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A set of generators

Let G = {g0, g1, . . . , gk}, where g0 = idX and gi : X → X for i = 1, . . . , k.

Let us adopt the notation:

G 0 = {idX} and Gn = {gi1 ◦ gi2 ◦ · · · ◦ gin : i1, i2, . . . , in ∈ J0, kK} for n ∈ N.

For f : X → X let us put

G 0f = {idX} and Gn
f = {g ◦ f : g ∈ Gn−1} ∪ {idX} for n ∈ N.

Obviously
G 0f ⊂ G 1f ⊂ G 2f ⊂ . . .
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An entropy of f with respect to the family G

Let G = {g0 = idX , g1, . . . , gk} ⊂ XX , n ∈ N, ε > 0, f : X → X and Y ⊂ X
be a non-empty set.

We shall say that Z ⊂ Y is an (n, ε,G ,Y )-separated set of f in Y by G if
for any two different points p, q ∈ Z there exists a function ξ ∈ Gn

f such that
ρ(ξ(p), ξ(q)) > ε.

An entropy of f with respect to the family G in Y is the number

h(f ,G ,Y ) = lim
ε→0

lim sup
n→∞

1
n
log sf (n, ε,G ,Y ),

where sf (n, ε,G ,Y ) denotes the maximal cardinality of
(n, ε,G ,Y )-separated set of f in Y by G .

We write briefly h(f ,G ) if Y = X .
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Comparison with the entropy of a semigroup

Let G = {g0 = idX , g1, . . . , gk} ⊂ XX be a set of generators and
G(G ) =

⋃
n∈N

Gn ( where Gn = {gi1 ◦ gi2 ◦ · · · ◦ gin : i1, i2, . . . , in ∈ J0, kK}).

Let n ∈ N, ε > 0 and Y ⊂ X . We say that Z ⊂ Y is (n, ε)-separated by
G(G ) in Y if for any two distinct points p, q ∈ Z there exists a function
g ∈ Gn such that ρ(g(p), g(q)) > ε.

Let s(n, ε,G(G ),Y ) denote the maximal cardinality of (n, ε)-separated set by
G(G ) in Y . Then the entropy of a semigroup G(G ) on Y is the number:

h(G(G ),Y ) = lim
ε→0+

lim sup
n→∞

1
n
log s(n, ε,G(G ),Y ).

Property
If f ∈ G and Y ⊂ X then h(f ,G ,Y ) ¬ h(G(G ),Y ).
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Let f , g : [0, 1]→ [0, 1] be defined as follows:

f (x) =


2x for x ∈

[
0, 14

]
−2x + 1 for x ∈

(
1
4 ,
1
2

)
0 for x ∈

[
1
2 , 1
] g(x) =



1
2 for x ∈

[
0, 12

]
4x − 32 for x ∈

(
1
2 ,
5
8

]
−4x + 72 for x ∈

(
5
8 ,
3
4

]
−4x + 92 for x ∈

(
7
8 , 1
]

G = {id[0,1], f , g}

Gn = {id[0,1], const 1
2
, const0}∪{f p : p ∈ J1, nK}

∪{gp : p ∈ J1, nK}

Gn
f = {id[0,1], const 1

2
} ∪ {f p : p ∈ J1, nK}

log 4 = h(g) ¬ h(G(G ))

h(f ,G ) = h(f ) = log 2

h(f ,G ) < h(G(G )).
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Comparison with the entropy of a function

Let ∅ 6= Y ⊂ X and G = {g0, g1} ⊂ XX be a set of generators such that
g0 = idX and g1 = f , then

h(f ,G ,Y ) = h(f ,Y ).
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Chaotic and antichaotic families of functions

We will say that a finite family of functions G = {g0 = idX , g1, . . . , gk} is
antichaotic on the set ∅ 6= Y ⊂ X , if h(gi ,Y ) = 0 for i ∈ J0, kK. Obviously if
X = Y we will say that G is antichaotic.

We will say that a finite family of functions G = {g0 = idX , g1, . . . , gk} is
chaotic on the set ∅ 6= Y ⊂ X , if h(gi ,Y ) > 0 for i ∈ J1, kK. Obviously if
X = Y we will say that G is chaotic.
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C (X ) – the space of all continuous functions f : X → X .
CV (X ) – the space of closed subsets of C (X ) with Hausdorff metric.

