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If E is a Banach space, then bv,(E) is complete.

IP(E) C bvp(E) C bvg(E) for 1<p<gq<+o0

bvi(E) C I°(E),  byp(E) & I°(E)  I°(E) € bup(E)



Composition operator

Let E be a normed space and let Q be a non-empty set. For given
map f: E — E we define the composition operator Cy, generated
by f, as

Cr(x)(t) = f(x(t)), for t € Q,

where x : Q — E.



Acting conditions with target space bv,(E)

Theorem
Let p,q € [1,+00).

1. If G maps X € {bvp(E),c(E),I*°(E)} into bvg(E), then f is

continuous on E.
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. Af G maps Y € {IP(E), co(E)} into bvg(E), then f is continuous
at 0.
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Theorem
Let p € [1,+00) and let X € {c(E),I>°(E)}. The composition
operator C¢ maps X into bv,(E) if and only if f is a constant
function.
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Acting conditions with target space bv,(E)

Theorem
For any p, q € [1,400) the following conditions are equivalent:
. the composition operator Cs maps IP(E) into bvg(E),

. there exist 6 > 0 and L > 0 such that

IF(u) — F(wW)|| < L|ul|s + L|wl|e for all u,w € Be(0,6),

. there exist 6 > 0 and L > 0 such that ||f(u) — f(0)|] < L|

qu for
every u € Bg(0,6).




Acting conditions between bv,-spaces

Theorem

Let p,q € [1,+00). If the composition operator C¢ maps bv,(E)
into bvg(E), then f is Holder continuous on compact subsets of E
with exponent g.



Acting conditions between bv,-spaces

Theorem

Let p,q € [1,+00). If the composition operator C¢ maps bv,(E)
into bvg(E), then f is Holder continuous on compact subsets of E
with exponent g.

Corollary

Let 1 < g < p < 4o00. The composition operator C¢ acts between
bvp(E) and bvg(E) if and only if f is a constant map.



Acting conditions between bv,-spaces

Theorem

Let p,q € [1,+00). If the composition operator C¢ maps bv,(E)
into bvg(E), then f is Holder continuous on compact subsets of E
with exponent g.

Corollary
Let 1 < g < p < 4o00. The composition operator C¢ acts between
bvp(E) and bvg(E) if and only if f is a constant map.

Theorem

Let p € [1,+00) and let E be a Banach space. The composition
operator Cr maps bvi(E) into bv,(E) if and only if f is Holder
continuous on compact subsets of E with exponent %.



Acting conditions between bv,-spaces

Theorem

Let p € [1,4+00) and let E be a Banach space. The composition
operator Cr maps bvi(E) into bv,(E) if and only if f is Holder
continuous on compact subsets of E with exponent %.



Acting conditions between bv,-spaces

Theorem

Let p € [1,4+00) and let E be a Banach space. The composition
operator Cr maps bvi(E) into bv,(E) if and only if f is Holder
continuous on compact subsets of E with exponent %.

Example
Let a:= (1,4, 2,...) and for u € coo(R) let f(u) =

f is Lipschitz continuous on compact subsets of coo(R). However,
it does not generate a composition operator acting between
bvl(Coo(R)) and bV1(C00(R)). Define x: N — Coo(R) by

x(n) := Pp(a). Since |[x(n+ 1) — x(n)||,, = (n+1)"2 for n € N,
we see that x € bvl(coo( )). But,

Z\lf (n+1)) = F(x(n)llo = +oo.
Hence, Cr(x) gé bvl(coo(]R)).
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Theorem

Let 1 < p < q < 4o00. The composition operator Cs maps bvy(E)
into bvg(E) if and only if f is locally Holder continuous in the
stronger sense with exponent g.
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Composition operators acting from bv,-spaces to c(E)

Theorem
Let E be a Banach space. Then, the following conditions are
equivalent:

the composition operator C maps bvi(E) into c(E),
f is continuous on E,

f is continuous on bounded subsets of E,

f is continuous on compact subsets of E,

. f is continuous on countable subsets of E.
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Theorem
Let p € (1,+00). The composition operator Cf maps bv,(E) into
c(E) if and only if f is a constant mapping.



Local boundedness

Theorem

Let p € [1,+00) and assume that the composition operator C¢

maps co(E) into bvp(E). Then, the following conditions are
equivalent:

1. Cr is bounded,
2. Cr is locally bounded,

3. f is a constant map.



Local boundedness

Theorem

Let p € [1,+00) and assume that the composition operator C¢

maps co(E) into bvp(E). Then, the following conditions are
equivalent:

1. Cr is bounded,
2. Cr is locally bounded,

3. f is a constant map.



Local boundedness

Theorem

Let p,q € [1,+00) and assume that the composition operator C¢

maps [P(E) into bvg(E). Then, C¢ is locally bounded if and only if
fis.



Local boundedness

Theorem

Let p,q € [1,+00) and assume that the composition operator C¢
maps [P(E) into bvg(E). Then, C¢ is locally bounded if and only if
fis.

Theorem

Let1l < p < g < +00. Moreover, assume that the composition
operator C¢ maps bv,(E) into bvg(E). Then, Cs is locally
bounded.



Local boundedness

Example

Let f: /2(R) — /?(R) be defined by f(u) = (sin1(uv),0,...), where
Y(u) = sup{(27m + 1)n|u(n)| — n; n € N}. f is Lipschitz continuous
on compact subsets of /?(R), and so

Cr : bvi(I?(R)) — bvi(12(R)). For each n € N set

Xp = (e,,, (1—n"2)ep, en, (1—=n"?)en, ..., en, (1—n"2)e,, 0,0,0, .. .),
where the last non-zero element appears at the 2n-th position.
Then, x, € bvi(/2(R)) and [[%nl[py, <4 for n€N. Since f(e;) =0
and f((1 - n2)e,) = (—sin[(2m +1)n"],0,0,...), for n > 5 we
thus have

HC'C(X”)Hbvl = n’ Hf(e”) o f((l - %)en)le > 4n.

This means that Cr is not locally bounded.
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Theorem

Let E be a Banach space and let X € {c(E),I*°(E)}. Moreover,
assume that the composition operator C¢ maps bvi(E) into X.
Then, Cr is locally bounded if and only if f is.
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Thank you for your attention!



