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A classical Kuratowski’s result

The closure (resp. interior) of A C X we denote by A (resp.
Int(A)).
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A classical Kuratowski’s result

The closure (resp. interior) of A C X we denote by A (resp.
Int(A)).

[§ Kuratowski, K., Sur ’operation A de I’analysis situs,
Fund. Math., (1992) , 182-199.

A classical result of Kuratowski states that, from a given subset
of a topological space it is possible to make at most 7 distinct
sets given in the graph below, by composing the closure and the
interior operations.
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A classical Kuratowski’s result

The closure (resp. interior) of A C X we denote by A (resp.
Int(A)).

[§ Kuratowski, K., Sur ’operation A de I’analysis situs,
Fund. Math., (1992) , 182-199.

A classical result of Kuratowski states that, from a given subset
of a topological space it is possible to make at most 7 distinct
sets given in the graph below, by composing the closure and the
interior operations.

Int(A) —— IntA —~ A

! !

A—TInt(A)— IntInt(A) — IntA
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Classical types of subsets in topological space

The generalized closure operators (resp. interior operators) are
determined by these operations and have the form A U®(A)
(resp. ANP(A)), where

D(A) € {Intint(A),IntA, Int(A),IntANInt(A), IntAUInt (A), IntA}.
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Classical types of subsets in topological space

The generalized closure operators (resp. interior operators) are
determined by these operations and have the form A U®(A)
(resp. ANP(A)), where

D(A) € {Intint(A),IntA, Int(A),IntANInt(A), IntAUInt (A), IntA}.

Let’s recall the classical types of the appropriate generalized
open and generalized closed subsets:
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Classical types of subsets in topological space

The generalized closure operators (resp. interior operators) are
determined by these operations and have the form A U®(A)
(resp. ANP(A)), where

D(A) € {Intint(A),IntA, Int(A),IntANInt(A), IntAUInt (A), IntA}.

Let’s recall the classical types of the appropriate generalized
open and generalized closed subsets:

For a topological space (X, T), we denote: -
o 0% ={ACX:ACInlnt(A)}, €% :={ACX:ImA CA}
o 0°:={ACX:ACIn(A)},¢* :={ACX:IntA C A}
o OV ={ACX:ACInA}, 67 :={ACX:Int(A) CA}
o OV:={ACX:ACInt(A)UIntA}, €7 := {A C X : Int(A) NIntA C A}

o 0P :={ACX:ACInA}, ¢P ={ACX: Intlnt( )CA}
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Relationships among the families of subsets of classical

types

As a consequence of Kuratowski’s result, we have the following
relationships among the families that we defined above

oOP
N Y A
\ﬁs /

A
C—nC° €Y ——¢P
\%S /
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The Kuratowski {b, i, V, A }-problem.

[ Gardner, B. J-Jackson, M.G., The Kuratowski
closure-complement theorem, New Zealand J.Math.,
(2008), 9-44.

[@ Sherman, D., Variations on Kuratowski’s 14-set theorem,

The American Mathematical Monthly, (2010), 113-123
Sherman and, Gardner and Jackson have redenoted as b(A) = A
and i(A) = Int(A), the operation of the closure and the interior
operator, respectively.
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The Kuratowski {b, i, V, A }-problem.

[ Gardner, B. J-Jackson, M.G., The Kuratowski
closure-complement theorem, New Zealand J.Math.,
(2008), 9-44.

[@ Sherman, D., Variations on Kuratowski’s 14-set theorem,
The American Mathematical Monthly, (2010), 113-123

Sherman and, Gardner and Jackson have redenoted as b(A) = A

and i(A) = Int(A), the operation of the closure and the interior

operator, respectively.

These authors posed the following question
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The Kuratowski {b, i, V, A }-problem.

[ Gardner, B. J-Jackson, M.G., The Kuratowski
closure-complement theorem, New Zealand J.Math.,
(2008), 9-44.

[@ Sherman, D., Variations on Kuratowski’s 14-set theorem,
The American Mathematical Monthly, (2010), 113-123

Sherman and, Gardner and Jackson have redenoted as b(A) = A

and i(A) = Int(A), the operation of the closure and the interior

operator, respectively.

