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•

• Composition dynamical
systems

• . Weighs backward shifts

• • • Hypecydicify and
_

mercy-diary

so



•

•Deff A composition dynamical
system is a quintuple
N
,
B
, µ ,f.Tg ) , where

s) (X
,
B

, pi ) is a 5- finite
measure space
a) f : ✗ → ✗ is on

injective bimeanueble

transformation
3) F e >os.t.pe$-7B) ) ≤eµlB)
for every B c- B

4) Tg : 2*1×1 → LPCX )
,
s≤poo,

is the composition genera
induced by f , ther is

Tg: 4 4°F
2



N
.
B
. If f is surjective and

f-1 serifs 35
,
then

Tj
'
= Tg -s

3



We deal with
"

dissipative
composition dynamical systems
wth bounded distortion !

Q : What are they ?
What are the extra hypotheses?

• Dissipative ?

• Of bound distortion ?
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Hopf Decomposition Theorem
Les IX

,
B
, µ
) be a o- finite

measure space and f:X -⇒ ✗
be a non - singular transformation .

Then
,
✗ is the union of two

disjoins www.omsrsefs-elf)
one Dlf) , called the
conservative and dissipative
parts off , resp. , satisfying:
a) t B ≤elf) with µ 1B) >0,
7 n >os.t.pe IBN f-TB) ) >o

"

.2) ☒ = Of
"
IW)

, for
,

UnÉ'
'

\
.
.

some WEB
.

I



-Def H ✗= Of
" /W) for some

• He≥
WEB with0am Ikr < so

.

.

.

)
.

.

jiwks-E-w-t.ae,
,

, ,
- =

;
- -

- -
-
- -784

,i
'

.
_

i
- -

-I
- -

÷,
- -

/

-

_

then (X
,
B
, r , f. Test is a

dissipative composition dynamical
system (generated by W) .
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•Defy Sf , moreover, FM > sit
.

b- Be BCW ) = } BAW: BED}

:& :#
'

≤ TfÉe%→ ≤MRI
mall

then IX. Bir , f. Tg ) is

a dissipative composition
dynamical system of
bounded distortion

.
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Émpl
Plenty !

Take ✗=/R
,
B Bowl serfs

,

f CX) = xts , W= 50
,
s
[

and pl B)= Shat
B

with & erasable non - negative

Lebesgue measurable function
let
,
e-
×

, z e-
^^

, settle
,_ +2)

' --
- /

8



@ •

•Defn_ Let ✗= l (2) , I ≤ pan.
Let = { Vunlnez, be a bounder

reference of salons . Then ,
the bilateral weighted shift
Bw on ✗ is defined by

Bw ( {Xntfnez, )= {wnxfnt.sn?nez,

§ : Is there any relation
between weighted shifts and

invisible composition operators?

A- : YES !
S



Fed every invertible Bw
is topologically conjugate
"

via an isometry to a

disruptive composition dynamical
system of hounded distortion

Hence
, every Bw is a

dissipative eorzorisron dynamical

system -of bounded distortion.

so



D- : Given a dissipative
compression operator , is is

related to some maid Bw ?

A- : YES !

Bw: (2)→172)Tg : LPIXK> ↳A) ¥n→g41-7405
-

Klee '
'

* &¥¥É→↑
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-

&

,

Les ✗and Y be separable Bored

spaces and let
T : ✗→ X and

S : Y-> Y be operator .

A feesbimap it: ✗→Y
is a linen

,
bounced

, surjection

for which He following
degrom commutes

✗I> ✗

1T$ IT

✓ S V

Y > µ
"5 is a actor 0ft " 12



Ibm (D.
,Deyi ,Meirwelb 2022)

Ed is ec⇒s☒ .

More juuseEy, if we
define IT : IP CX ) → l (2)

• Haiti Seeker
w
'

FK c-2
, then the following

diagram commutes

t.PH/TSYlH
IT IT

Play
Bw 1¥12,

and it is 060
,
linear and boarded

.

1-33



'

Les ✗ be e.
•

tiptoesle Romack
space anil Ti

✗ → ✗ be -

e bounded linear operator .
( briefly , MorenaPor) .

•☒ The operatorT is

hypeneydie-ib.is admires
a hyjheyehu , ii. e. if
the exists × c- ✗ much that

{ Tn ( ×) : n≥o} is dense ink

•Def The operant is ¥*i=
edlytwmn.fi# if for any
pair of non -empty 0-p.E.rs subsets
4
,

✓of✗ there is no met

the TTUI n✓ ≠ of
14



•RMI By the Birkhoff transitivity
theorem

,
in the separable context,

transitivity and hyghcyelia.ly
one the same thing .

✓

•¥ An operator T is ey.de .

if it admits a eyelic-eesfu.i.ee.
if there is ✗ c- ✗ such ther

span§ TTx ) : no}) is dense inX.

✓

A
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•Deff An operationT is Energetic
to-

. simply, nyheyelie) if *
.

odmiss aQ-yugheyclie-h.bz
, simply, ngheyelir ) ,
i.e. if the exists + c- ✗ and
the { -11--7×1: n ≥, + c-Q} is
dense in✗.

