - ||.
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unconditional basis, then X is isometric to Exh(|| - ||) for some norm || - ||.

Theorem (PBN, Farkas, in fact Petczyniski) A space Exh(|| - ||) does not
contain a copy of ¢ if and only if Exh(]| - ||) = Fin(|| - ||)-

Theorem (PBN, Farkas, in fact folklore) If a space Exh(]| - ||) does not

contain a copy of {1, then Fin(|| - ||) is isometric to the double dual of
Exh(]] - )-
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Combinatorial norm

Fix a hereditary family F of finite subsets of N.
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Combinatorial norm

Fix a hereditary family F of finite subsets of N.

For x € RN Jet

X||F = sup x(1)].
[l FEfZI ()]

ieF
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Combinatorial norm

Fix a hereditary family F of finite subsets of N.

For x € RN Jet

X||F = sup x(i)].
[Ix] FefZI (N

ieF

e if F = {singletons}, then Fin(F) =, Exh(F) =co.
e if 7 = {finite sets}, then Fin(F) =
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Combinatorial norm

Fix a hereditary family F of finite subsets of N.

For x € RN Jet

X||F = sup x(i)].
[Ix] FefZI (N

ieF

e if F = {singletons}, then Fin(F) =, Exh(F) =co.
e if 7 = {finite sets}, then Fin(F) ={1, Exh(F) =/1.
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Convention

X7 = Exh(F).
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The canonical example

The Schreier family:

S={FCN:|F| <minF +1}.

Xs is called the Schreier space.
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The canonical example

The Schreier family:
S={FCN:|F|<minF +1}.

Xs is called the Schreier space.

The family S is compact (in the Cantor topology): a hereditary family F
is compact iff there is no infinite N C w such that [N]* C F.
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Compact families

If F is compact, then Xr can be embedded into C(F), the Banach space
of continuous functions on F.
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Compact families

If F is compact, then Xr can be embedded into C(F), the Banach space
of continuous functions on F.

Theorem (Petczynski) If K is compact and countable, then C(K) is
co-saturated, i.e. each oo-dim subspace of C(K) contains an isomorphic
copy of ¢.
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Compact families

If F is compact, then Xr can be embedded into C(F), the Banach space
of continuous functions on F.

Theorem (Petczyniski) If K is compact and countable, then C(K) is
co-saturated, i.e. each oo-dim subspace of C(K) contains an isomorphic
copy of ¢.

So, if F is compact, then Xr is cy-saturated.
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Compact families

If F is compact, then Xr can be embedded into C(F), the Banach space
of continuous functions on F.

Theorem (Petczyniski) If K is compact and countable, then C(K) is
co-saturated, i.e. each oo-dim subspace of C(K) contains an isomorphic
copy of ¢.

So, if F is compact, then Xr is cy-saturated.

Each countable compact space is scattered (i.e. it does not contain a
Cantor set). One can analyze Xr for compact families in terms of
Cantor-Bendixson rank of F (higher order Schreier spaces).
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What about non-compact families?

If F is not compact, then Xr contains a copy of ¢1 (e.g. on any infinite
N € F).
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What about non-compact families?

If F is not compact, then Xr contains a copy of ¢1 (e.g. on any infinite
N € F).

A natural example: consider the dyadic tree 2<N (instead of N).
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What about non-compact families?

If F is not compact, then Xr contains a copy of ¢1 (e.g. on any infinite
N € F).

A natural example: consider the dyadic tree 2<N (instead of N).

Let A = {finite antichains} and C = {finite chains}.
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What about non-compact families?

If F is not compact, then Xr contains a copy of ¢1 (e.g. on any infinite
N € F).

A natural example: consider the dyadic tree 2<N (instead of N).
Let A = {finite antichains} and C = {finite chains}.

[Contemplate X4 and Xc.]
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Farah space

Let I, = [2",2"F1) for every n. Let

F = {F €[N vn 'FW "l < 1/n).

Then
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Farah space

Let /, = [2",2"F1) for every n. Let

[F N

F={F € [N|~®:Vn 7

< 1/n}.

Then

@ Xr is not isomorphic to /1,
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F={F € [N|~®:Vn 7

< 1/n}.

