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S. Kempisty, Sur les fonctions quasicontinues, Fund. Math. 19 (1932), 184-197.

Definition (S. Kempisty, 1932)

A function f is quasi-continuous at a point x if for every neighbour-
hood U of x and for every neighbourhood V of f (x) there exists a
non-empty open set G C U such that f (G) C V.
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Definition (S. Kempisty, 1932)

A function f is quasi-continuous at a point x if for every neighbour-
hood U of x and for every neighbourhood V of f (x) there exists a
non-empty open set G C U such that f (G) C V.

A function f is quasi-continuous if it is quasi-continuous at each
point.
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f:-R—=R

S. Kempisty, Sur les fonctions quasicontinues, Fund. Math. 19 (1932), 184-197.

Definition (S. Kempisty, 1932)

A function f is quasi-continuous at a point x if for every neighbour-
hood U of x and for every neighbourhood V of f (x) there exists a
non-empty open set G C U such that f (G) C V.

A function f is quasi-continuous if it is quasi-continuous at each
point.

Q - the family of all quasi-continuous functions
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To which class do quasi-continuous functions
belong?
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Jan Borsik "Quasicontinuous functions with small set of

discontinuity points”

S. Marcus in [49] proved that the
notions of neighborly and qua-
sicontinuous functions are equiv-
alent and he developed fur-
ther properties of quasicontinu-
ous functions. He showed that
quasi-continuous functions need
not be (Lebesgue) measurable and
for each countable ordinal « there
is a quasicontinuous function in
the Baire class o + 1 which does
not belong to Baire class «.
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S. Marcus, Sur les fonctions quasicontinues au sens de
S. Kempisty, Coll. Math. 8 (1961), 47-53.
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L. Bukovsky, The structure of the Real line, Monografie Matematyczne (New Series), vol. 71. Birkhauser, Basel
(2011).

o 39 =Y = AJ the set of all clopen subsets of (R, 7¢)

o Y the set of all open subsets of (R, 7¢)
o MY the set of all closed subsets of (R, 7e)

YO =SUA,: Are U I_I%, new
n B<a

M ={R\A:AcIWD ={NA,: Ane U X%, ncw
n B<a

o AO =500
for 1l < a < wy.
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L. Bukovsky, The structure of the Real line, Monografie Matematyczne (New Series), vol. 71. Birkhauser, Basel
(2011).

o 39 =Y = AJ the set of all clopen subsets of (R, 7¢)

o Y the set of all open subsets of (R, 7¢)
o MY the set of all closed subsets of (R, 7e)

0 Y0 =SUA,: A e U I_I%, new
n

o
B<a

oM ={R\A:AcY2}=<{NA,: Ape U X% necw
n B<a
o A0 =500
for 1l < a < wy.

Zg - the family of F, sets
MY - the family of Gs sets.
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L. Bukovsky, The structure of the Real line, Monografie Matematyczne (New Series), vol. 71. Birkhauser, Basel

(2011).

@ C - the family of continuous functions
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L. Bukovsky, The structure of the Real line, Monografie Matematyczne (New Series), vol. 71. Birkhauser, Basel

(2011).
@ C - the family of continuous functions

@ 3 - the smallest family of functions such that C C B and B is
closed under pointwise limits
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L. Bukovsky, The structure of the Real line, Monografie Matematyczne (New Series), vol. 71. Birkhauser, Basel

(2011).
@ C - the family of continuous functions

@ 3 - the smallest family of functions such that C C B and B is
closed under pointwise limits

@ Baire function - a function from B
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L. Bukovsky, The structure of the Real line, Monografie Matematyczne (New Series), vol. 71. Birkhauser, Basel

(2011).
@ C - the family of continuous functions

@ 3 - the smallest family of functions such that C C B and B is
closed under pointwise limits