• Defy An operaTis lR-mreydie_
if is admitso-IR-nyeeydics.ve#

,
i. e. if there is ✗ c- ✗ such

ther g +T
-

El : n≥o
,

te IR} is
dense in ×

.

By replacing IR with we

obtainthe definition of/R±nepeyIieÉ_



Question : What are the relations
#these notions ?

eisy=p IRIsnpaeydicity
⇔ (Bermudes

Bonilla⑤ Pens
200 2)

IR - sugheydicity

*¥
Surreydiary
* ¥
Cyclieity

17



The Cenoloyue of Birkhoff
transitivity theorem ) (D,Mauriello 20241
The following one equivalent:
ri ) T is nyeeyelic (resp . IR mercydie

,

Mt mercydied

G) F U
,
V non - empty open rubies

of X
,
F n≥o and ✗ c- ⑦/ resp .

+ c- IR
,
te IRD ist

.

XTTU ) AV ≠ & .

. 18



I

RMH_ All the previous

properties are earned even

by factors .
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•

IT hypercyclic Cusp. surcyclic)

I
5 hypergolic Cusp. mercydie)

Question: How about the
other way around ?

Answers : In some cases
,

"

yes
"
.

20



-

Let CX
,
B. re, f.Tg ) be

a dissipative Emporium
dynamical systemof bounded
distortion :

• Tg : HP /re) → UP /µ)
4 1-> 4°F

• ✗= Ufcw)
ME21

(We B and o-µ
/B) <oo)

Then the backward shift
Bw : l (2) → 1kg,
I= Cxn) 1-> (Umts ✗ntsmez,

wite wn=loᵈ%¥Y→ /±
is a Sector of Ty end

21



a feeder map is P given

'

by

Maki .tk?YYYIScesnam.
W

Fg c- L'PIM.

✗ TS
>
X

r r

éP(z,
%

>
look,

Heng :

Tf hypcyeliefusp.mrcych.cl
¥

BW-hyr~cyclielusp.mncyclic) 22



Focfyfrcyelieisy ,
the converse also holds !

•Thy ID, Dorsi ,Mainville-322 )
Bwlyrncydic =D Tghgprcyelie .
PI Mein ingredient :
General characterization ofhyper,
- diary forTy 1Beyers, Doyi, Pires

.

2018)
Les IX

,
B
, µ, -8,1J) bee

composition dynamical system .

The Tg isFse. Gf ,'Ve>o
V Be of Sinise mane ,

'

F B ' E B and H≥ s out .

µ CB, B
' ) .ae
, p( (BT) - e

.

end mMlB') ) - e
. 23



: How about xrpreyelieisy
and IR- mercydiary ?

24



• Thy ID .

,
Mainville 2024)

The following one equivalent :
E) Tg is maydie
(E) Bw is mpgdie

⇔) BW is IR- mercydie

(E) Ty is IR - moneydie

PI Mein ingredient : general
characterization of IR- nyeeyclia;
ty I D.

,
Mauriello 2024)

The composition operator Tg isHE
mr~eyI iff Ve -o , ☒ BED
of Sinise measure , 7 B' IB , Kes
and t >o sit . µ

[B, B
') <E

p §
" IB') ? ed puff

-"
CB' ) )<t%

2¥



-

a

•
"

.

•The (Bayes - Matheran)
Les Bw bee bilateral weighted
i. backward stuff on l

' (2) Is ≤ pen}
with vuigbnyuenuw-lwmh.cz .
Then Bw is rumelia

lff , 2 any 9I 0,

{.•✓ .
two - - -

Klntgts)}-0
Wi - - ittntp

n-> to

6

-

-

.
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/

¥ (D.
,
tleiuuelb

,
2024)

Tg is nepeeydie eff , to, ≥o ,

lim µ

-

TWI ) -

r

+"

IWI)⇒
.

n->to ☐

•Exmp_ Let ✗= IR , D=BARI,
f : IR → IR , W= [qsl end

✗1-7×+1

define
µ
B)= Shcxldx , b- BED ,

B

Klee hat = sgé
" '

27



Then
,

-

µ 1W ) = § (s _ g)
and

, Gi n≥1
,

nth
Mth

µ CWD = 5 hall✗ =3 Se-✗din
n

= eye
"

(1-3)
and

-nth

7W 1) = is S e-
✗ ex

-m

= z e-
"1

(s -2) .
•

"

-

28



Then
,
for each q c- N , n≥ s

,

µ
+" (W ) I ≤

µ
WD

= ¥ Is-3)

end

µ☒
" (WH ≤ µ [f-

"CWD

= e.a e÷+ʰ (1-2) .

Therefore
,

◦ ≤ µ#
"CW ) ) .

µ

"(W) )

≤ e
"eI ( s - se I → 0

Os n -> too
.

Therefore Ty is
& -
singer cyclic .
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Opd Is is always tune

Tg P-maydie 9¥ Bw M - www.clic ?

Def Given Pete, T :X →✗

is P -maydie if T has

a P - mp~cydicve.com thesis

-3 ✗ c- ✗ and there

.{ATYx%-n≥o}=☒
'

( Ceyensfier
,
Ernst

,
Miner

,
2016)

Csd


