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Introduction

In 2014 J. Borsík and J. Holos de�ned porouscontinuous
functions. Using the notion of density in the sense of O'Malley
in 2021 one introduced new de�nitions of porouscontinuity,
namely MOr and SOr-continuity. These kinds of
porouscontinuity used upper porosity. We consider lower
porouscontinuity in the sense of O'Malley, where lower porosity
is used instead of standard (upper) porosity.
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Notations

Let N and R denote the set of all natural and the set of all real
numbers, respectively.
By cl(A) we denote a closure of a set A ⊂ R.
By f↾A we denote the restriction of f : R → R to A ⊂ R.
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Upper porosity

For a set A ⊂ R and an interval I ⊂ R let Λ(A, I) denote the
length of the largest open subinterval of I having an empty
intersection with A. Then according to [2, 8], the right (upper)
porosity of the set A at x ∈ R is de�ned as

p+(A, x) = lim sup
h→0+

Λ(A, (x, x+ h))

h
,

the left (upper) porosity of the set A at x is de�ned as

p−(A, x) = lim sup
h→0+

Λ(A, (x− h, x))

h
,

and the (upper) porosity of A at x is de�ned as

p(A, x) = max
{
p−(A, x), p+(A, x)

}
.
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πr-density and µr-density

De�nition ([2])

Let r ∈ [0, 1). A point x ∈ R will be called a point of πr-density
of a set A ⊂ R if p(R \A, x) > r.

De�nition ([2])

Let r ∈ (0, 1]. A point x ∈ R will be called a point of µr-density

of a set A ⊂ R if p(R \A, x) ≥ r.
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Pr-continuity and Sr-continuity (porouscontinuous
functions)

De�nition ([2])

Let r ∈ [0, 1) and x ∈ R. A function f : R → R will be called

Pr-continuous at x if there exists a set A ⊂ R such that

x ∈ A, x is a point of πr-density of A and f↾A is

continuous at x;

Sr-continuous at x if for each ε > 0 there exists a set

A ⊂ R such that x ∈ A, x is a point of πr-density of A
and f(A) ⊂ (f(x)− ε, f(x) + ε).

Symbols Pr(f) and Sr(f) denote the set of all points at which
f : R → R is Pr-continuous and Sr-continuous, respectively.
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Mr-continuity and Nr-continuity (porouscontinuous
functions)

De�nition ([2])

Let r ∈ (0, 1] and x ∈ R. A function f : R → R will be called

Mr-continuous at x if there exists a set A ⊂ R such that

x ∈ A, x is a point of µr-density of A and f↾A is

continuous at x;

Nr-continuous at x if for each ε > 0 there exists a set

A ⊂ R such that x ∈ A, x is a point of µr-density of A
and f(A) ⊂ (f(x)− ε, f(x) + ε).

Symbols Mr(f) and Nr(f) denote the set of all points at which
f : R → R is Mr-continuous and Nr-continuous, respectively.
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Relationships

Let f : R → R and x ∈ R.
If f is Pr-continuous at x then f is Sr-continuous at x for
every r ∈ [0, 1).

If f is Mr-continuous at x then f is Nr-continuous at x
for every r ∈ (0, 1].

If f is Mt-continuous at x then f is Pr-continuous at x
for every 0 ≤ r < t ≤ 1.

If f is Nt-continuous at x then f is Sr-continuous at x for
every 0 ≤ r < t ≤ 1.

In [2] the equality Mr(f) = Nr(f) for every f and every
r ∈ (0, 1] was proved. Observe that if f is right-hand
continuous or left-hand continuous at some x then f is
porouscontinuous at x.
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In [7] R. J. O'Malley modi�ed the notion of preponderant
continuity. Preponderant continuity is an another type of
generalized continuity similar to porouscontinuity, in which a
lower density of a Lebesgue measurable set at a point is used
instead of porosity. R. J. O'Malley showed that one can replace
density of a set by another condition involving the Lebesgue
measure. Combining the notion of porouscontinuity de�ned by
J. Borsík and J. Holos and using the concept of R. J. O'Malley
we obtained another types of porouscontinuity.
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πOr-density and µOr-density

De�nition ([4])

Let r ∈ [0, 1), x ∈ R and A ⊂ R. A point x will be called a

point of πOr-density of a set A if for each η > 0 there exist

δ ∈ (0, η) and an open interval

(a, b) ⊂ A ∩ ((x− δ, x+ δ) \ {x}) such that b−a
δ > r.

