Alan Chang (WashU): Prescribed projections and efficient coverings by curves in the plane

Theorem 1 (Existence of Kakeya sets)

3 a set K C R? which is a union of lines s.t. (1) K contains a line in every direction and (2) £*(K) = 0.

Theorem 2 (Dual formulation, a set with one large projection and many small projections)

Jaset £ C R?s.t. (1) proj, £ D [0,1] and (2) for a.e. § € [0, 7), L(proj, E) = 0.

Proof of Theorem 1 from Theorem 2. Let K = U {(z,y) € R*: y = ax + b}. (]
(a,b)eE

Theorem 3 (Davies's efficient covering theorem)
V (measurable) A C R? 3 aset K C R* which is a union of liness.t. (1) K D A and (2) L*(K \ A) = 0.

Theorem 4 (Falconer’s digital sundial theorem, a.k.a. Falconer’s prescribed projection theorem)
Let (Ag)gejo,r) be a collection of subsets of R (such that (J, ({0} % Ap) is measurable). Then 3 a set

E CR?s.t. (1) VO € [0, 7), projy E D Ay and (2) for a.e. 6 € [0, ), LY ((projy E) \ Ay) = 0.

Theorem 5 (A nonlinear variant of Davies's theorem, AC %@ Alex McDonald ° Krystal Taylor @)
Let I' C R? be the graph of a strictly convex C* function [a,b] — R. Then V measurable A C R? 3 a set
K C R? which is a union of translates of I" s.t. (1) K D A and (2) L?(K \ A) = 0.
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Theorem 5 (A nonlinear variant of Davies's theorem, AC E@ Alex McDonald @ Krystal Taylor @)
Let ' C R? be the graph of a strictly convex C? function [a,b] — R. Then ¥ measurable A C R?, 3 a set
K C R? which is a union of translates of I s.t. (1) K D A and (2) L?(K \ A) = 0.
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Theorem 5 (A nonlinear variant of Davies's theorem, AC %ﬁ Alex McDonald @ Krystal Taylor if})

Let ' C R® be the graph of a strictly convex C* function [a,b] — R. Then V measurable A C R? 3 a set
K C R? which is a union of translates of I s.t. (1) K D A and (2) L*(K \ A) = 0.
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