Let consider subspace C ∗V (X ) composed of sets of the following form
{g1, . . . , gk} for gi ∈ C (X ) and k ∈ N.

Let C ∗0V (X ) denote the family of all sets {g1, . . . , gk} ∈ C ∗V (X ) such that the
family {g0 = idX , g1, . . . , gk} is antichaotic.

Let C ∗+V (X ) denote the family of all sets {g1, . . . , gk} ∈ C ∗V (X ) such that
{g0 = idX , g1, . . . , gk} is chaotic.

Theorem
Let X = [0, 1]. The set IntH(C

∗+
V (X )) is dense in C ∗V (X ).

Corollary
The set C ∗0V ([0, 1]) is nowhere dense in C ∗V ([0, 1]).
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Theorem
Let (X , ρ) be a connected topological manifold having the fixed point
property. The set C ∗+V (X ) is dense in C ∗V (X ).

Corollary
Let (X , ρ) be a connected topological manifold having the fixed point
property. Then IntH(C

∗0
V (X )) = ∅.
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α-entropy points and chaos

Let G = {g0 = idX , g1, . . . , gk} ⊂ XX and α ­ 1. We say that x0 ∈ X is an
α-entropy point of f : X → X by G if h(f ,G ,Y ) ­ logα for any open
neighborhood Y of the point x0.

“It is commonly accepted that an evidence of chaos is positivity of
topological entropy”.

So, if there exists an open neighborhood Y0 of point x0 such that
h(f ,G ,Y0) = 0 = log 1 then we cannot talk about chaos.

If α > 1 and for any open neighborhood Y of point x0 we have
h(f ,G ,Y ) ­ logα then we will call x0 an α-chaotic point of f by G .
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Theorem
Let α > 1, x0 ∈ [0, 1) and f : [0, 1]→ [0, 1] be the Darboux function such
that x0 ∈ Fix(f ) and D+f (x0) > 0. Then there exists antichaotic family
G ⊂ C ([0, 1]) such that #(G ) = 2 · dαe+ 1 and x0 is an α-chaotic point of
f by G .

Let f : R→ R be defined in a neighborhood of x0. We define the upper right
Dini derivative D+f of f at x0 by

D+f (x0) = lim sup
h→0+

f (x0 + h)− f (x0)

h
.

dαe = min{k ∈ N0 : k ­ α}

x0 ∈ Fix(f ) iff f (x0) = x0

Problem
To prove the theorem above, we need to consider a family G containing
2 · dαe+ 1 elements. The question arises whether (with possibly stronger
assumptions regarding the function f ) there is a family G with fewer
elements such that the conclusion of the above theorem is satisfied?

Remark
In the context of above theorem the opposite situation can be considered.
For a fixed (antichaotic) family G = {g0 = id[0,1], g1, . . . , gk} ⊂ C ([0, 1]),
can we find the function f : [0, 1]→ [0, 1] such that for every/some α > 1
there exists x0 which is the α-chaotic point of f by G?
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Let G = {g0 = id[0,1], g1}, where g1 is a function given by:

g1(x) =

{
x + 12 for x ∈ [0, 12)

1 for x ∈ [12 , 1].

We get, that g1 ◦ g1 is a constant function. Consequently, for any ε > 0 and
n > 2 we have sf (n, ε,G ) = sf (2, ε,G ) for any function f , which means that
h(f ,G ) = 0.
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Disruption

Let f ∈ C ([0, 1]) and G = {g0 = id[0,1], g1, ..., gk} ⊂ C ([0, 1]).

We shall say that the family Gf = {g0 = id[0,1], f ◦ g1, ..., f ◦ gk} is an
f -disruption of G .

Theorem
Let G = {g0 = id[0,1], g1, . . . , gk} be a family of continuous functions
mapping [0, 1] into itself. Moreover, there exist x0 ∈ Fix(G ) ∩ [0, 1) and
δ > 0 such that (gi )′+(x) > 1 for any i ∈ J1, kK and x ∈ [x0, x0 + δ]. Then for
any α > 1 there exists a function f ∈ C ([0, 1]) such that the family Gf being
an f -disruption of G is chaotic and x0 is α-chaotic point of f by Gf .
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