Then
@ Xr is not isomorphic to /1,
@ Xr is {1-saturated,
@ in fact Xr has the Schur property.
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Farah space

Let /, = [2",2"F1) for every n. Let

F = {F € [NJ<*: ¥n % <1/n}.

Then
@ Xr is not isomorphic to /1,
@ Xr is {1-saturated,
@ in fact Xr has the Schur property.

In general:

Schur property = /{;-saturation = no copies of ¢y
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Schur property vs ¢1-saturation
It was an open problem if ¢1-saturation implies the Schur property. Solved

by Bourgain in negative, then another examples appeared (Azimi-Hagler,
Popov).
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o fix a strictly increasing function g: N — N,

Piotr Borodulin-Nadzieja (Wroctaw) Combinatorial Banach spaces Promised Land 2024 11/25



Schur property vs ¢1-saturation

It was an open problem if ¢1-saturation implies the Schur property. Solved
by Bourgain in negative, then another examples appeared (Azimi-Hagler,

Popov).

Another example:
o fix a strictly increasing function g: N — N,

@ define

F O Iy
Fy = {F € [N % <1/nand FNl=0if k ¢ g[N]}.
g(n)
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Schur property vs ¢1-saturation

It was an open problem if /1-saturation implies the Schur property. Solved
by Bourgain in negative, then another examples appeared (Azimi-Hagler,

Popov).

Another example:
o fix a strictly increasing function g: N — N,

@ define

Fnl,,
fg:{Fe[N]<OO: “/g(|)‘<1/nand lek:(blfkgég[N]}
g(n)

o finally let 7 be the union of all F;'s, for all possible strictly increasing
g's.
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Schur property vs ¢1-saturation

It was an open problem if /1-saturation implies the Schur property. Solved
by Bourgain in negative, then another examples appeared (Azimi-Hagler,

Popov).

Another example:
o fix a strictly increasing function g: N — N,

@ define

Fnl,,
fg:{Fe[N]<OO: “/g(|)‘<1/nand lek:(blfkgég[N]}
g(n)

o finally let 7 be the union of all F;'s, for all possible strictly increasing
g's.

Then Xr does not have the Schur property but it is ¢1-saturated.
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Back to dyadic trees

The spaces of the form Xr look like amalgamates of ¢p's and #1's.
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Back to dyadic trees

The spaces of the form Xr look like amalgamates of ¢p's and #1's.

Conjecture. Each combinatorial Banach space is {cp, {1 }-saturated, i.e.

each oo-dim subspace of a combinatorial space contains a copy of ¢y or a
copy of /7.
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The spaces of the form Xr look like amalgamates of ¢p's and #1's.

Conjecture. Each combinatorial Banach space is {cp, {1 }-saturated, i.e.

each oo-dim subspace of a combinatorial space contains a copy of ¢y or a
copy of /7.

No! The space X4 (time stopping space), by a result of Rosenthal,
contains £, for each p > 1.
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Conjecture. Each combinatorial Banach space is {cp, {1 }-saturated, i.e.
each oo-dim subspace of a combinatorial space contains a copy of ¢y or a
copy of /7.

No! The space X4 (time stopping space), by a result of Rosenthal,
contains £, for each p > 1.

Even more, Rosenthal proved that X¢ is a universal space for all Banach
spaces with unconditional basis!
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Back to dyadic trees

The spaces of the form Xr look like amalgamates of ¢p's and #1's.

Conjecture. Each combinatorial Banach space is {cp, {1 }-saturated, i.e.
each oo-dim subspace of a combinatorial space contains a copy of ¢y or a
copy of /7.

No! The space X4 (time stopping space), by a result of Rosenthal,
contains £, for each p > 1.

Even more, Rosenthal proved that X¢ is a universal space for all Banach
spaces with unconditional basis!

So, combinatorial spaces may be quite reach in terms of subspaces.
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A 'visible' copy of /5

Let Y be a sequential space, with unconditional basis (e.g. Y = /5).
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A 'visible' copy of 4,
Let Y be a sequential space, with unconditional basis (e.g. Y = ¢»). Here
is a procedure to create a combinatorial space with a 'tangible’ copy of Y.
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A 'visible' copy of 4,
Let Y be a sequential space, with unconditional basis (e.g. Y = ¢»). Here
is a procedure to create a combinatorial space with a 'tangible’ copy of Y.