@ Baire function - a function from B

@ By =¢C;
@ 3, - the family of all functions f such that there exists a

sequence (fp)nen from |J Bg satisfying lim f, = f.
6<O‘ n—o00
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L. Bukovsky, The structure of the Real line, Monografie Matematyczne (New Series), vol. 71. Birkhauser, Basel

(2011).
@ C - the family of continuous functions

@ 3 - the smallest family of functions such that C C B and B is
closed under pointwise limits

@ Baire function - a function from B

@ By =¢C;
@ 3, - the family of all functions f such that there exists a

sequence (fp)nen from |J Bg satisfying lim f, = f.
6<O‘ n—o00

o B= U Ba;

a<wi

o f € B, iff for each V € 7 holds f (V) € 22,
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ACR

A is semi-open < there exists U € 7o : U C AC U & A C Int(A)
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ACR

A is semi-open < there exists U € 7o : U C AC U & A C Int(A)

f € Q & for each V € 7, the set f~1(V) is semi-open
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ACR

A is semi-open < there exists U € 7o : U C AC U & A C Int(A)

f € Q & for each V € 7, the set f~1(V) is semi-open

f € By < foreach V € 7 the set (V) is 22,
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(xi) Quel que soit Uordinal o de premiére ou Seconde classe Transpinie,
il emiste unme fonction quasicontinue dans I et de classe a de Baire effective
dans I.

En effet, P C I étant un ensemble parfait rare et de mesure positive,
désignons par N ensemble des extrémités de tous les intervalles fermés

I, ,. I,,... contigus & P, supposés numérotés de fagon que chaque voisi-
nage d’un point de P—N contienne un intervalle & indice pair ot un autre
3 indice impair. Considérons un ensemble arbitraire R CP—N et posons
pour n =1,2,...

0 lorsque zeR ou bien ®ely, ,,

fla) =

1 lorsque 2eP—N—R ou bien wely,.

La fonetion f est évidemment quasicontinue dans I. Si 'ensemble R
n’est pas mesurable au sens de Lebesgue (ce qui est possible, P étant sup-
posé de mesure positive), la fonction f n’est pas mesurable non plus, ce
qui démontre (x).

Mais on peut choisic R mesurable et tel qu'il soit d'une classe bore-
lienne ¢ donnée d’avance, done que la fonetion f appartienne & la classe a
de Baire. On a ainsi (xi).
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L. Zajitek, On o-porous sets in abstract spaces, Abstr. Appl. Anal. 5 (2005), 509-534.

(X, p) - metric space
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L. Zajitek, On o-porous sets in abstract spaces, Abstr. Appl. Anal. 5 (2005), 509-534.
(X, p) - metric space
McX,xeX, r>0
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L. Zajitek, On o-porous sets in abstract spaces, Abstr. Appl. Anal. 5 (2005), 509-534.
(X, p) - metric space
McX,xeX, r>0

v (x,r,M) =sup{t >0:3,exB(z,t) C B(x,r)\M}
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L. Zajitek, On o-porous sets in abstract spaces, Abstr. Appl. Anal. 5 (2005), 509-534.
(X, p) - metric space
McX,xeX, r>0

v (x,r,M) =sup{t >0:3,exB(z,t) C B(x,r)\M}

p (M, x) — 2limsup 20 M)

r—07+ r
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L. Zajitek, On o-porous sets in abstract spaces, Abstr. Appl. Anal. 5 (2005), 509-534.
(X, p) - metric space
McX,xeX, r>0

v (x,r,M) =sup{t >0:3,exB(z,t) C B(x,r)\M}

p (M, x) — 2limsup 20 M)

r—07+ r

Theset M C X is
@ porous if p(M,x) > 0 for each x € M

@ strongly porous if p(M, x) =1 for each x € M
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f,genB

p(f,g) = min{1,sup{| f(t) — g(t) |: t € R}}
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A set F € Ag_ﬂ iff xp € B,.
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Aset F € Ag_ﬂ iff xp € B,.

.