These authors posed the following question

What is the number of sets obtainable from a given subset of a
topological space using the operators derived by composing members
of the collection {b,i,V,\}, where \/ and N denote the union and
intersection, respectively?
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Hasse diagram

bib IV bib

bi Vib——————— (I Abib) V bi V ib——— TV bi Vib

/ / /
/ /| 7
(I A (biVib))V bi ‘ I A bib) Vv bi ‘ Ivbi
ib — (I A (bi v ib)) v ib I A bib) v ib Ivib

bi

(I Aib) W (bi A ib) —— (I A (bi Vb)) V/ (bi A ib)—w (I Abib) V (bi Aib)—wT V (bi A ib)

bi A ib—p- (T ABi)V (bi A ib

(I A ib) v ibi —— (I A (biVib)) V ibi ——— (I Abib) V ibi —— T \/ibi
/ /"
Ve Ve

(I A bi A bi) Vibi (I Abi)V ibi
IAib I A(bivib) I Abib I

ibi

I Abi Nib———— T Abi

T Aibi




Operators from Hasse diagram

Each operator from this Hasse graph is a function

(@,%): 2(X) = P(X)
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Operators from Hasse diagram

Each operator from this Hasse graph is a function
(®,¥): Z(X) = Z(X)

define by
(D,¥)(A) = (ANY(A))UD(A)
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Operators from Hasse diagram

Each operator from this Hasse graph is a function
(®,¥): Z(X) = Z(X)

define by
(D,¥)(A) = (ANY(A))UD(A)
or equivalently
(®,¥)(4) = (AUD(A)) NP(A),
where A C X and ®,¥ € {ibi,ib,bi,bi Nib,biV ib,bib} i.e,
O e {Intlnt(...), Int(...), Int(...), Int(...) N Int(...),
Int(...)UInt(...),Int(...)}

Emilia Przemska Galois connection between regular subsets in topological space



The problem of fixed points of such operators was examined in
the paper "The lattices of families of regular sets in topological
spaces." Mathematica Slovaca 70.2 (2020): 477-488.
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The problem of fixed points of such operators was examined in
the paper "The lattices of families of regular sets in topological
spaces." Mathematica Slovaca 70.2 (2020): 477-488.

Definition of regular subsets:
As a result, for any pair (®,¥), the family of all fixed points that
are characterized as follows

2(@,¥)={ACX:PA) CACY(A)},
where ®,W € {Intint(...),Int(...), Int(...), Int(...)NInt(...),
Int(...)UInt(...),Int(...)}
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The problem of fixed points of such operators was examined in
the paper "The lattices of families of regular sets in topological
spaces." Mathematica Slovaca 70.2 (2020): 477-488.

Definition of regular subsets:
As a result, for any pair (®,¥), the family of all fixed points that
are characterized as follows
2(@,¥)={ACX:PA)CACY(A)},
where ®,W € {Intint(...),Int(...), Int(...), Int(...)NInt(...),

Int(...)UInt(...),Int(...)}
The elements of these families are called regular subsets.
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The relationships among families of regular subsets

o 08
— g
QY ——— 0
T R(BP) RB) R(B:B) cP
®/ /
/
® R(v:p) RO R(:5) cv
® RSO c*
RO (p,8),
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The relationships among families of regular subsets

o o
— g
QY ——— 0
T R(BP) RB) R(B:B) cP
®/ /
/
® R(v:p) RO R(:5) cv
® RSO ® c*
= N
RO ® R®) RP:5) cr
i vy v

RC/® ®/’ C/

All families of regular subsets are of the form Z(*?) = €N &”
where €% € {€,€%,€°,€7.€7,€P} and
0 € {1,0% 0%, 007,08},
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The main result of this investigation is the following theorem.
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The main result of this investigation is the following theorem.

Any family 2(®,P) of regular subsets of a topological space (X, T)
has the structure of a complemented complete lattice under the
operations defined as follows:
A®B=(P,¥)(AUB)=((AUB)NY(AUB)) UP(AUB)
AGB=(P,¥)(ANB)=((ANB)NY¥(ANB))UP(ANB)
A'=(2,%)(X\4) = (X \A)NP(X\A)) UD(X\A)
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A Birkhoff system

B Birkhoff, G., Lattice theory. Vol. 25. American
Mathematical Soc., (1940).