De�nition ([4])

Let r ∈ (0, 1], x ∈ R, A ⊂ R. A point x will be called a point of

µOr-density of a set A if for each η > 0 there exist δ ∈ (0, η)
and (a, b) ⊂ A ∩ ((x− δ, x+ δ) \ {x}) such that b−a

δ ≥ r.
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Relationships

Remark ([4])

Let r ∈ (0, 1), x ∈ R and A ⊂ R. If x is a point of πOr-density
of A then x is a point of µOr-density of A.

Remark ([4])

Let r ∈ [0, 1), x ∈ R and A ⊂ R. If x is a point of πr-density of
A then x is a point of πOr-density of A.

Remark ([4])

Let r ∈ (0, 1], x ∈ R and A ⊂ R. If x is a point of µOr-density
of A then x is a point of µr-density of A.
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SOr-continuity and MOr-continuity

De�nition ([4])

Let r ∈ [0, 1), x ∈ R and f : R → R. We will say that f is

SOr-continuous at x if for each ε > 0, the point x is a point of

πOr-density of a set f−1 ((f(x)− ε, f(x) + ε)).

De�nition ([4])

Let r ∈ (0, 1], x ∈ R and f : R → R. We will say that f is

MOr-continuous at x if for each ε > 0, the point x is a point

of µOr-density of a set f−1 ((f(x)− ε, f(x) + ε)).

Symbols SOr(f) and MOr(f) denote the set of all points at
which f is SOr-continuous, MOr-continuous, respectively for
corresponding r.
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Notations

Q(f) and C(f) denote the set of all points at which f is
quasi-continuous and continuous, respectively.
We introduce the following notations:

C = {f : C(f) = R}, Q = {f : Q(f) = R} and C± is the
set of all functions f : R → R such that at every x ∈ R, f
is right-hand continuous or left-hand continuous (obviously
C ⫋ C±),

for r ∈ (0, 1] let Mr = {f : Mr(f) = R},
MOr = {f : MOr(f) = R},
for r ∈ [0, 1) let Pr = {f : Pr(f) = R},
Sr = {f : Sr(f) = R} and SOr = {f : SOr(f) = R}.
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Main theorem

Theorem ([4])

Let 0 < r < t < 1. Then

C± = MO1 ⊂ M1 ⊂ Pt ⊂ St ⊂ SOt ⊂ MOt ⊂ Mt ⊂ Pr ⊂
⊂ Sr ⊂ SOr ⊂ MOr ⊂ Mr ⊂ P0 ⊂ S0 ⊂ SO0 = Q

and all inclusions are proper.
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Lower porosity

Replacing upper limit by lower limit in the de�nition of porosity
we obtain the right lower porosity of the set A ⊂ R at x ∈ R as

p+(A, x) = lim inf
h→0+

Λ(A, (x, x+ h))

h
,

the left lower porosity as

p−(A, x) = lim inf
h→0+

Λ(A, (x− h, x))

h
,

and the lower porosity as

p(A, x) = min
{
p−(A, x), p+(A, x)

}
.
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Example

Clearly, p+(A, x) ≤ p+(A, x) and p−(A, x) ≤ p−(A, x) for
every A ⊂ R and x ∈ R.

Example

There exists a set A ⊂ R such that p+(A, 0) = 0 and
p+(A, 0) = 1.

For example A = {0} ∪
⋃∞

n=1

(
1

(2n+1)! ,
1

(2n)!

)
.

M. Turowska On O'Malley lower porouscontinuous functions



On O'Malley
lower poro-
uscontinuous
functions

M. Turowska

Upper
porosity

Lower
porosity

O'Malley
lower poro-
uscontinuous
function

References

Properties of lower porosity

Theorem

Let A ⊂ R and x ∈ R. If there exists a decreasing sequence

(xn)n∈N with terms belonging to A converging to x then for

every ε > 0 there exists h ∈ (0, ε) such that
Λ(A,(x,x+h))

h < 1
2 .

Corrolary

Let A ⊂ R and x ∈ R. If there exists a decreasing sequence

(xn)n∈N with terms belonging to A converging to x then

p+(A, x) ≤ 1
2 .
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Properties of lower porosity

Similarly we can show that if there exists an increasing sequence
(xn)n∈N with terms belonging to A converging to x then
p−(A, x) ≤ 1

2 .