Let
|F NI

F ={F € [N]=>*: ( 0

)n € B(Y")}.
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A 'visible' copy of 4,
Let Y be a sequential space, with unconditional basis (e.g. Y = ¢»). Here
is a procedure to create a combinatorial space with a 'tangible’ copy of Y.

Let
|F NI

F ={F € [N]=>*: ( 0

)n € B(Y")}.

Let
. Xon —+ -+ Xon+1_1

n — 2f7
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A 'visible' copy of 4,
Let Y be a sequential space, with unconditional basis (e.g. Y = ¢»). Here
is a procedure to create a combinatorial space with a 'tangible’ copy of Y.

Let
|F NI

F ={F € [N]=>*: ( 0

)n € B(Y")}.

Let
. Xon —+ -+ Xon+1_1

n — 2f7

Claim. (z,) generates Y.
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A 'visible' copy of 4,
Let Y be a sequential space, with unconditional basis (e.g. Y = ¢»). Here
is a procedure to create a combinatorial space with a 'tangible’ copy of Y.

Let
[F Ny

F ={F € [N]=*: ( 0

)n € B(Y™)}.
Let
Xon + 4 Xon+1_1
Zn = .
2!7
Claim. (z,) generates Y.

It follows from the fact that
lylly = sup{{x,y): x € B(Y")}.
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A 'visible' copy of 4,
Let Y be a sequential space, with unconditional basis (e.g. Y = ¢»). Here
is a procedure to create a combinatorial space with a 'tangible’ copy of Y.

Let
[F Ny

[ln

F={Fe[N<>®:( )n € B(Y")}.

Let

Xon + -4 Xon+1_1
Zy = .
2n
Claim. (z,) generates Y.

It follows from the fact that
lylly = sup{{x,y): x € B(Y")}.

|F |F Ny

Al
ylr= y(n)zy|l7 = sup ly(n)| = sup( )
ol Hz,; (m)2n Fe]—'z,,: |In] (n) Fer |l
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A 'visible' copy of /5

So, Y can be embedded isomorphically into Xr.
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A 'visible' copy of 4,

So, Y can be embedded isomorphically into Xz.
Moreover, it can be embedded in a complemented way.
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A 'visible' copy of 4,

So, Y can be embedded isomorphically into Xz.
Moreover, it can be embedded in a complemented way.

X C Y is complemented in Y if there is a continuous linear T: Y — X
such that T2 = T.
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A 'visible' copy of 4,

So, Y can be embedded isomorphically into Xz.
Moreover, it can be embedded in a complemented way.

X C Y is complemented in Y if there is a continuous linear T: Y — X
such that T2 = T. In other words: Y is isomorphic to X @ Z for some Z.
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A 'visible' copy of 4,
So, Y can be embedded isomorphically into Xz.

Moreover, it can be embedded in a complemented way.

X C Y is complemented in Y if there is a continuous linear T: Y — X
such that T2 = T. In other words: Y is isomorphic to X @ Z for some Z.

In our case, let

7900 =

if kel,
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Another universal space

Let F be an universal family of finite sets, i.e. such that
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Another universal space

Let F be an universal family of finite sets, i.e. such that

whenever G is a family of finite sets and N C N is finite, then
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Another universal space

Let F be an universal family of finite sets, i.e. such that

whenever G is a family of finite sets and N C N is finite, then
there is M C N such that Fjy is isomorphic to G .
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Another universal space

Let F be an universal family of finite sets, i.e. such that

whenever G is a family of finite sets and N C N is finite, then
there is M C N such that Fjy is isomorphic to G .

Such family can be constructed e.g. as a Fraisse limit.
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Another universal space

Let F be an universal family of finite sets, i.e. such that

whenever G is a family of finite sets and N C N is finite, then
there is M C N such that Fjy is isomorphic to G .

Such family can be constructed e.g. as a Fraisse limit.
(In fact, this is the random hypergraph).
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Another universal space

Let F be an universal family of finite sets, i.e. such that

whenever G is a family of finite sets and N C N is finite, then
there is M C N such that Fjy is isomorphic to G .

Such family can be constructed e.g. as a Fraisse limit.
(In fact, this is the random hypergraph).