As well known, the partial ordering in a lattice .Z is closely

related to the algebraic operations in .Z.
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A Birkhoff system

B Birkhoff, G., Lattice theory. Vol. 25. American
Mathematical Soc., (1940).

As well known, the partial ordering in a lattice .Z is closely

related to the algebraic operations in .Z.

So, in our case in a family 2(®,¥) we have the lattice order <
given by
A<B&AOB=Aand A©®B =B,
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A Birkhoff system

B Birkhoff, G., Lattice theory. Vol. 25. American

Mathematical Soc., (1940).
As well known, the partial ordering in a lattice .Z is closely
related to the algebraic operations in .Z.
So, in our case in a family 2(®,¥) we have the lattice order <
given by

A<B&AOB=Aand A©®B =B,

It turns out that in every lattice (P, ¥) the order means
inclusion i.e.,

ACB&AOB=Aand A® B =B,
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Galois connection

[3 Ore, O., Galois connexions, Transactions of the
American mathematical society (1944): 493-513.

[@ Birkhoff G., Lattice Theory, Amer. Math. Soc.
Colloquium Publications, Providence, Rhode Island, 1st
edition, 1940 (3rd edition 1967).

3 Schmidt, J., Beitrage zur Filtertheorie. II,
Mathematische Nachrichten 10.3 - 4 (1953): 197-232.

,
For the lattices (&7, <), (%, <%) and q
F:o - B,G: B — o, the pair (F,G) of
functions is a Galois connection iff the
following two clauses hold:

O x <y GF() and F(G()) <y A U
@ F and G are monotonic ) G
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sets?

Are there Galois connections between symmetric families of regular

R RO:B) o4l
® RSO (2 c*
_— V[ T x
RO —=—""R R@:) ‘ R(P.B). el
| iy
i / / /
RC ® C
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The case of the pair (Z0, %% )

CASE1
Let us take the pair (F,G) = ((...),Int(...)). Then we get:

() ni(...)

<::> <::> AE%@—%AE%%——%MH AERO
Int(...) ) ———

BeREC —>Int(A) e ZO — Int(A) =A € ZC€

Int(. )
So, we obtain G(F(A)) = A and F(G(B)) = B i.e., the pair
(((...),Int(...))), as it is usually called, is a perfect Galois connection.
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The case of the pair (%(7~I’), (@(PJ’))

CASE 11
Using the pair of functions (F,G) = ((.. .)p,p.Int(. ..)) we obtain

P

f'\ A grn) Ty aP ¢ oo P, TY 4 ot
P
B e #PY) Mp.lnt(A) c gptre) L0
s
b Q y.Int(A) =A € R 0Y)
p.Int(...)

Hence, the pair ((...)",p.Int(...)) is a perfect Galois connection
either, because we have G(F(A)) = A and F(G(B)) = B.
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The case of the pair (%(54’), R PB ))

CASE 111 -
Taking the pair (F,G) = ((.. .)p,p.lm‘(. ..)) we obtain
oy
q Ac FBp) ) ) E P:B) pInt(...) Xy c 2 Bp)
p
Be #PP) M>p.Int(A) c B L)
TP
w ULy n(A) € 20 B)
pInt(...)

Consequently, A C G(F(A)) =A" and y.Int(A) = F(G(B)) C B, so we
have the classical Galois connection.
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The case of the pair (%(ﬁﬁ’),%(?’ﬁ))

CASE IV
Finally, let’s take the pair (F,G) = ((.. .)y, y.Int(...)) and we have

y -
AcpBr C AT ) T 2y By

vy
Be #B) Ty a4y e 20 L

-7
A U ©Y, o ni(a) € 8)

~v.Int(...)
The conditions A C G(F(A)) =A” and y.Int(A) = F(G(B)) C B are
satisfy, so we have the classical type of Galois connection.
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Closure and interior operator

[{ Ward, M., The closure operators of a lattice, Annals of
Mathematics (1942): 191-196.