Corrolary

For every A ⊂ R and x ∈ R we have

p(A, x) ≤ 1

2
if x ∈ cl(A) and p(A, x) = 1 if x /∈ cl(A).
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Properties of lower porosity

Lemma

For every [a, b) there exist two sequences (an)n≥1, (bn)n≥1 such

that a < . . . < bn+1 < an < bn < . . . < b, limn→∞ an = a and

p+

(
R \

∞⋃
n=1

(an, bn), a

)
=

1

2
.
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Properties of lower porosity

Lemma

Let x < . . . < bn+1 < an < bn < . . . < a1 < b1 be such that

an+1 − bn+2 < an − bn+1 for every n ≥ 1, limn→∞ an = a and

let A =
⋃∞

n=1[an, bn]. Then

inf
h∈[an+1−x,an−x]

Λ(A, (x, x+ h))

h
=

an+1 − bn+2

bn+1 − x+ an+1 − bn+2
.
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Properties of lower porosity

Corrolary

Let A =
⋃∞

n=1[an, bn], where
x < . . . < bn+1 < an < bn < . . . < a1 < b1, limn→∞ an = x
and an+1 − bn+2 < an − bn+1 for every n ≥ 1. Then

p+(A, x) = lim inf
n→∞

an+1 − bn+2

bn+1 − x+ an+1 − bn+2
.
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Properties of lower porosity

Theorem

For every x ∈ R and for every sequence (cn)n≥1 from (0, 12)
there exist two sequences (an)n≥1 and (bn)n≥1 such that

limn→∞ an = x, x < . . . < bn+1 < an < bn < . . . < a1 < b1,
an+1 − bn+2 < an − bn+1 for every n ≥ 1 and

infh∈[an+1−x,an−x]
Λ(A,(x,x+h))

h = cn, where A =
⋃∞

n=1[an, bn].

Corrolary

For every c, d ∈ [0, 12 ] and x ∈ R there exists A ⊂ R such that

p+(A, x) = c and p−(A, x) = d.
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πr-density and µ
r
-density

Applying lower porosity and O'Malley concept of preponderant
continuity we can de�ne another types of porouscontinuity. We
de�ne these types of porouscontinuity only for r ∈ [0, 12 ] ∪ {1}.

De�nition

Let r ∈ [0, 12 ]. A point x ∈ R will be called a point of πr-density

of a set A ⊂ R if p(R \A, x) > r.

De�nition

Let r ∈ (0, 12 ] ∪ {1}. A point x ∈ R will be called a point of

µ
r
-density of a set A ⊂ R if p(R \A, x) ≥ r.
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πOr-density and µO
r
-density

De�nition

Let r ∈ [0, 12 ], x ∈ R and A ⊂ R. A point x will be called a

point of πOr-density of a set A if there exists η > 0 such that

for every δ ∈ (0, η) we can �nd open intervals

(a1, b1) ⊂ A∩ (x− δ, x) and (a2, b2) ⊂ A∩ (x, x+ δ) for which
b1−a1

δ > r and b2−a2
δ > r.

De�nition

Let r ∈ (0, 12 ] ∪ {1}, x ∈ R, A ⊂ R. A point x will be called a

point of µO
r
-density of a set A if there exists η > 0 such that

for every δ ∈ (0, η) we can �nd open intervals

(a1, b1) ⊂ A∩ (x− δ, x) and (a2, b2) ⊂ A∩ (x, x+ δ) for which
b1−a1

δ ≥ r and b2−a2
δ ≥ r.
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Relationships

Remark

Let x ∈ R and A ⊂ R.
If x is a point of πr-density of A then x is a point of
πOr-density of A for r ∈ [0, 12 ].

If x is a point of πOr-density of A then x is a point of
µO

r
-density of A for r ∈ (0, 12 ].

If x is a point of µO
r
-density of A then x is a point of

µ
r
-density of A for r ∈ (0, 12 ] ∪ {1}.
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SOr-continuity, Sr-continuity, Pr-continuity

De�nition

Let r ∈ [0, 12 ], x ∈ R and f : R → R. We will say that f is

SOr-continuous at x if for each ε > 0, the point x is a

point of πOr-density of a set f−1 ((f(x)− ε, f(x) + ε));

Sr-continuous at x if for each ε > 0, the point x is a point

of πr-density of a set f−1 ((f(x)− ε, f(x) + ε));

Pr-continuous at x if there exists A ⊂ R such that x ∈ A,

x is a point of πr-density of A and f↾A is continuous at x.