For each ordinal number oo < wy the set O N B, is strongly porous
in (QNBay1,0).

v
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

fednB,, re(0,1),0<e<r/2
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

fednB,, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

fednB,, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
C C(a,b)
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

fednB,, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢

C C(a,b)

GLUG, =0, G]_UGQZ(a7b)\C
xeC= GlﬁU(x)#Q), GzﬂU(X);’é@
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

fednB,, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢

C C(a,b)

GLUG, =0, G]_UGQZ(a7b)\C
xeC= GlﬁU(x)#Q), GzﬂU(X);’é@
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

fednB,, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢

C C(a,b)

GLUG, =0, G]_UGQZ(a7b)\C
xeC= GlﬁU(x)#Q), GzﬂU(X);’é@
FCC FeAl\T0

£(0) = {f(x) if x ¢ [a, b]

c—%+rxcur ifxela, b
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

il P feQnBa, re(0,1),0<e<r/2
kg . diam(f([a, b])) < 2¢
~ Cc(ab)
c 2 GIUG =0, G UG, =(a,b)\ C
< XGC:>G1QU(X)75®,GQQU(X)7£®
r FcC FeAl ,\22,,
C_E 0 a b X

£(0) = {f(x) if x ¢ [a, b]

c—%+rxcur ifxela, b
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

il P feQnBa, re(0,1),0<e<r/2
kg . diam(f([a, b])) < 2¢
~ Cc(ab)
c 2 GIUG =0, G UG, =(a,b)\ C
< XGC:>G1QU(X)75®,GQQU(X)7£®
r FcC FeAl ,\22,,
C_E 0 a b X

200 = {f(x)r i x ¢ [2, 5]
g€ QN Basr c—%+rxcur ifxela, b
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

2 i feQnB,, re(0,1),0<e<r/2
kg . diam(f([a, b])) < 2¢
~ Cc(ab)
c 2. GIUG =0, GUG, = (a,b)\ C
< XGC:>G1QU(X)75®,GQQU(X)7£®
7 FcC FeAl ,\22,,
C_E 0 a b X

200 = {f(x)r i x ¢ [2, 5]
g€ QN Basr c—%+rxcur ifxela, b

B(g,r/2—¢) C B(f,r)
B(g,r/2—¢e)NBy =10
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For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

fednB,, re(0,1),0<e<r/2

diam(f([a, b])) < 2¢
C C(ab)

e GUG=0,GUG =(ab)\C

XGC:>G1QU(X)75®, GzﬁU(X);’é@

FCC FeAl\T0

z GUF
T
[ = =

c

-
o

2 0 a b
g€ QNBat1

g@:{“” if x ¢ [a, b]

c—%+rxcur ifxela, b

B(g,r/2—¢) C B(f,r)

B(g,r/2—e)NB, =10

sup{t > 0: J,c

’y(f,r,QﬂBa) =
o5, B (8:8) € B(F,)\(QNBa)} = 3

G. lvanova, J. Hejduk On the porosity of Baire class function



For each ordinal number a < wy the set O N By, is strongly porous
in (Q N Ba+17 Q)

| i feQnB, re(0,1),0<e<r/2
o5 . diam(f([a, b])) < 2¢
~ Cc(ab)
c 2. GIUG =0, GUG, = (a,b)\ C
- XGC:>G1QU()75® GzﬁU(X);’é@
. FcC FeAl ,\22,,
c 7 . ] : . |
g(x) = { (x) if x ¢ [a, b]
g€ QN Basr c—%+rxcur ifxela, b
B(g,r/2—¢) C B(f,r)
B(g,r/2—¢e)NBy =10 p(QﬂBa,f)—2I|msupM 1
r—0*

'y(f,r,QﬂBa)z
sup{t > 0: 3geons, . B(g:t) C B(F,N\(QNBa)} = 5
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H. P. Thielman, Types of functions, Amer. Math. Monthly 60 (1953), 156-161.