[1 Erne, M., A primer on Galois connections, Annals of the
New York Academy of Sciences (1993): 103-125.

Given a lattice (£, <), a function C : L — L is called a closure
operator (resp. interior operator) in . iff for every x € L:

Q x < C(x) (resp. C(x) < x)
Q x <yimplies C(x) < C(y)
Q C(C(x)) =Cx)
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Closure and interior operator

For a given pair of lattices (<, <), (%, <) and a pair of
functions F : &/ — B, G : 8 — </ one of the classical result
says as follows
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Closure and interior operator

For a given pair of lattices (<, <), (%, <) and a pair of
functions F : &/ — B, G : 8 — </ one of the classical result
says as follows

If (F,G) is a Galois connection, then:
Q@ A — G(F(A)) is a closure operator in (&, <), where A € .

© B — F(G(B)) is an interior operator in (#,<g), where B € B.

Emilia Przemska Galois connection between regular subsets in topological space



Conclusion

For the pair (%(ﬂvp),%(pﬁ)) or (%(ﬂ )’%(Yﬁ))
)

2
\ \

p.Int(...) ~.Int(...)

According to the cases III and IV, we have the following result:
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Conclusion

For the pair (%(ﬂvp),%(pﬁ)) or (%(ﬂ )’%(Yﬁ))
)

or

\ \

p.Int(...) ~.Int(...)

According to the cases III and IV, we have the following result:

@ The function A — A" is a closure operator in Z#P") and %#B-Y),

@ The function B — y.Int(B) is an interior operator in "B) and V).
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Interval topology

[§ Frink O., Topology in lattices, Transactions of the
American Mathematical Society, 51 (1942): 569-582.

Frink has defined the interval topology of a lattice (., <) by

taking as a sub-basis for the closed sets all closed intervals [a, b],

(—oo,a] and [b,0), where [a,b] = {x € £ :a < x < b},

(—e0,al ={xe L :x<a}, [b,o)={x€. L a=<b}.
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Interval topology

[§ Frink O., Topology in lattices, Transactions of the
American Mathematical Society, 51 (1942): 569-582.
Frink has defined the interval topology of a lattice (., <) by
taking as a sub-basis for the closed sets all closed intervals [a, b],
(—oo,a] and [b,0), where [a,b] = {x € £ :a < x < b},
(—e0,al ={xe L :x<a}, [b,o)={x€. L a=<b}.
In the lattices of type %), where

(&) €{(B>p): (. B); (7). (1,p), (B, 7), (7, B)} the intervals

have the following form:

(A,B)={K e Z") :A C K C B}
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The definitions of the families of regular subsets i.e.,
2(@,¥)={ACX:PA)CACY(A)}

suggest that the intervals of form of type (®(A),¥P(A)) play a

special role in such families.
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The definitions of the families of regular subsets i.e.,
2(@,¥)={ACX:PA)CACY(A)}

suggest that the intervals of form of type (®(A),¥P(A)) play a

special role in such families.

Let’s consider this issue on the example of one of these families,
namely ZP?) = {A C X : IntInt(A) C A C IntA}.
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The definitions of the families of regular subsets i.e.,
2(@,¥)={ACX:PA)CACY(A)}

suggest that the intervals of form of type (®(A),¥P(A)) play a

special role in such families.

Let’s consider this issue on the example of one of these families,
namely ZP?) = {A C X : IntInt(A) C A C IntA}.

So, use the intervals of the type

(Intint(A),IntA) = {K € Z#P) : Intint(A) C K C IntA},

where A € ZB-P).
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Property I
For every A, B € ZB) the following properties are equivalent:

Q B e (Intlnt(A),IntA), B
@ (IntInt(B),IntB) C (IntInt(A),IntA).

Property 11

The family Z87) = {(Intlnt(A),IntA) : A € Z'P»)} is a cover
of Z#Pr),
So, it is clear that Z2(8) is a base for some topology .7 (B-).
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Property I
For every A, B € ZB) the following properties are equivalent:

Q B e (Intlnt(A),IntA), B
@ (IntInt(B),IntB) C (IntInt(A),IntA).

