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Preliminaries

In the theory of real functions families of functions that are not closed
under multiplication and addition are often considered. Therefore for
any class of functions X we can search for functions g such that for
each f € X, the sum f+ g (the product f-g) belongs to X. Such a
family of functions is called a maximal additive (multiplicative) class.
The concept of maximal multiplicative class has been generalized in
the following way: given two function classes X and Y we can find
all functions g such that the product f - g belongs to X whenever f
belongs to Y7 Such a family of functions X /Y is called a multiplier
of the set X over the set Y
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Preliminaries

The original goal of our research was to investigate multipliers over
classes of p-lower continuous functions, for different ¢ € [0, 1]. o-
lower continuity is a kind of generalized continuity. Families of o-
lower continuous functions are examples of so called A-continuous
functions and path continuous functions with respect to the fam-
ily A, where A = {4,;: z € R}, where A, is a some family of
"large" subsets of R containing . Then continuity of the function
f: I — Ratz € I means that pre-image f~1((f(z) —¢, f(z)+¢))
contains an element of A, for every ¢ > 0. Meanwhile, path con-
tinuity at € I means that there is a set £ € A, such that f
restricted to F is continuous in ordinary sense at x. Of course, path
continuity with respect to A implies A-continuity, and sometimes
they are equivalent. In [3] one can find many examples of generalized
continuities defined in this way. In the case of p-lower continuous
functions the family A is defined in terms of the lower density. The
density of a measurable set is a very old mathematical concept. Its
intensive research began in the 1920's.
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A(EN[z,z+1))
t

The numbers d* (E, z) = liminf,_,q+ and

E+(E, x) = limsup,_,o+ w are called the right lower den-
sity of E at = and the right upper density of E at x, respec-

tively. The left lower d~(E, z) and the left upper d (E,z) den-
sities of E at z are defined analogously. If d*(E,z) = d' (E,z)

or d”(E,z) = d (E,z) then we call these numbers the right
density or the left density of F at x, respectively. The numbers

d(E,z) = liminf, o+ 0+ %W and
d(E,x) = limsup;_,o+ 0+ %W are called the lower and

the upper density of E at x, respectively. It is easy to check that
d(E,z) = max{d (E,z),d (E,z)} and

d(E,z) =min{d"(E,z),d” (E,z)}. If d(E,z) = d(E, x) then we
call this number the density of £ at x and denote by d(E, x)
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For every p € [0,1) let
L, ={E: E is measurable and d(E, x) > p for every x € E}.
Similarly, for every o € (0,1] let

Lz = {E: E is measurable and d(E,x) > o for every x € E}.
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o-lower continuity

Definition

Let p € [0,1). We say that f: I — R is LC,-continuous at x € I
if for every € > 0 there exists a measurable

Ec{yel:|f(x)— f(y)| <e} such that d(E,z) > o. The set of
points at which f is LC,-continuous is denoted by LC,(f) and
LC, denotes the set of f: I — R which are LCy-continuous at
every x € 1.
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o-lower continuity

Definition

Let p € [0,1). We say that f: I — R is LC,-continuous at x € I
if for every € > 0 there exists a measurable

Ec{yel:|f(x)— f(y)| <e} such that d(E,z) > o. The set of
points at which f is LC,-continuous is denoted by LC,(f) and
LC, denotes the set of f: I — R which are LCy-continuous at
every x € 1.

\

Definition

Let g € (0,1]. We say that f: I — R is LC-continuous at z € I
if for every € > 0 there exists a measurable

Ec{yel:|f(x)— f(y)| <e} such that d(E,z) > o. The set of
points at which f is LCQ’—continuous is denoted by LC;(f) and
EC; denotes the set of f: I — R which are LC’g—continuous at
every x € 1. In particular, EC? consists of approximate continuous
functions.

™ = - = =
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Preliminaries

When examining properties of multipliers of ECZ and LC, families,
it turned out that a more appropriate tool is a similarly defined
family, which we call the adder of X over Y. Therefore, our work
is devoted to determining of adders of ECg and LC, families. As
in the case of multipliers, which are a generalization of the maximal
multiplicative class, the concept of adder is a generalization of the
maximal additive class.
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[01, 02]-lower superdensity

Now, we introduce the notion of [o1, p2|-lower superdensity and
present its basic properties. To this end, we start with an important
theorem showing the equivalence of certain conditions.

Let 0 < o1 < p3 <1, E C R be measurable and x € E. The
following properties are equivalent:

© for every measurable F C R containing x if d(F,x) > o9 then
d(Eﬁ F,:L’) > 01,

@ for every measurable F' C R containing x if d(F,x) > g2 then
d(Eﬁ va) > 01

© for every measurable F' C R containing x if d(F,x) > o2 then
d(EﬂF,:L’) > 01-
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[01, 02]-lower superdensity

Definition

Let 0 < p1 <pa<1andps— 01 <1. For0< p; <2 <1 we say
that a measurable set E C R is [o1, 02]|-lower superdense at © € E
if it satisfies one of the conditions of the previous theorem. For

0 < 02 < 1 we say that a measurable set E C R is [0, o2]-lower
superdense at v € E if it satisfies the first condition of the previous
theorem. For O < o1 < 1 we say that a measurable set E C R is
[01, 1]-lower superdense at = € E if it satisfies the second condition
of the previous theorem. We say that E is [01, 02]-lower superdense
if it is [p1, 02]-lower superdense at each of its point. The set of all
[01, 02]-lower superdense subsets of R we denote by L(o1, 02).