Definition (H. P. Thielman, 1953)

A function f is cliquish at a point x if for every neighbourhood U
of x and for each £ > 0 there exists a non-empty open set G C U
such that | f(y) — f (z) |[< € for each y,z € G.
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H. P. Thielman, Types of functions, Amer. Math. Monthly 60 (1953), 156-161.

Definition (H. P. Thielman, 1953)

A function f is cliquish at a point x if for every neighbourhood U
of x and for each £ > 0 there exists a non-empty open set G C U
such that | f(y) — f (z) |[< € for each y,z € G.

A function f is cliquish if it is cliquish at each point.
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H. P. Thielman, Types of functions, Amer. Math. Monthly 60 (1953), 156-161.

Definition (H. P. Thielman, 1953)

A function f is cliquish at a point x if for every neighbourhood U
of x and for each £ > 0 there exists a non-empty open set G C U
such that | f(y) — f (z) |[< € for each y,z € G.

A function f is cliquish if it is cliquish at each point.

Cq - the family of all cliquish functions
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Q C(Cq
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Q C(Cq

QN By C CqN By C Ba, for a < wr
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Q C(Cq

QN By C CqN By C Ba, for a < wr

f € Cq < D(f) is meager

=

By CC,
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Q C(Cq

QN By C CqN By C Ba, for a < wr

f € Cq < D(f) is meager
B1 C Cq

=

@C=9nccc,NnCccC fora=0
Q QﬁBlccqﬂBlzBlccq,forazl
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For each ordinal number o, 1 < o < wy, the set Q N By, is strongly
porous in (Cq N By, 0).
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For each ordinal number o, 1 < o < wy, the set Q N By, is strongly
porous in (Cq N By, 0).

fednB, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
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For each ordinal number o, 1 < o < wy, the set Q N By, is strongly
porous in (Cq N By, 0).

fednB, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
xo = (a+b)/2
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For each ordinal number o, 1 < o < wy, the set Q N By, is strongly
porous in (Cq N By, 0).

VT
e feQnNB,, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
£ 7’28 X0 = (a—l—b)/2
e f(x if x ¢ [a,b
z ; g0)=1"), i la
0 a o b c—3 + X {x} if x € [a, b]
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For each ordinal number o, 1 < o < wy, the set Q N By, is strongly
porous in (Cq N By, 0).

VT
e feQnNB,, re(0,1),0<e<r/2
diam(([a, b])) < 2
c r2e Xo = (a—l—b)/2
e f(x if x ¢ [a,b
. : : g(x) = ( )r _ ¢ [a, ]
0 a %o b X c—3 + X {x} if x € [a, b]
g €CqN By o A(Fr,QNBy)
Bg.r/2— <) C B(f.r) P@NBa,f) =2lmeap T2 =1

CcB
B(g,r/2—e)nQ =10

sup{t > 0 3gec,n, B(g,8) C B(F.)\(QNBa)} = 5

7(f7r7QﬂBa):
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for 1 < a < wsy:

0'fiBy & 6,1 By e By

| strongly porous | | i |
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for 1 < a < wsy:

0'fiBy & 6,1 By e By

| strongly porous | | i |

for a = 1:
QﬁBlccqﬂlgl:BlCCq
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for 1 < a < wsy:

0'fiBy & 6,1 By e By

| strongly porous | | i |

for a = 1:
QﬁBlccqﬂBlzBlccq

For each ordinal number a, 1 < @ < wy, the set Cq N B, is strongly
porous in (Bg, 0).
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For each ordinal number a, 1 < av < wy, the set Cq N By, is strongly
porous in (Bg, 0).
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For each ordinal number a, 1 < av < wy, the set Cq N By, is strongly
porous in (Bg, 0).

feCqNBy, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
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For each ordinal number a, 1 < av < wy, the set Cq N By, is strongly
porous in (Bg, 0).

1
€z feCyNBy, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
c F2e
2, 3 — g(x) = f(x) !fx¢[a,b]
c—5+rxq ifxelab]
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For each ordinal number a, 1 < av < wy, the set Cq N By, is strongly
porous in (Bg, 0).