Theorem. Xr is universal for Banach spaces with unconditional basis.
Moreover, each Banach space with unconditional basis has a
complemented copy in Xr.
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Another universal space

Let F be an universal family of finite sets, i.e. such that

whenever G is a family of finite sets and N C N is finite, then
there is M C N such that Fjy is isomorphic to G .

Such family can be constructed e.g. as a Fraisse limit.

(In fact, this is the random hypergraph).

Theorem. Xr is universal for Banach spaces with unconditional basis.
Moreover, each Banach space with unconditional basis has a
complemented copy in Xr.

By a theorem due to Petczyrski Xr is isomorphic to so called Petczyniski
space.
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Petczynski space

Problem (Petczyniski, 1969). Is a base of every Petczyniski space
permutatively equivalent to the base of the Petczynski space?
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Petczynski space

Problem (Petczyniski, 1969). Is a base of every Petczyniski space
permutatively equivalent to the base of the Petczynski space?

Theorem No, Xr is not. In Xr the base is not universal (contrary to the
case of the Petczyniski space).
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Back to dyadic trees again.

Theorem (Bang, Odell, 1989)
e (Exh(C))* is isometric to Fin(A),
@ (Exh(A))* is isometric to Fin(C).
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Question Can we find another dual pairs of spaces?

For a family F let

Ft={A€|N]"*:VFe F|IANF|<1}.
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Back to dyadic trees again.

Theorem (Bang, Odell, 1989)
e (Exh(C))* is isometric to Fin(A),
o (Exh(.A))* is isometric to Fin(C).

Question Can we find another dual pairs of spaces?
For a family F let
Ft={A€[N|"™:VF e F|ANF| <1}.

We say that F is reflexive if F-+ = F.
Examples: singletons, all finite subsets, antichains, chains.
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Back to dyadic trees again.

Theorem (Bang, Odell, 1989)
e (Exh(C))* is isometric to Fin(A),
o (Exh(.A))* is isometric to Fin(C).

Question Can we find another dual pairs of spaces?
For a family F let
Ft={A€|N]"*:VFe F|IANF|<1}.

We say that F is reflexive if F-+ = F.
Examples: singletons, all finite subsets, antichains, chains.

Theorem / Conjecture If F is reflexive, then
o (Exh(F))* is isometric to Fin(F1),
o (Exh(F1))* is isometric to Fin(F).
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Reflexive families

Let F be a hereditary family. Then

Piotr Borodulin-Nadzieja (Wroctaw) Combinatorial Banach spaces



Reflexive families

Let F be a hereditary family. Then
o FCFH
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Reflexive families

Let F be a hereditary family. Then
o FCF
o Flilt — L
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Reflexive families

Let F be a hereditary family. Then
o FC F+t
o Flilt — L

o F is reflexive iff F = G+ for some family G.
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Reflexive families

Let F be a hereditary family. Then

o FC F+t

o Flilt — L

o F is reflexive iff F = G+ for some family G.
Fix a coloring c: [N]? — {0,1}. Let

Homi(c) ={ACN:Vx#yecAc(x,y)=i}.
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Reflexive families

Let F be a hereditary family. Then
o FC F+t
° ]:J_J.J_ — J—_'L

o F is reflexive iff F = G+ for some family G.

Fix a coloring c: [N]? — {0,1}. Let

Homi(c) ={ACN:Vx#yecAc(x,y)=i}.

For each ¢ the family Hom;(c) is hereditary and reflexive.
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Reflexive families

Let F be a hereditary family. Then
o FCFH
o Flilt — L
o F is reflexive iff F = G+ for some family G.
Fix a coloring c: [N]? — {0,1}. Let
Homi(c) ={ACN:Vx#yecAc(x,y)=i}.

For each ¢ the family Hom;(c) is hereditary and reflexive.

Conversely, each reflexive family is of the form Homj(c) for some coloring.
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Sierpinski family

Fix a bijection f: N — Q.
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Sierpinski family

Fix a bijection f: N — Q. Let

n<qk < f(n)<f(k).
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Sierpinski family

Fix a bijection f: N — Q. Let

n<gk < f(n) <f(k).
The Sierpinski coloring c: [N]?> — {0, 1} is defined by

c(x,y) =1 <= < agrees with <, about x, y.
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Sierpinski family

Fix a bijection f: N — Q. Let

n<gk < f(n) <f(k).
The Sierpinski coloring c: [N]?> — {0, 1} is defined by

c(x,y) =1 <= < agrees with <, about x, y.
Let F = Homy(c).