Stanistaw Kowalczyk jointly with Matgorzata Turowska Adder spaces of families of lower continuous functions



[01, 02]-lower superdensity

If E is measurable and x € E is the density point of E then E is
[01, 02]-lower superdense at x for every 0 < p; < p2 < 1 and

02— 01 <1
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[01, 02]-lower superdensity

If E is measurable and x € E is the density point of E then E is
[01, 02]-lower superdense at x for every 0 < p; < p2 < 1 and

02— 01 <1

Let 0 < 01 < p2 <1 and E C R be measurable. If E ¢ L(p1, 02)
then there exist xt € E and a measurable set F C R such that
d(F,z) > g3 and d(ENF,x) < o1.
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[01, 02]-lower superdensity

If E is measurable and x € E is the density point of E then E is
[01, 02]-lower superdense at x for every 0 < p; < p2 < 1 and

02— 01 <1

Let 0 < 01 < p2 <1 and E C R be measurable. If E ¢ L(p1, 02)
then there exist xt € E and a measurable set F C R such that
d(F,z) > g3 and d(ENF,x) < o1.

L:—gz+91 C L(p1,02) forevery 0 < o1 < pa <1 and g2 — 01 < 1.

Moreover, Lf = L(p, 0) for p € (0,1) and Lg = L(p,1) for
€ (0,1]. Otherwise the inclusion LLQQﬂH C L(o1, 02) is proper.
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[01, 02]-lower superdensity

Let 0< 01 <p2<1,0—01 <1 Then
o L(Ql’ 92) ; Ul’*QerQl’-

Q ifE e L(01,02), v € E and d(E,x) = d(E,x) = « then
a>1-02+01.
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[01, 02]*-lower superdensity

Definition

Let 0 < o1 < 92 < 1. A measurable set E C R is [p1, 02]*-lower
superdense at x € E if for every measurable F' C R containing x if
d(F,z) > g3 then d(E N F,x) > p1. We say that E is

[01, 02]*-lower superdense if it is [01, 02|*-lower superdense at each
of its point. The set of all [01, p2]*-lower superdense subsets of R
we denote by L*(o1, 02).
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[01, 02]*-lower superdensity

Definition

Let 0 < o1 < 92 < 1. A measurable set E C R is [p1, 02]*-lower
superdense at x € E if for every measurable F' C R containing x if
d(F,z) > g3 then d(E N F,x) > p1. We say that E is

[01, 02]*-lower superdense if it is [01, 02|*-lower superdense at each
of its point. The set of all [01, p2]*-lower superdense subsets of R
we denote by L*(o1, 02). )
(Theoem |
Let 0 < o1 <02 <1. Then L1_4, 40, C L*(01,02). Moreover,
L,= L*(o,1) for o € (0,1) and Li_ortor ; L* (01, 02) if o2 # 1.
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[01, 02]*-lower superdensity

Definition

Let 0 < o1 < 92 < 1. A measurable set E C R is [p1, 02]*-lower
superdense at x € E if for every measurable F' C R containing x if
d(F,z) > g3 then d(E N F,x) > p1. We say that E is

[01, 02]*-lower superdense if it is [01, 02|*-lower superdense at each
of its point. The set of all [01, p2]*-lower superdense subsets of R
we denote by L*(o1, 02).

i

Let 0 < o1 <02 <1. Then L1_4, 40, C L*(01,02). Moreover,
L, = L*(o,1) for o € (0,1) and L1y, 14, & L*(01, 02) if 02 # 1.

Q L*(01,02) S Ul pyyg for0< o1 <02<1;
Q ifE € L*(01,02), 2 € E and d(E,x) = d(E,x) = « then
a>1—09+ 01 for0< o1 < o9 < 1.
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L,, o,-continuity

Definition

Let 0 <01 <p3<1,00—01 <1 Wesaythat f:I >R is
Ly, 0,-continuous at x € I if for every e > 0 there exists a
measurable E C {y € I: |f(z) — f(y)| < &} which is [p1, o2]-lower
superdense at x. The set of points at which f is L,, ,,-continuous
is denoted by L, 0,(f) and Ly, ,, denotes the set of f: I — R
which are L,, ,,-continuous at every x € I.
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L,, o,-continuity

Definition

Let 0 <01 <p3<1,00—01 <1 Wesaythat f:I >R is
Ly, 0,-continuous at x € I if for every e > 0 there exists a
measurable E C {y € I: |f(z) — f(y)| < &} which is [p1, o2]-lower
superdense at x. The set of points at which f is L,, ,,-continuous
is denoted by L, 0,(f) and Ly, ,, denotes the set of f: I — R
which are L,, ,,-continuous at every x € I.