Symbols SOr(f), Sr(f) and Pr(f) denote the set of all points
at which f is SOr-continuous, Sr-continuous and
Pr-continuous, respectively.
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MOr-continuity, Mr-continuity, N r-continuity

De�nition

Let r ∈ (0, 12 ] ∪ {1}, x ∈ R and f : R → R. We will say that f
is

MOr-continuous at x if for each ε > 0, the point x is a

point of µO
r
-density of a set f−1 ((f(x)− ε, f(x) + ε));

Mr-continuous at x if for each ε > 0, the point x is a

point of µ
r
-density of a set f−1 ((f(x)− ε, f(x) + ε));

N r-continuous at x if there exists A ⊂ R such that x ∈ A,

x is a point of µ
r
-density of A and f↾A is continuous at x.

Symbols MOr(f), Mr(f) and N r(f) denote the set of all
points at which f is MOr-continuous, Mr-continuous and
N r-continuous, respectively.
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Notations

For r ∈ [0, 12 ] let SOr = {f : SOr(f) = R},
Sr = {f : Sr(f) = R} and Pr = {f : Pr(f) = R}.
For r ∈ (0, 12 ] ∪ {1} let MOr = {f : MOr(f) = R},
Mr = {f : Mr(f) = R} and N r = {f : N r(f) = R}.
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Relationships

Proposition

For every f : R → R and x ∈ R the following properties hold:

f is N r-continuous at x if and only if f is Mr-continuous
at x for every r ∈ (0, 12 ] ∪ {1}.
If f is Sr-continuous at x then f is SOr-continuous at x
for every r ∈ [0, 12).

If f is SOr-continuous at x then f is MOr-continuous at
x for every r ∈ (0, 12).
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Relationships

Proposition

For every f : R → R and x ∈ R the following properties hold:

If f is MOr-continuous at x then f is Mr-continuous at
x for every r ∈ (0, 12 ].

If f is Pr-continuous at x then f is Sr-continuous at x for
every r ∈ [0, 12).

If f is Mt-continuous at x then f is Pr-continuous at x
for every 0 ≤ r < t ≤ 1

2 .
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Theorem

Let r ∈ [0, 12), x ∈ R and f : R → R. Then f is Pr-continuous

at x if and only if

limε→0+ p(R \ {y ∈ R : |f(x)− f(y)| < ε}, x) > r.

Theorem

Let r ∈ [0, 12 ], x ∈ R. A function f : R → R is SOr-continuous

at x if and only if there exists a set A ⊂ R such that x ∈ A, x
is a point of πOr-density of A and f↾A is continuous at x.
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Theorem

Let r ∈ (0, 12 ] ∪ {1}, x ∈ R. A function f : R → R is

MOr-continuous at x if and only if there exists a set A ⊂ R
such that x ∈ A, x is a point of µO

r
-density of A and f↾A is

continuous at x.
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Relationships

Proposition

For every f : R → R and x ∈ R the following conditions are
equivalent:

f is M1-continuous at x;

f is MO 1
2
-continuous at x;

f is SO 1
2
-continuous at x;

f is S 1
2
-continuous at x;

f is P 1
2
-continuous at x;

f is continuous at x.
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Relationships

Proposition

A function f : R → R is SO0-continuous at x ∈ R if and only if
f is bilateral quasi-continuous at x. Then Q ⊃ Qbil = SO0,
where Qbil denotes the family of functions which are bilateral
quasi-continuous at every point.
(f : R → R is bilateral quasi-continuous at x if for every ε > 0
and δ > 0 there exist (a, b) ⊂ (x− δ, x) and (c, d) ⊂ (x, x+ δ)
such that f((a, b) ∪ (c, d)) ⊂ (f(x)− ε, f(x) + ε).)
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Theorem

Let r ∈ (0, 12 ]. Then Pr ⊂ Sr ⊂ SOr ⊂ MOr ⊂ Mr.
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Relationships

Theorem

C = M1 = MO 1
2
= S 1

2
= SO 1

2
= P 1

2
and S0 ⊂ SO0 = Qbil.
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Main theorem

Theorem

Let 0 < r < t < 1
2 . Then

C = M1 = P 1
2
= S 1

2
= SO 1

2
= MO 1

2
⊂ M 1

2
⊂ Pt ⊂ St ⊂

⊂ SOt ⊂ MOt ⊂ Mt ⊂ Pr ⊂ Sr ⊂ SOr ⊂ MOr ⊂
⊂ Mr ⊂ P0 ⊂ S0 ⊂ SO0 = Qbil

and all inclusions are proper.
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Thank you for your attention!
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