Then
o Exh(F1)* = Fin(F) (7).
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Sierpinski family

Fix a bijection f: N — Q. Let

n<gk < f(n) <f(k).
The Sierpinski coloring c: [N]?> — {0, 1} is defined by
c(x,y) =1 <= < agrees with <, about x, y.

Let 7 = Homy(c).

Then
o Exh(F1)* = Fin(F) (7).
@ But there is a permutation of N switching Homg(c) with Homy(c).
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Then
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@ But there is a permutation of N switching Homg(c) with Homy(c).
o So, Exh(F™') is isometric to Exh(F).
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Sierpinski family

Fix a bijection f: N — Q. Let

n<gk < f(n) <f(k).
The Sierpiniski coloring c: [N]?> — {0,1} is defined by

c(x,y) =1 <= < agrees with <, about x,y.
Let F = Homy(c).

Then
o Exh(F*)* = Fin(F) (7).
@ But there is a permutation of N switching Homg(c) with Homy(c).
o So, Exh(F™') is isometric to Exh(F).
e So, Exh(F)* is isometric to Fin(F).
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Back to ¢;-saturation

A space Xr is ¢p-saturated if and only if F is compact.
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Back to ¢1-saturation

A space Xr is ¢p-saturated if and only if F is compact.A space Xr is
cp-saturated if and only if F is scattered.
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Back to ¢1-saturation

A space Xr is ¢p-saturated if and only if F is compact.A space Xr is
cp-saturated if and only if F is scattered.

Can we characterize combinatorially /1-saturated spaces?

Piotr Borodulin-Nadzieja (Wroctaw) Combinatorial Banach spaces Promised Land 2024 20/25



Back to ¢1-saturation

A space Xr is ¢p-saturated if and only if F is compact.A space Xr is
cp-saturated if and only if F is scattered.

Can we characterize combinatorially /1-saturated spaces?

Idea 1: what about families which are perfect (in the Cantor topology)?
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Back to ¢1-saturation

A space Xr is cg-saturated if and only if F is compact.A space Xr is
cp-saturated if and only if F is scattered.

Can we characterize combinatorially /1-saturated spaces?

Idea 1: what about families which are perfect (in the Cantor topology)?
A family F is perfect iff for each F € F there is an infinite A C N such
that FC Aand A € F.

Does not work.
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A family F is perfect iff for each F € F there is an infinite A C N such
that FC Aand A € F.
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Back to ¢1-saturation

A space Xr is cg-saturated if and only if F is compact.A space Xr is
cp-saturated if and only if F is scattered.

Can we characterize combinatorially /1-saturated spaces?

Idea 1: what about families which are perfect (in the Cantor topology)?
A family F is perfect iff for each F € F there is an infinite A C N such
that FC Aand A € F.

Does not work.

Idea 2: what about families which are Ellentuck perfect 7
A family F is Ellentuck perfect iff for each F € F and an infinite AD F
there is an infinite B C A such that F C B and B € F.

Does not work either.
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Back to ¢1-saturation

A space Xr is cg-saturated if and only if F is compact.A space Xr is
cp-saturated if and only if F is scattered.

Can we characterize combinatorially /1-saturated spaces?

Idea 1: what about families which are perfect (in the Cantor topology)?
A family F is perfect iff for each F € F there is an infinite A C N such
that FC Aand A € F.

Does not work.

Idea 2: what about families which are Ellentuck perfect 7
A family F is Ellentuck perfect iff for each F € F and an infinite AD F
there is an infinite B C A such that F C B and B € F.

Does not work either. And | don't know if anything reasonable may work.
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Dual combinatorial spaces

General problem. The dual norm to the Schreier norm is difficult to
handle.
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Dual combinatorial spaces

General problem. The dual norm to the Schreier norm is difficult to
handle.Can we find an alternative description?
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Dual combinatorial spaces

General problem. The dual norm to the Schreier norm is difficult to
handle.Can we find an alternative description?

For a family F define

F . .
x||” = inf sup |x(i
17 = i, 3 s <.

where P is the family of all partitions into elements of F.
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Dual combinatorial spaces

General problem. The dual norm to the Schreier norm is difficult to
handle.Can we find an alternative description?