Definition

Let 0 < 01 < p2<1. Wesaythat f:I >R s Lzhm—continuous
at x € I if for every € > 0 there exists a measurable
Ec{yel:|f(x)— f(y)| <e} which is o1, 02]*-lower superdense
at x. The set of points at which f is L}, , -continuous is denoted
by Ly, ,,(f) and L3 .. denotes the set of f: I — R which are

L*

o100, -CONtINUOUS at every x € I.

\
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Definition

Let X and Y be two sets of functions from I to R. We call the set
AX/)Y)={g9g: I -R: f+ge X forall f €Y}

the adder set of X overY.
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Property of adders

The following properties of A (X/Y') are immediate consequences
of the definition.

Proposition

Let X, X1,X5,Y,Y1,Ys be sets of real-valued functions on I. The
following statements are true:

@ If X, C X, then A(X1/Y) C A(X)Y).

Q IfY) C Y, then A(X/Ys) C A(X/Y1).

@ If0eY then A(X/Y) C X.

Q IfY C X and X is closed under addition then X C A(X/Y).
Q@ IfY C X andY is closed under addition then Y C A(X/Y).

Q /If0e XNY and X is closed under addition then
A(X/Y)=X ifand only ifY C X.
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Adders of p-lower continuous functions

Q Ly, = (‘CC’ /EC ) for0 < o1 <02 <1,
Q@ Ly =A(LCY /LCy,) for0 < o1 < 02 <1,
© Ly ,0, = A(LCy /LCy,) for0 < o1 < 02 < 1.
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Adders of p-lower continuous functions

Q Ly, = (‘CC. /['C ) for0 < o1 <02 <1,
Q@ Ly =A(LCY /LCy,) for0 < o1 < 02 <1,
© Ly 0, = A(LCy /LCy,) for 0 < o1 < 02 < 1.

@ L£Ct = A(Lct/cet) for o€ (0,1], £CY = (ccg/zc{)
for g € (0,1) and £CY_,, , S A(LCS /LCY,) for
0< 01 < 02 < 1,

@ cct =A(ces/cc,) foroe (0,1) and

»CC? 02+01 ; A (‘CC’ /‘CCQQ) for 0 < 01 <02<1,

Q cct = (/;c /LC,) for o € (0,1] and
ch pator & A(LCy, /LC,y) for 0 < o1 < g2 < 1.
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Adders of p-lower continuous functions

Let 0 < o1 < 02 < 1. Then A(LC,, /LCY) = L}

01,02°
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Adders of p-lower continuous functions

Let 0 < o1 < 02 < 1. Then A(LC,, /LCY) = L}

01,02°

£C, = A(£C,/£CY) for 0 € [0,1) and
LCl_Qzﬂ,l ; A (ECQI/L‘CzQ) for 0 < o1 < o2 < 1.

A
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Adders of p-lower continuous functions

Let 0 < o1 < 02 < 1. Then A(LC,, /LCY) = L}

01,02

.

LC,=A (ccg/ﬁc’) for o € [0,1) and
LCq- 02401 ¢ (ﬁcgl/ﬁc ) for 0 < 01 <2 <1

As we mentioned before, multipliers of o-lower continuous functions
have more complicated structure than adders. For example, for
0<o01<02<1wehave A(LCY /LCY) =Ly 0 G LCY /LCY,
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Path o-lower continuity

Definition

Let p € [0,1). We say that f: I — R is LPC-continuous at x € I
if for every € > 0 there exists a measurable

E.Cc{yel:|f(x)— f(y)| < e} such that lim,_,o+ d(E.,x) > o.
The set of points at which f is LPC,-continuous is denoted by
LPC,(f) and LPC, denotes the set of f: I — R for which are
LPC-continuous at every x € I.
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Path o-lower continuity

Definition

Let p € [0,1). We say that f: I — R is LPC-continuous at x € I
if for every € > 0 there exists a measurable

E.Cc{yel:|f(x)— f(y)| < e} such that lim,_,o+ d(E.,x) > o.
The set of points at which f is LPC,-continuous is denoted by
LPC,(f) and LPC, denotes the set of f: I — R for which are
LPC-continuous at every x € I.

\

Let o€ (0,1], f: I >R and x € I. Then f is LPC,-continuous
at x € I if and only if there exist a measurable set E C I such that
x € E, f restricted to E is continuous at x and d(E,z) > o.
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Adders of path LPC-continuous functions

a) (EC’ JLPCyy) = Ly, 0, for every 0 < o1 < 02 < 1,
b) A(LC,, /LPC,,) = Ly, o, for every 0 < o1 < 02 < 1.
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Adders of path LPC-continuous functions

a) (EC’ /EPCQQ) Lo, 0, forevery 0 < o1 < 02 <1,
b) A(LCy, /LPCy,) = Ly, 5, for every 0 < o1 < 02 < 1.

v

a) Lo, C A(EPCQI/EC ) CA(LPC,, /LC,,) C

UQE (01,02)

A(EPCQl/EPCQQ) C Loy,0, Torevery 0 < o1 < g2 <1,
b) A(LPC,/LPC,) = L,, = LCY and

A ,cpcg/zc’) = LPC, for p € [0,1).

A\
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