Property 11

The family Z87) = {(Intlnt(A),IntA) : A € Z'P»)} is a cover
of #B-r).
So, it is clear that Z2(8) is a base for some topology .7 (B-).

What are the properties of the topology T (B-) ?
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Property I
For every A, B € ZB) the following properties are equivalent:

Q B e (Intlnt(A),IntA), B
@ (IntInt(B),IntB) C (IntInt(A),IntA).

Property 11

The family Z87) = {(Intlnt(A),IntA) : A € Z'P»)} is a cover
of #B-r).
So, it is clear that Z2(8) is a base for some topology .7 (B-).

What are the properties of the topology T (B-) ?

(BBr) 7B is an Aleksandroff topological space.
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Specialization order and the Aleksandroff topology

For any Alexandroff topology, there is an associated order
relation
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Specialization order and the Aleksandroff topology

For any Alexandroff topology, there is an associated order
relation

a<b<s{a} € {b},
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Specialization order and the Aleksandroff topology

For any Alexandroff topology, there is an associated order
relation

a<b<s{a} € {b},

which is reflexive and transitive, called the specialization
preorder.
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Specialization order and the Aleksandroff topology

For any Alexandroff topology, there is an associated order
relation

a<b<s{a} € {b},
which is reflexive and transitive, called the specialization
preorder.

In our investigation the specialization preorder is define as
follows
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Specialization order and the Aleksandroff topology

For any Alexandroff topology, there is an associated order
relation

a<b<s{a} € {b},
which is reflexive and transitive, called the specialization
preorder.

In our investigation the specialization preorder is define as
follows

A < B & (IntInt(A),IntA) O (Intint(B), IntB)
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Relationship between .7 (B-) and the interval topology.

What is the relationship between T B-P) and interval topology?
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Relationship between .7 (B-) and the interval topology.

What is the relationship between T B-P) and interval topology?

In the work

[§ Frink O., Topology in lattices, Transactions of the
American Mathematical Society 51 (1942): 569-582.
Frink proved that
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Relationship between .7 (B-) and the interval topology.

What is the relationship between T B-P) and interval topology?

In the work

[§ Frink O., Topology in lattices, Transactions of the
American Mathematical Society 51 (1942): 569-582.
Frink proved that

The interval topology is T}.

It is easy to show the following
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Relationship between .7 (B-) and the interval topology.

What is the relationship between T B-P) and interval topology?

In the work

[§ Frink O., Topology in lattices, Transactions of the
American Mathematical Society 51 (1942): 569-582.
Frink proved that

The interval topology is T}.

It is easy to show the following

The topology T BP) is not Ty.
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[3 Alexandroff P., Diskrete raume, 2(3) (1937) , 501-519.
Classical results says that

An Aleksandroff space is Ty if and only if the equality of minimal open
neibourhoods of points implies the equality of this points.
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[§ Alexandroff P., Diskrete raume, 2(3) (1937) , 501-519.
Classical results says that

An Aleksandroff space is Ty if and only if the equality of minimal open
neibourhoods of points implies the equality of this points.

In our case the property Ty means the following

(IntInt(A),IntA) = (IntInt(B),IntB) < A = B

Emilia Przemska Galois connection between regular subsets in topological space



[3 Alexandroff P., Diskrete raume, 2(3) (1937) , 501-519.
Classical results says that

An Aleksandroff space is Ty if and only if the equality of minimal open
neibourhoods of points implies the equality of this points.

In our case the property Ty means the following

(IntInt(A),IntA) = (IntInt(B),IntB) < A = B

A=(0,1)U([1,2)NQ), B=(0,1)U([1,2) NIQ)
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Conclusion

@ The space (,%(ﬁ P, T (ﬁ'f’)) is an Aleksandroff topological space
which is not Tj.
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Conclusion

@ The space (,%(ﬁ P, T (ﬁ'f’)) is an Aleksandroff topological space
which is not Tj.

Consequently,
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Conclusion

@ The space (,%(ﬁ P, T (ﬁ'f’)) is an Aleksandroff topological space
which is not Tj.

Consequently,
@ Topology (#B») 7 (BP)) s different than the interval topology.

Emilia Przemska Galois connection between regular subsets in topological space



Thank you for your
attention!!!
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