For a family F define

F . .
x||” = inf sup |x(i
17 = i, 3 s <.

where P is the family of all partitions into elements of F.

Question. Is X7 = Exh(]| - |7) isomorphic to X (at least for F being
the Schreier family?
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Dual combinatorial spaces

Question. Is X7 = Exh(]| - |”) isomorphic to X (at least for F being
the Schreier family)?
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Dual combinatorial spaces
Question. Is X7 = Exh(]| - |”) isomorphic to X (at least for F being

the Schreier family)?

@ both X7 and X7 do not have the Schur property,
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Piotr Borodulin-Nadzieja (Wroctaw) Combinatorial Banach spaces Promised Land 2024 22/25



Dual combinatorial spaces

Question. Is X7 = Exh(]| - |”) isomorphic to X (at least for F being
the Schreier family)?

@ both X7 and X7 do not have the Schur property,
e both X7 and X7 are (1-saturated,

@ they have isometric dual spaces,
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Dual combinatorial spaces

Question. Is X7 = Exh(]| - |”) isomorphic to X (at least for F being
the Schreier family)?

@ both X7 and X7 do not have the Schur property,
e both X7 and X7 are (1-saturated,
@ they have isometric dual spaces,

@ they have the same extreme points.
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Dual combinatorial spaces

Question. Is X7 = Exh(]| - |”) isomorphic to X (at least for F being
the Schreier family)?

@ both X7 and X7 do not have the Schur property,
e both X7 and X7 are (1-saturated,
@ they have isometric dual spaces,

@ they have the same extreme points.
But. ..
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Dual combinatorial spaces

Question. Is X7 = Exh(]| - |”) isomorphic to X (at least for F being
the Schreier family)?

@ both X7 and X7 do not have the Schur property,
e both X7 and X7 are (1-saturated,
@ they have isometric dual spaces,
@ they have the same extreme points.
But. ..

o |- |I” do not need to satisfy the triangle inequality!
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Quasi-Banach duals

o || - ||¥ do not need to satisfy the triangle inequality!
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o || - ||¥ do not need to satisfy the triangle inequality!
But. ..
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Quasi-Banach duals

o |- |I” do not need to satisfy the triangle inequality!
But. ..
o for each x, y we have ||x + y||” < 2(||x||” + [ly[|7).
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Quasi-Banach duals

o |- |I” do not need to satisfy the triangle inequality!
But. ..
o for each x, y we have ||x + y||” < 2(||x||” + [ly[|7).

So, X7 is a quasi-Banach space.
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Quasi-Banach duals

o |- |I” do not need to satisfy the triangle inequality!
But. ..
o for each x, y we have ||x + y||” < 2(||x||” + [ly[|7).

So, X7 is a quasi-Banach space. It may still be isomorphic to Xz.
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o |- |I” do not need to satisfy the triangle inequality!
But. ..
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So, X7 is a quasi-Banach space. It may still be isomorphic to Xz.
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Quasi-Banach duals

o |- |I” do not need to satisfy the triangle inequality!
But. ..
o for each x, y we have ||x + y||” < 2(||x||” + [ly[|7).
So, X7 is a quasi-Banach space. It may still be isomorphic to Xz.

But. ..

It is not (for the Schreier family).
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Quasi-Banach duals

But. ..
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Quasi-Banach duals

But. ..

We can define

X7 = inf {3 Ill7: x = x4 -+ + X0, n € NJ.

i<n
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Quasi-Banach duals

But. ..

We can define
IxI1F =infO " lxill 7 x =+
i<n

(a 'convexification’ of || - ||7).

Piotr Borodulin-Nadzieja (Wroctaw) Combinatorial Banach spaces

v+ xp,n € N}

Promised Land 2024

24/25



Quasi-Banach duals

But. ..

We can define

X7 = inf Y il x = +

i<n

(a 'convexification’ of || - ||7).

This is a norm and it is equivalent to || - [|%.
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Quasi-Banach duals

But. ..

We can define

X1 = inf (D lIxill”: x -+ xn, n € N}

i<n
(a 'convexification’ of || - ||7).

This is a norm and it is equivalent to || - [|%.

It may explain the similarities between X7 and Xz.
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Thanks.
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