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Let E C R. The porosity of a set E at a given point x € R is a number

’ h—0+ h ’

where
Y(E,(x —h,x+ h)) =sup{|J|: J C (x — h,x+ h) \ E,J - an open interval}.

A set E is porous at a point x € R if p(E, x) > 0. A set E is porous if it is
porous at every point x € E.

Putting for every set AC R

d(A) = {x e R: p(A,x) > 0}

we get an operator satisfying the conditions:
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o(0) = o(0), ®(R) =R;

Y a- finite setq)(A) =0

VA,Bc]R AC B= ¢(A) C ¢(B);

V. interval | € ®(/);

VAeTnat A C q)(A),

Vaecr.VBcr (B C ®(B) = AnB C (AN B).

o o &~ w o=
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Operator ® is not comparable with the operator ®4 and ®;.

PR\ Q) = ¢,(R\ Q) =R,

but
d(R\Q) = 0.
and also
®q([a, b]) = ®i([a, b]) = (a, b),
but

®([a, b]) = [a, b].
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Theorem 1

A famil
4 7= {ACR: AC &(A)}

is a strong generalized topology, which means that ), R € 7 and 7 is closed

with respect to the arbitrary unions. Moreover, Tpat C T.

The notion of a generalized topology was invented indepedently by many
mathematicians,e.g.: E.H. Moore , A. Apert, T.S. Motzkin, F.W. Levi, S.
Lugojan, A.S. Mashhour, A.A. Allam, F.S. Mahmooud, F.H. Khedr, and A.

Csdszar.
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Example 1

p(AN[x —hx+h])
2h =u

(J. Hejduk, A. Loranty On strong generalized topology with respect to the
outer Lebesgue measure, Acta Math. Hungar. 163(1) (2021))

T"={ACR:Viea lim
h—0

Example 2

Tt ={A€ L :Vyen Iimsupu(Am[X_h’X-i_h])

>0
h—0 2h }

(J. Hejduk, R. Wiertelak, W. Wilczyriski On the family of measurable sets
having the upper positive density, submitted.)
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The definition p(A’,x) > 0 for A C R and x € R implies that A contains an
interval. Therefore, for every A € 7\ {0} we have int; A # 0.

Proposition 2

The strong generalized topology T and T are similar, which means that

Vacr (int:A # 0 < int. A # 0).

Piotr Nowakowski
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Example 3
Let us define

A:[O’l)\nLeJN{%}7 B:[O,l)\g{%}.

Then A€ 7 but B ¢ 7, because 0 € B\ ¢(B).

Simultaneously A A B € J, where J is an arbitrary o-ideal in R containing
all singletons. However, ®(A) # ®(B).
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Example 3
Let us define

A:[O,l)\U{z—ln}, B:[O,l)\U{%}.

neN neN

Then A€ 7 but B ¢ 7, because 0 € B\ ¢(B).

Simultaneously A A B € J, where J is an arbitrary o-ideal in R containing
all singletons. However, ®(A) # ®(B).

Remark 3
If A A B is finite then ®(A) = ®(B).
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Proposition 4
Vacr P(A)\ A € JIp,

where Jp is the family of porous sets. Consequently,

O(A)\ AcLNA,

nat ?

so it is Lebesgue null set and nowhere dense set.
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Proposition 4
Vacr ®(A)\ A€ Jp,

where Jp is the family of porous sets. Consequently,

O(A)\ AeLNA,

nat ?

so it is Lebesgue null set and nowhere dense set.

The opposite property that A\ ®(A) € Jp does not hold, because
O(R\ Q) =0.
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Theorem 5
A set U € 7\ {0} if and only if U = J,cry In U A, where (1,) is a sequence of

non-trivial components, AN J,c In = 0 and for every x € A there exists a
subsequence () such that lim d(x, /) =0 and
n—o00

/]
limsup lA > 0.

n—o0 |/tn| + d(X7 Itn)

Piotr Nowakowski A visit to the family of porous sets 15 / 26




Theorem 5

A set U € 7\ {0} if and only if U = J,cry In U A, where (1,) is a sequence of
non-trivial components, AN J,c In = 0 and for every x € A there exists a
subsequence () such that nll_>ngo d(x,lt,) = 0 and

/
lim sup LA > 0.

n—o0 |/tn| + d(X7 Itn)

Corollary 6

Let (I,) be a sequence of non-trivial intervals such that x ¢ |J,,cy In and
lim d(x,/:,) =0. Then U =,y In U {x} € 7 if and only if there exists a
n—oo

subsequence () such that

. I
lim sup L3 > 0.

n—oo |le,| +d(x; It,)
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Corollary 7
Let (x,) be a decreasing sequence converging to x. Then a set

U= UneN(Xn+1,Xn) U {x} € 7 if and only if

) S = Sl
lim sup ——"2

n—o0 Xn

> 0.
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Corollary 7
Let (x,) be a decreasing sequence converging to x. Then a set

U= UneN(Xn+1,Xn) U {x} € 7 if and only if

. Xn — Xn+1
limsup ~2—"% > 0.

n—o0 Xn

Theorem 8
For every set A C R:

i) int,(A) = AN &(A)
i)l (A) = AU (X )\ O(X \ A)).
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Let (X,I') be a generalized topology.