1
€z feCyNBy, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
c F2e
2, 3 — g(x) = f(x) !fx¢[a,b]
c—5+rxq ifxelab]
g€ B,

B(g,r/2—¢) C B(f,r)
B(g,r/2—¢e)NCq=10
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For each ordinal number a, 1 < av < wy, the set Cq N By, is strongly
porous in (Bg, 0).

"
€z feCyNBy, re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
c F2e
2, 3 . 2(x) = f(x) !fx¢[a,b]
c—5+rxq ifxelab]

g € B,
B(g,r/2 —¢) C B(f,r) p(Cq ﬂBa,f)72I|msupM 1

r—0+

B(g,r/2—¢e)NCq=10

Y(f,r,CqNBy) =

r
sup{t > 0:34ep,B(g,t) C B(f,r)\(CqNBa)} = 5
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for 1 < a < wy:

QNB, cCyNBy € By

| strongly porous | | strongly porous

for 1 < a < wsy:

QnBaCQnBa+1

strongly porous
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for 1 < a < wy:

QNB, cCyNBy € By

| strongly porous | | strongly porous

for 1 < a < wsy:

QnBaCQnBa+1

strongly porous

for 1 < a < wy:

C,NB, €CyNByyq
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For each ordinal number oo < wy the set Cq N B, is strongly porous
in (Cq N Ba+1, 0)-
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For each ordinal number oo < wy the set Cq N B, is strongly porous
in (Cq N Ba+1, 0)-

feCqnNBy re(0,1),0<e<r/2
diam(f([a, b])) < 2¢
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For each ordinal number oo < wy the set Cq N B, is strongly porous
in (Cq N Ba+1, 0)-

feCqnNBy re(0,1),0<e<r/2
diam(f([a, b])) < 2¢

C C(a,b)

FCC Fenl,,\5%,

G. lvanova, J. Hejduk On the porosity of Baire class function



For each ordinal number oo < wy the set Cq N B, is strongly porous
in (Cq N Ba+1, 0)-

i F
”%T = feCqnBy, re(0,1),0<e<r/2
diam(F([a, b])) < 2:
: 1,. €C(ab)
FcC FeAl ,\%%,,
% a b X g(x) = f(x) !fX ¢ [a, b]
c—5+rxr ifxe[ab]
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For each ordinal number oo < wy the set Cq N B, is strongly porous
in (Cq N Ba+1, 0)-

V'[* ) F
©+3 ] . f€CqNBa, re(0,1),0<z<r/2
diam(f([a, b])) < 2¢
1. CcC(ab)
c L2e 0 0
L FCC FelAl\ X
% B b x g(x) = f(x) !fx¢[aab]
c—5+rxr ifxe[ab]
gquﬂBaH
B(g.r/2—¢) C B(f,r) p(CqﬂBa,f):2|imsupw:1

r—0+

B(g,r/2—¢e)NBy =10

'y(f,r,QﬂlS’a) =
r
sup{t > 0: Jgec,nB..1B(g,t) C B(f,r)\(CqNBa)} = >
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for 1 < a < wy:

QNB, cCyNBy € By

| strongly porous | | strongly porous

for 1 < a < wsy:

QnBaCQnBa+1

strongly porous

for 1 < a < wy:

C,NB, €cCqNByyq

| strongly porous
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for a < wa:

BaCBcHl
L. |
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for a < wa:

Ba = Ba+1
L. |

For each ordinal number o < w1 the set B, is strongly porous in
(Ba+17 Q)
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For each ordinal numbers o < 8 < ws

@ B, NCq is strongly porous in (Bg N Cq, 0);

@ B, N Q is strongly porous in (Bg N Q, 0);

© B.NCq, BoNQ, By are strongly porous in (Bg, 0);
Q B.NCq, BoNQ, By are strongly porous in (B, ).
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