Definition 4
Aset AC X is

M-nowhere dense if intr(clr(A)) = 0,

[-strong nowhere dense if for every set U € I\ {(}} there exists a set
V e\ {0} such that V C Uand VNA=0,

I-first category set if it is a countable union of [-nowhere dense sets,

I'- strong first category set if it is a countable union of I'-strong nowhere

dense sets.
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Theorem 9
For every set A C R the following conditions are equivalent

i) A is T-nowhere dense,

ii) A is T-strong nowhere dense,

iii) A is Thar-nowhere dense,
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e Separability

Theorem 10
(R, 1) is separable. J
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e The first countability

Theorem 11 J

(R, ) is not the first countable.
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e The compactness

Theorem 12
A C R is T-compact if and only if it is finite. J
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e The axioms of separations

Theorem 13
(R, 7) is a Hausdorff space.

Theorem 14

(R, 7) is a normal space.
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e Connectivity

Theorem 15 J

(R, 7) is a extremally disconnected.
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Theorem 16
The topology generated by T is equal to P(R). J
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Let (X, ) be a generalized topology. It is known:

Theorem 17
A family

'Tr:{AGr:VBErAﬂBEF}

is a topology included in T.

(In the case of example 2 Tr = Ty -density topology) So that
Tr={A€T:Vge ANBE T}

is a topology. By Condition 6 we get that

Tnat C Tr.
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Let (X, ) be a generalized topology. It is known:

Theorem 17
A family

'Tr:{AEFZVBErAﬂBEr}

is a topology included in T.

(In the case of example 2 Tr = Ty -density topology) So that
Tr={A€T:Vge ANBE T}

is a topology. By Condition 6 we get that

Question 1
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Continuity
Let £ : (R, 7) = (R, That)-

Definition 5
We shall say that f is 7-continuous at xg € R if for every W € 754,

f(x) € W there exists V € 7 such that xo € V and (V) C W.
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Continuity
Let £ : (R, 7) = (R, That)-

Definition 5
We shall say that f is 7-continuous at xp € R if for every W € 7,4,

f(x) € W there exists V € 7 such that xo € V and (V) C W.

Definition 6
We shall say that f is 7-approximately continuous at xp € R if there exists a

set A € 7 such that xp € A and f| is Tpat-continuous.
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Continuity
Let £ : (R, 7) = (R, That)-

Definition 5
We shall say that f is 7-continuous at xp € R if for every W € 7,4,

f(x) € W there exists V € 7 such that xo € V and (V) C W.

Definition 6
We shall say that f is 7-approximately continuous at xp € R if there exists a

set A € 7 such that xp € A and f| is Tpat-continuous.

Theorem 18
Iff: (R, 7) = (R, That) is T-approximately continuous at xo € R then f is

T-continuous.
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Continuity
Let £ : (R, 7) = (R, That)-

Definition 5
We shall say that f is 7-continuous at xp € R if for every W € 7,4,

f(x) € W there exists V € 7 such that xo € V and (V) C W.

Definition 6

We shall say that f is 7-approximately continuous at xp € R if there exists a

set A € 7 such that xp € A and f| is Tpat-continuous.

Theorem 18

Iff: (R, 7) = (R, That) is T-approximately continuous at xo € R then f is

T-continuous.

Question 2
Is the inverse property true?

Piotr Nowakowski A visit to the family of porous sets

26 / 26




[1] A. M. Bruckner, Differentiation of real functions, Lecture Notes in
Math. 659, Springer-Verlag, Berlin, 1978.

[2] A. Csaszar, Generalized topology, generalized continuity, Acta Math.
Hungar. 96 (2002), 351-357.

[3] J. Hejduk, A. Loranty, On strong generalized topology with respect to
the outer Lebesgue measure, Acta Math. Hungar. 163(1) (2021),
18-28.

[4] S. Kowalczyk, M. Turowska, On continuity in generalized topology,
Topol. and Appl. 297 (2021), 107702.

[5] E. H. Moore, Introduction to a form of general analysis, New Haven

Mathematical Colloquium, Yale University Press, 1910, 1-150.

Piotr Nowakowski A visit to the family of porous sets 26 / 26



